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Preface 



Dan Walls was a notable presence in quantum optics almost from the begin- 
ning of the modern era of intense research in the field, right up to the time of 
his untimely death. In the 30 years that have passed since his PhD at Har- 
vard, he established a school of theoretical quantum optics in New Zealand, 
first at the University of Waikato and then at the University of Auckland, 
which gained an international reputation for its seminal contributions in the 
area of quantum fluctuations and noise, and as a leading center advancing 
and promoting the latest directions in quantum optics. Today his numerous 
students lead active research groups throughout New Zealand and Australia, 
and also in the United States. Dan is remembered by colleagues as an enthu- 
siastic collaborator, and as a generous host during their visits to New Zealand 
as guest scientists or participants at the summer meetings arranged by Dan 
Walls and John Harvey. 

To honor Dan’s achievements, and in recognition of the influence of his 
enthusiasm, insight, and generosity, on them individually and on quantum 
optics research more widely, a group of Dan Walls’ students and colleagues 
have assembled this collection of papers reviewing current research directions 
in quantum optics. At some stage in his career, Dan Walls contributed to 
each of the areas featured here. He was actively working on Bose-Einstein 
condensation right up until his last months, and we have included in this 
volume a completed, but unpublished, manuscript by Dan, Scott Parkins, 
and Atac Imamoglu, the theme of which is developed around three topical 
research areas - cavity QED, nonlinear optics, and quantum information; this 
paper looks in anticipation towards the next advances of high importance 
and impact, as was so often the case in Dan’s work. Recent developments 
in each of these areas are described in a number of the contributions. Other 
papers cover the areas of quantum interference, and the area of Dan’s most 
significant accomplishments, quantum noise processes. 

During the early part of Dan Walls’ career, travel out of New Zealand was 
not at all a small undertaking. Dan was, nevertheless, from the beginning, 
renowned as an international traveller and regular attendee at meetings in 
Europe and the United States. It is fitting that over this last year he has been 
recognized, through special sessions or symposia, at a number of international 
meetings. He was so recognized at the TAMU-ONR Workshop on Quantum 
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Preface 



Optics, held in Jackson, Wyoming in July of 1999. A number of the papers 
presented at that meeting are reproduced, in tribute, in this volume. 

We wish to express our thanks to all those who have contributed to this 
book, either as authors or in the refereeing of the papers. With no explicit 
direction from us, the range of the contributed papers provides a review of 
the latest developments across virtually the entire field of quantum optics. 
The standard of the papers is high, as we hoped it would be, and the work 
of the referees has helped us in that. We also extend our appreciation and 
thanks to Colleen Vande Voorde at the Oregon Center for Optics, for her 
management of the editorial communications with authors and referees, and 
for her help in compiling the numerous electronic files, producing a book of 
pleasant appearance and a suitable tribute to the memory of our colleague 
Dan Walls. 

Eugene, Cambridge, College Station Howard Carmichael 

August 2000 Roy Glauber 

Marian Scully 
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Density Oscillations 
in Trapped Bose Condensates 
at Finite Temperature 



Martin Fliesser and Robert Graham 



Summary. Density fluctuations in Bose gases are investigated in the collisionless 
limit at finite temperature. First the density fluctuations of a homogenous Bose gas 
above the phase transition are analysed in linear response theory. Their complex 
velocity of sound is determined, finding a pure relaxation-mode for weak interac- 
tions. Then we consider the coupled dynamics of a condensate interacting with the 
density of non-condensed atoms, and determine numerically and in perturbation 
theory the temperature dependent damping rate of the Bogoliubov sound. Using a 
local-density-approximation we generalize this approach to inhomogeneous systems. 



1 Introduction 

The spectrum of collective excitations from a Bose condensate differs in a 
significant way from the spectrum of a cloud of thermal atoms, so the tem- 
perature dependence of these condensate modes poses an interesting prob- 
lem. For trapped weakly interacting Bose condensates [1] these excitations 
have been investigated experimentally and theoretically under various aspects 
[2,3]. At vanishing temperatures almost all the atoms are condensed, and in 
a mean field description discrete real frequencies were determined. At finite 
temperature a fraction of all atoms is thermally excited and interacts with 
the condensate and physically it is obvious that this interaction will give rise 
to shifts of these frequencies and damping. In a static description, though, 
the interaction with these non-condensed atoms merely acts as an additional 
potential for the condensate, giving rise to frequency shifts, but not to any 
damping. To explain damping of these modes one has to consider the coupled 
dynamics of the condensed and the non-condensed atoms. Recently, progress 
with this problem has been made using a particular Greens- function approach 
called the dielectric formalism [4,5]. In the present paper we shall address 
this problem by an alternative approach using collisionless hydrodynamics 
for the Bose condensate and linear response theory for the thermal cloud of 
non-condensed atoms. We get results similar to those in [4,5]. The present 
approach is physically very direct and transparent, however, and therefore 
sheds new light on the physics behind the more powerful formalism used in 
[4,5]. 

In the next two sections we introduce the coupled dynamics of the con- 
densate and the thermal cloud, the condensate being described by the Gross- 
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Pitaevskii equation and the thermal cloud by linear response theory. We then 
investigate these coupled oscillations for homogenous Bose condensates and 
finally apply these results to trapped Bose gases. 

2 The Dynamics of the Condensate 

At finite temperature the condensate dynamics can be described by the Gross- 
Pit aevskii-equation extended by thermal contributions [6]. To derive it we 
consider the Heisenberg equation of motion for the field operator S' of a 
system of atoms interacting by a contact potential Vb'^(x — y) 

+ <l'{r,t) + Vo<l'Hr,0{r,0{r,t) . ( 1 ) 

The interaction constant Vq = is proportional to the s-wave scat- 

tering length a and describes effectively the scattering of atoms at low en- 
ergies. The Bose condensate is described by the macroscopic wave function 
introduced as {'F{r,t)) = [8,9]. (•) denotes here a restricted thermal 

average. The decomposition of the field operator in a classical field and an 
operator describing fiuctuations follows as 

^{v,t)=<P{v,t) + (p{v,t), (2) 

which gives for the cubic product in (1) 

^ |^|2^ ^ -I- + (P*(p(p + . (3) 

Upon averaging the second and third term vanish. In a dilute system we can 
neglect the last term cubic in the fluctuation operator ip . The three remaining 
terms give finite contributions: The normal average 

nth{r,t) = {(p\r,t)ip{r,t)) (4) 

is the density of atoms excited from the condensate. In the Bose condensed 
region also the anomalous average 

m{r,t) = (<p{r,t)ip{r,t)) (5) 

takes a finite value. Both nth and m are determined by the thermal occupation 
of excited states. For the classical field follows the Gross-Pit aevskii-equation 

-b Uext(r) + Uo + 2Uonth(r,t) 

+Vom{r,t) <P{r,t) . (6) 

The equilibrium is given by the time-independent solution <Pq of (6), de- 
pending again on the static solutions for nth and m. Thus all mean fields in 
equilibrium have to be determined self consistently. 
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Small fluctuations of this equilibrium are described by a wave function 
with two component u and v , fulfilling the Bogoliubov equations [8,10], which 
can be obtained by linearizing (6) with the classical ansatz 

<Z>(r,t) = (<l>o(r) + u{r) + u*(r) e“‘) . (7) 

In the simplest approximation nth = und m = rnP are considered as 
static mean fields, describing the interaction of the condensate with the non- 
condensed atoms at rest. However for the homogenous systems this spec- 
trum exhibits an energy gap E{k = 0) = 2Vb moj^^op and violates the 
Goldstone theorem, which requires in the case of a spontaneously broken 
continuous symmetry excitations of arbitrarily small energy. This static ap- 
proximation does not fulfill the Hugenholtz-Pines-theorem [11]. 

For this reason we restrict ourselves here to the so called Popov approxi- 
mation [12] and neglect the anomalous average [13]: 

m(r, t) =0 (8) 

In this approximation the energy gap vanishes. Here we are interested in the 
coupled dynamics of the condensed and the thermally excited atoms [6,7]. 
The thermal density also oscillates with a small amplitude about its mean 
value n[]j, 

nth(r, t) = n[]h(r) -k hth(r)e"*“* -k hth(r)e“* . (9) 

The fluctuations of the condensate and of the thermal density interact with 
each other and coupled oscillations of these two components occur. Lineariz- 
ing the Gross-Pitaevskii equation according to (7) and (9) with fith = 
gives the two Bogoliubov type equations 

ftw ■u(r) = Hhf u{r) + Vb^o + 2Vo^o nth 
-ftw u(r) = iJHF ?^(r) + u{r) + 2Vb^S ^th (10) 

with the Hartree-Fock operator 

Hhf = + Pext(r) + 2Po (|<?o(r)|^ + n°h(r)) - ^ . (11) 

The linear combinations u ± v are proportional to the density- and phase 
fluctuations of the condensate, respectively [14-16]. The first order equation 
of motion for the density fluctuation he = + v) is the continuity equa- 

tion, and depends only on the condensate velocity (u — v)/<Pq . This means, 
that no particle exchange between the condensate and the thermal density 
occurs, both components fulfill separate continuity equations. Such a particle 
exchange can only be described by mean values of operators not conserv- 
ing particle number as the anomalous average, which we neglected in the 
approximation (8). 

In the following we are interested in the dynamics at long wave lengths 
and for low energies if <C /i . In this limit we can derive a wave equation 
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for the condensate fluctuations by a gradient expansion of the equations (10) 
[15,16]: 

he = • (|<Z>o|"V(he + 2flth)) . (12) 

In the static approximation nth = the speed of sound for excitations with 
wave vectors k'^ <C STraj^oP is simply given by = Vq \<Po{T)\‘^ / m and no 
damping occurs. In the limit of vanishing temperature this reduces to the 
Bogoliubov result. 



3 Linear Response of the Homogenous Bose— gas 
Above Tc 



In this section we consider the homogenous Bose gas for T > Tc . Density 
fluctuations in the thermal cloud of non-condensed atoms can be described 
by linear response theory [9,18,19]. To illustrate this we consider a system of 
atoms with density n interacting via the contact potential introduced above. 
We describe their interaction in Hartree-Fock approximation, giving identical 
terms Vq n for the direct and the exchange term. The atoms interact locally 
with the mean density of all atoms n. Starting from the equilibrium with 
density n° we apply a small perturbation potential Up coupling to the density 
and ask which density response h is caused. However since the mean held is 
a dynamic quantity, we have to linearize also the Hartree-Fock operator in 
the density fluctuation giving 

h? 

H = - — + 2Vo (n° + fi) + Up = Hhf + 2Von+Up. 

2m 

In addition to the external perturbation Up the density of the system also 
responds to the fluctuation of its own mean field and the effective pertur- 
bation potential is 2Voh + Up [17]. For a homogenous system the density 
response to a perturbation with given wave vector k and frequency uj (with 
positive infinitesimal imaginary part due to the adiabatic switch-on of the 
perturbation from t = — oo) is given by the algebraic equation 



h(k, u>) 



X°(k,w) (2Voh{k,uj) + C/p(k,w)) 



X°(k,c^) 

l-2HoX°(k,cc) 



Up{k,u>) . 



(13) 



Here we introduced the response function of a homogenous system [9,18] 




A /o(T(q))-/o(T(q + k)) 
(2^)3 u;-{E{q + k)-E{q))/H' 



(14) 



with the single-particle spectrum of the Hartree-Fock operator in equilibrium 
T(k) = (fi.k)^/2m -|- 2Vb n'^ and the equilibrium Bose distribution 

1 



fo{E{k)) 



exp[P{E{k) -/i)] - 1 ■ 



(15) 
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The effective response function to an external perturbation in (13) has a pole 
for 



l-2Fox°(k,u;) =0 



(16) 



which gives the condition for eigenmodes of density fluctuations of the ther- 
mal system. This pole describes collective behavior of an interacting system 
of atoms and follows only from the dynamical treatment of the mean field. 
For the poles to describe physical decaying modes ~ they have to lie 
in the lower complex half-plane of . 

Condition (16) can be read as an implicit equation for w at a given k, 
giving one (or several) branches of solutions u>(k) for the collective motion. 
These solutions are in general not on the real axis but rather in the complex 
plane and describe so the frequency and the damping of an oscillation with 
given wave vector. 

As for the condensate dynamics we are in the following again interested 
in the behavior at long wave lengths, i.e. for wave vectors with kA <C 1 where 
A = y/2Trh'^ /rnksT denotes the thermal wave length. For small k we can 
approximate in the denominator of (14) 

E{p + fik) — E(j)) « — k • p . 



The difference of the Bose factors in the numerator can be approximated by 
a derivative and the response function, describing density fluctuations of long 
wave length in a cloud of bosons, can be written as 




d^p k- Vp/o(p) 
w — p • k/m 



(17) 



With this response function the collective behavior is determined by (16). 
In the context of a different formalism this response function was already 
investigated in [20]. To evaluate (17) further we choose k in x-direction and 
integrate first in py , pz with the result 



X°{ka;,U}) 



1 1 
A^2mkBT 



dpx 

h 



2 Px 

w/fc - px/m 



fo{E{px)) ■ 



This response only depends on the ratio Lu/k , which introduces the (in general 
complex) speed of sound c = uif k in the long wave length limit. Scaling px by 
\/2mkBT and measuring the speed of sound c in units of the thermal velocity 
ct = \/2kBT/m , the response function reads 



X°(c) = ^ X°(c/ct) ■ 



(18) 



The scaled velocity of sound s = cj ct only occurs as an argument of the 
dimensionless response function 



X\s) 



1 /•“ t z 

Vtt y_oo ^ s-t - z' 



(19) 
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Besides the appearance of T in the prefactor in (18) the temperature depen- 
dence of x°(c) is given by that of the fugacity z = 

The integral can be evaluated by the method of residua [20] . The physical 
boundary condition is, that in the derivation to is the frequency of an exter- 
nal perturbation which has to vanish for large negative times t — >■ — oo, i.e. 
Im[s] > 0 and the integral has to be evaluated with s in the upper complex 
half-plane. To obtain a sufficiently fast decaying integrand we write first 

t st 



The integral over the last term, which is odd in t, vanishes identically. The 
integral over the first term gives 




-V^9i/2{z) . 



For the remaining integration we close the integration contour with a semi- 
circle in the upper plane. In this region the Bose factor has poles at 



j. = I {/ 47 t2 V? + 7^ 



with 7 = —^/ksT = l/ij/fesT, and (j>n = arctan(27rn/7) for n > 0. The 
summation of the different residua finally gives the dimensionless response 
function 



X°(s) = -gy,{z) - Vtt* ^ 

e® — z V 7 ® + 7 

oo 1 1 

+ y ^ 1 — ^ - — 

Z-^n=l gZ _ ^z 



(20) 



For small 7 one can expand gi/ 2 {&~'^) = a/tt /7 4- C(l/2) + 0(7) ■ The diver- 
gence for 7 — >■ 0 is cancelled by the third term in (20), the response function 
is finite in this limit. 

When we ask for solutions of (16), we are looking for eigenmodes of the 
system, which have to decay exponentially for physical reasons and the poles 
we look for have to be located in the lower complex half-plane. In condition 
(16) the analytical continuation of the integral from the upper to the lower 
complex half-plane has to be used. 

The numerically determined solutions of (16) are shown in Fig.l for 
different interactions. We can see the following behavior: at high temper- 
atures the Bose distribution can be replaced by the Boltzmann distribution 
/B(if(k)) = and only the ratio VqzA~^ / ksT = VqvP / ksT enters 

in (16) as a parameter. The solutions s = cjcT for different interactions can 
be obtained from each other by simply scaling the temperature. 
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Fig. 1. Real part (left) and imaginary part (right) of the velocity of sound c = w/fc 
from (16) in units \/2kT /m for different interactions VonP /kTc = 0.1, 1, 10 (solid, 
dotted, dashed) in dependence of the logarithmic temperature logj^Q(T/Tc) 



At low temperatures the observed behavior depends qualitatively on the 
interaction. From an expansion of the integrand in (19) in t/s we get as the 
dominant behavior for large s 



x°{s;z) 



93/2{z) 




(21) 



where the second term has to be added for the analytical continuation. For 
strong interactions Vq n° ksT the first term dominates and the second 
term vanishes exponentially, and c = sct converges to the real solution 
= 2Vo'nP /m independent of the temperature. This agrees with thermo- 
dynamical velocity of sound of a thermal gas with a pressure determined by 
the mean field interaction only neglecting the kinetic pressure. For small in- 
teraction Vo <C ksT the full response function can be approximated by 
the second term in (21). Below a certain temperature Tq depending on the 
interaction the condition (16) can be fulfilled by a purely imaginary solution, 
which takes for s 1 the form 

i ksT 

and which is again independent of the temperature. Above To the approx- 
imate response function gives rise to the characteristic growth of the real 
part, see Fig.l. This case of weak interaction is realized in alkali gases. In a 
homogenous gas of alkali atoms above the phase transition T > Tc density 
waves decay as a mere relaxation with a rate inversely proportional to the 
interaction strength. 
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4 Homogenous Bose Gases Below Tc 



Let us now investigate sound waves in the homogenous Bose gas below the 
phase transition. The equilibrium is given by |^oP = , the chemical 

potential by the Gross-Pitaevskii equation as /t = Vb (^c + 2n°jj) . The excited 
atoms are described in Hartree-Fock approximation interacting with the mean 
field of the total density U = 2Vb {nth + nc)- So the dispersion of the plane 
waves is if(k) = (fik)^/2m + 2Vb (ttc + ^th) equilibrium. By integrating the 
Bose factor over the momenta the thermal equilibrium density is obtained 
as = g 3 / 2 {z)/A^ . Here we introduced the effective chemical potential 
p, = fj, — 2Vo (n^Y^+n^) = —Von^ and the fugacity as z = . For a given total 

density and temperature the equilibrium is determined by the implicit 
equation 

^tot = n° + (22) 



However it turns out that, as an artefact of the Popov approximation, the 
phase transition is no longer continuous, but the condensate exhibits a finite 
jump at the critical temperature 



Anc{Tc) 



4ttVo 

(l-C(l/2)Po)2 



+ 0{%^^^). 



For T = Tc both states with Uc = 0 and with Uc = Auc are thermodynami- 
cally allowed. 

Below Tc the thermal density responds to the internal fluctuation in the 
mean field U = 2Vq (hth + he) ■ So the equation of motion reads now 



hth = 2Vb X°(c) (fith + fic ) , 



(23) 



with the response function (17). This description is also arrived at within the 
dielectric formalism [5] and therefore from here on the further evaluation in 
this section parallels that of [5]. Together with the condensate dynamics (12) 
we get as the determinant condition for the solvability of these two equations 

(c2-c|) = (c2 + 4)2PoX°(c), (24) 

where we introduced the Bogoliubov speed of sound cb = a/Vq n^/nn . This 
is the condition for collective motion in the homogenous system below the 
phase transition. The ratio of the two amplitudes ficfith is 

^ 1 - 2Poy° ^ 2c| 

nth 2Vbx° - c| ■ 

From this one can see whether mainly one or both components contribute to 
a density oscillation and whether they oscillate in or out of phase. 

Here we consider the case of weakly interacting systems given by the 
condition Vb^K ^ ^bT ■ It follows Vbx°(cs) <C 1 . To see this we consider the 
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behavior of the response function for small arguments |s| = |c/ct| 1 and 
for small interactions 7 = /3Von° <C 1 [20]. The terms in leading order in (20) 
in s, 7 can be put in the form 



X°(5) 



is + _ -i-/7T 

s^ + 7 s + 



(26) 



This shows that Vox^{cb', z) is indeed of the order 0 ( 7 ^/^) <C 1 . So one 
solution of (24) is near the Bogoliubov speed of sound cb- The numerically 
determined solutions for weak interaction of different strengths are presented 
in Fig. 2, together with the unperturbed result c = cb. In the scaling chosen 
c converges for T — >■ 0 to the dimensionless interaction Von^^^/ksTc . Since 
the velocity of sound c is a slight perturbation of the Bogoliubov result cb, 
the amplitude ratio (25) shows, that mainly the condensate is oscillating in 
this mode. 





Fig. 2. Real part (a) and imaginary part (b) of the velocity of sound c = w/fc 
from (24) in units \/fcs2k/bn for different interactions Vontot/ksTc = 0.3,0.1,0.03 
(solid curves, from top down) depending on the temperature T /T^ . Result of the 
perturbation theory (27) (dashed curve). Popov-result cb = \/Vbu§/m in (a) (weak, 
dotted curve) 



Let us compare this self consistent solution with perturbation theory, 
which is much simpler and is therefore usually applied in this or a related 
context (cf. [30-32]). Taking the right hand side in (24) as a perturbation to 
the Bogoliubov speed of sound c = cb , we get to first order in Vq the complex 
correction 

c = Cb + 2cb x° ( cb) ■ (27) 

These results are also displayed in Fig. 2. Already for not too small inter- 
actions both results agree very well for low and intermediate temperatures. 
Near the phase transition for T ^O.STc perturbation theory does not agree 
any more with the exact solutions. 
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5 Inhomogeneous Bose Condensates 

In the experiments with alkali condensates trapped atoms are investigated. In 
these inhomogeneous systems the equation of motion for the thermal density 
(23) takes the form of an integral equation 

hth(r) = 2Vo J (fr' x°(r, r', lo) (hc(r') + hth(r')) • (28) 

The exact response function has to be calculated from all discrete excited 
states of the inhomogeneous systems [19]. To determine the complex fre- 
quencies from this integral equation together with the condensate dynamics 
(12) numerically one has to represent these equations in matrix form in some 
basis and solve the determinant condition as an implicit equation for the 
complex frequency, which presents a rather demanding problem. 

Instead of this self-consistent solution we determine complex frequency 
shifts to the discrete modes of the condensate dynamics in perturbation the- 
ory as we determined corrections to the Bogoliubov speed of sound in the 
preceding section. Thus we consider the thermal density in (12) again as 
a small perturbation to the condensate dynamics. Furthermore we consider 
the thermal density in (28), as a response to the condensate fluctuation only, 
neglecting its self interaction: 

hth(r) = 2Vb J <fr' y°(r, r', w) hc(r') . 

The equation of motion for the condensate fluctuation then becomes 

he = ^ V • (^n°V (he -b 4Vb J d^r' y°(r, r', w) he(r'))) . (29) 

The term in leading order in Vq is the wave equation in the static approxi- 
mation with the normalized solutions 

= (30) 

At vanishing temperature these low lying modes can be determined analyt- 
ically in the Thomas-Fermi limit N^a/d — >■ oo [15,16,21], where Nq is the 
number of atoms in the condensate and d the zero-point amplitude in the 
trap, and they turn out to be independent of Nq . At finite temperature 
T'^O.GTc with a thermally depleted condensate the modes can be described 
as oscillations of a condensate at T = 0 with a thermally reduced number of 
atoms Nq{T) [22]. The frequency shifts for finite particle numbers due these 
effects have also been investigated in the static approximation in [23,24]. 
Here we restrict ourselves to the Thomas-Fermi limit at finite temperature 
with Vb|??o(R-)P = max(/x(r) — 14xt(R.) — 2Vbn°j^(R), 0) , and the real dis- 
crete frequencies only depend on the shape, but not on the size of the 
condensate. 
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We consider the second term of order in (29) as a small perturbation. 
Writing the frequency as w = , one obtains from (29) in leading 

order the correction 

Aco^ = 2Voco^J J (31) 

The imaginary part of this frequency shift gives the damping of the mode. 
In the following we wish to evaluate this correction analytically. Numerical 
solutions have already been determined in [25,4]. 

As mentioned above the determination of the exact response function 
for the inhomogeneous system is quite complicated. Instead we use here as 
a suitable simplification the local density approximation [26]. We consider 
the inhomogeneous system as locally homogenous and take the inhomogene- 
ity into account only via the use of a space dependent dispersion relation 
A(fc,R). In the Hartree-Fock approximation this local spectrum of excita- 
tions is A(A:,R) = (fik)^/2m -I- I4xt(R) + 2Vb(n[!(R) -I- n[]|j(R)) . Sums over 
states can then be performed analytically. For slowly changing values, like 
the mean atom density in the center of the trap, this approximation is justi- 
fied. For the density of excited atoms inside the condensate we obtain in the 
Thomas-Fermi approximation 

n?h(R) = (32) 

where we introduced the space dependent fugacity 2 :(R) = exp(— /3Vbn[!(R)) . 
In [27] thermodynamical properties of condensed Bose gases in traps were 
investigated in this approximation. 

To apply this local density approximation to the response function we 
transform first to center of mass and relative coordinates R = (r -f r') /2 and 
r — r' and Fourier transform with respect to the relative coordinate 




In the homogenous system only depends on the relative coordinate, we 
have x°(R, kjw) = x*^(k,w). The local density approximation for the re- 
sponse function of the inhomogeneous system y*^(R, k,w) now consists in 
replacing the fugacity in the homogenous response function by its space de- 
pendent value: 

X° (R, k, w; z) « x° (k, w; ^(R)) ■ (34) 

We consider the limiting case of a weakly interacting system with 
Von[!(i?) <C ksT , which is approximately fulfilled in the experiments with 
alkali condensates at the measured temperatures. For the experiments with 
»^Rb [28] one can estimate for the condensate density in the center of the 
trap Von°{0)/kBTc « 0.3, for the experiments with ^^Na [29] one can esti- 
mate Von^{0) / ksTc « 0.2 . So we want to use approximation (26) for for 
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the inhomogeneous system. Putting there c = ui^/k, the response function 
reads 



X°{uit,,k]z{R)) 



A ^ / irksT 
k^ Y Pon°(i?) 1 



k 



2VonO(R) 



(35) 



So using (31) we determine the complex frequency shifts Au>^ explicitly as: 



Auj^ = -2ujf, 



keT 



UksT 



^0 = -4 - 



U ksT 



A: 



0 • 



(36) 



The frequency shift is linear in the temperature T . The complex numerical 
coefficient Aq is given by the integral 



An = — 



dPk 

(^ 



Sr / Sr 



Pon°(R) 



X - r/2)*V'l°HR- + r/2) k e**"'*’ k-i\ 



mujt 



r 



2Vnnl{R) 



Similar expressions for the damping rate have been derived in [6,30-32]. How- 
ever in these papers either the explicit form of the mode function was not 
considered and the damping was only calculated up to a numerical factor, or 
only the damping of higher lying modes with frequencies ftw^ of the order of 
H was determined. 

In the following we are interested only in the damping rates from (36). 
So we neglect the frequency shifts in (30) due to finite temperature and take 
as our zeroth order solutions the frequencies and mode functions at T = 0 
from [15,16,21]. Aq converges to a constant value in the Thomas-Fermi limit 
Noa/d ^ 1 and the damping rates depend only via the chemical potential 
on the particle number in the condensate Nq, giving oc fVg . The 

9-fold integral in the explicit determination of Aq can hardly be evaluated 
analytically. Even in isotropic traps the integrand depends on the different 
components of the relative coordinate for non isotropic modes, and the inte- 
gration limits for the relative coordinate depend on R and on the direction of 
r . In anisotropic traps even a numerical evaluation turns out to be difficult. 
For this reason we determine the coefficient Aq in the following approxima- 
tion: 

i. Since we consider fluctuations of long wave lengths, we can neglect gradients 
in the expansion of the mode functions at point R in r and approximate 
4°HR-r/2)* V'®(R + r/2)« 1V'®(R)]2. 

ii. For axially symmetric potentials the center of mass coordinate is integrated 

over the volume + (u:zliOxZY' = iS < Thomas-Fermi ap- 

proximation, with i?TF the Thomas-Fermi-Radius in x-direction. To perform 
the integral over the relative coordinate, we approximate the exact range of 
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integration by a sphere with radius r<j given by the condition of equal inte- 
gration volume in both cases. From this it follows r<j = (/i^(3i?TF ~ 
with h? = i?^p — . The integral of the exponential over this sphere gives 

Ai:r‘^ji{kra)/k, with the spherical Bessel function ji. We obtain as an ap- 
proximate expression for the coefficient Ag 



= 



dk 



d-^R 



/Ftp V ^on°(R) 

X {kvaf ji{kra) \k-i\ 



2VonO{R) 



Let us compare our description with the experiments [28] and determine the 
damping rates for the two measured modes. The quadrupole mode has the 
frequency to ( 0 , 2 ) = oOxV^ , the mode function is {p, z) = with 

N'^ = 32TT/105R^ptOx/tOz ■ The numerical evaluation of the integral gives for 
this mode the imaginary part Im[ylo] = 0.87. The monopole mode is given 
by W( 2 ,o) = Wa;\/l4 — 2-\/M « Wa:1.797 at the anisotropy = 8, the 

mode function is tp^^^p, </>, z) = {p^ + bz^ + c)/N with b = 0 )/^^ ~ ^ 

c = 0 ) ~ ^ normalization is = 0.109 . For this mode we obtain 

Im[Ao] = 0.94. The damping rates linear in the temperature are compared 
in Fig. 3a and b for both modes with the measurements [28]. 




Fig. 3. Damping F in s of the quadrupole mode = y/2oJx (left) and of the 
monopole mode = l.lQluix (right) according to (36) (dashed line) depending on 
the temperature T in nK for the parameter from [3]. Squares are the experimental 
values 



6 Conclusions 

In both cases the calculated damping rates (36) are above the measured val- 
ues. This is in accordance with our results for the homogenous system, where 
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the damping rates from perturbation theory were bigger than the exact re- 
sults, see Fig. 2. The dimensionless interaction for [28] was estimated to be 
Von^/ksTc « 0.3, what can explain the large deviations in Fig. 3 for small 
temperatures T < T^/2 . In the range T ^Tcj2 the linear growth of the ex- 
perimental damping rates agrees rather well with our results, except for the 
two last measured values for the monopole mode. However, for these mea- 
sured values also a growth of the frequency was observed, which is not fully 
understood yet. In general we can say, that the complex frequency shifts de- 
scribed in this paper can explain the measured damping rates in a qualitative 
or even semi-quantitative way, however, for a fully quantitative explanation 
the applied approximations are not yet sufficient. More detailed numerical 
evaluations like in [4] are then necessary. 
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1 Introduction 

Vortices have been a major interest in Bose-condensed systems since the 
early studies of superfluid He II. These topological objects in the quantum 
held have a 2tt phase circulation about a point of zero amplitude, and thus 
allow circulating flow in the (otherwise) irrotational quantum fluid. A classic 
experiment in superfluidity demonstrated that vortices form as the preferred 
stable state in a rotating cylinder of He II [I], a result explained theoretically 
in terms of the equilibrium energy properties of vortices [2]. The recently 
realised gaseous Bose-Einstein condensates (BEC) provide important new 
opportunities for the study of vortices in quantum fluids, and in particular of 
vortex dynamics. A priori theoretical calculations can be more readily made 
for these weakly interacting gases than for strongly interacting quantum liq- 
uids such as He II, and the experiments can make direct and detailed dynam- 
ical observations. Initial theoretical studies of vortices in BEC concentrated 
on static properties including stability and excitation spectra [3-6]. Recently, 
however, a number of dynamical studies of vortices have been made using 
the Gross-Pitaevskii equation (GPE) for the mean held wavefunction 
which is known to be accurate near T = 0. Jackson et al. [7] showed that 
vortices may be generated by movement of a localised potential through a 
condensate, while Marzlin and Zhang [8] investigated vortex production us- 
ing four laser beams in a ring configuration. A potentially important scheme 
for vortex detection using phase sensitive detection was formulated by Bolda 
and Walls [9] . Experimental realisation of vortices has now been achieved by 
the JILA group in a two-component condensate [10], in confirmation of a 
theoretical prediction by Williams and Holland [11], and also by Madison et 
al. [12] who reported the first observation of vortices in a single-component 
condensate. 

In this paper we present a study of the dynamics of vortex production 
in a trapped dilute single-component condensate stirred rotationally with a 
repulsive Gaussian potential (representing for example a focussed far blue 
detuned laser beam) . This scheme is similar in spirit to the rotating cylinder 
of He II, with the laser mimicking surface roughness of the cylinder. However, 
in contrast to the case of He II, there is a tractable theoretical model for 
the stirred condensate, and this enables us to interpret the dynamics (in 
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a certain regime) in terms of a relatively simple coherent mechanism. In 
previous work we investigated the stirring model in the case of two spatial 
dimensions [13]. Such a case can have real physical application: experimental 
observation of a two-dimensional condensate has recently been reported [14] . 
However, most contemporary BEC experiments are three dimensional. In this 
paper we extend our earlier analysis, and in particular simulate the model 
numerically in both two and three spatial dimensions. We present an analytic 
model that explains the main features of the vortex dynamics, and gives a 
quantitative prediction for the critical speed of rotation for vortex formation. 
We also investigate the question of vortex stability in the mean field limit. 

Our treatment is based on the Gross-Pitaevskii equation for the conden- 
sate wavefunction 

= -VV(r,i) + V{v,t)4){Y,t) + C|'!/'(r,t)|V(r,f) , (1) 

in which time has units of (where oj is the harmonic trap frequency in 
the X and y directions), length and energy are in units of and hw 

respectively, and C is proportional to the number of atoms in the condensate 
and the s-wave scattering length. The total external potential V (r, t) is given 
by Vtrap + W (r, t), where Vtrap is a cylindrically symmetric trapping potential 
and W (r, t) represents the stirrer (a narrow moving potential). In two dimen- 
sions we consider coordinates x and y, so that Vtrap is (x^-|-j/^)/4 , while in 3D 
the 0 axis is the symmetry axis of the trap, so that Vtrap is {x"^ + y"^ + \^z ^) /4 
with A the trap anisotropy parameter. The stirring potential is given by 



W{v,t) 



ITo(t)exp 



-4 



\p- Ps{i)\ 



(2) 



where p is the projection of r into the x-y plane, and is the centre of 
the Gaussian stirrer in that plane. In the three-dimensional case, W{v,t) is 
cylindrically symmetric about a line parallel to the 2 ; axis. 



2 Simulations 

In this paper, we begin all our simulations with the condensate in an eigen- 
state of the time independent GPE [i.e. (1) with Wq = 0 and the LHS set 
to p-ip], usually the ground state. The condensate is stirred by moving the 
stirrer in a circle of constant radius Ps at a constant angular velocity cof and 
we minimise transient effects by linearly increasing the stirrer height Wq from 
zero to its final value between t = 0 to t = tt. 

We have carried out a wide range of simulations, varying the angular stir- 
ring speed, the width, depth and radial position of the stirrer, and the number 
of atoms in the condensate. Due to the constraints imposed by computer re- 
sources, most of the simulations are carried out in two spatial dimensions. 
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but in this paper we have also performed fully three dimensional simulations 
to confirm that the types of behaviour found in two dimensions also occur 
in three dimensions. Our numerical simulations were carried out using an 
efficient fourth order spectral method, which will be described elsewhere [15]. 
Vortices are found in the resultant wavefunction by an algorithmic proce- 
dure which searches for a 27 t phase circulation. It is worth emphasising that 
in a gaseous condensate, the density varies, and vortices form easily in the 
very low density regions right out to the edge of the computational grid. 
Unlike the case of He II, where density is constant and all vortices carry the 
same angular momenta, in the gas, vortices in very low density regions have 
negligible significance. Hence we ignore all vortices where the density curva- 
ture (calculated by finite difference) is less than a predefined value (typically 
10 - 3 ). 

2.1 Overview of Behaviour 

Specific cases will be presented in subsequent sections, but it is useful to 
survey the main overall trends that we have found. At low stirring speeds, 
no vortices form in the ‘visible’ region of the condensate. For fast stirring 
speeds, numerous vortices are generated, typically at the visible edge of the 
condensate, or in other low density regions that form during stirring. In the 
fast stirring case the behaviour can be very complex, with vortices moving in 
complicated trajectories, and pairs of opposite circulation annihilating during 
close encounters [16]. However, a regime of simply characterised behaviour 
emerges at intermediate stirring speeds, in which a single vortex forms at 
the edge of the condensate and is drawn towards the centre, before cycling 
back to the edge. Perhaps counterintuitively, neither the linear speed of the 
stirrer, nor the value of the local speed of sound of condensate near the stirrer 
appears to be of particular significance. The nonlinearity, parameterised via 
C, plays a role but not a crucial one: in the linear case {C = 0) vortices can 
form or remain absent. The key parameter is the angular stirring speed uif. 
For a given value of C we find that there is a critical angular speed uic below 
which the system operates in a ‘single vortex’ regime. When ujf = Uc the 
single vortex is drawn right to the centre of the condensate, and for ojj > lOc 
multiple vortices form. It turns out that the critical angular frequency (in our 
dimensionless units) is predicted with very good accuracy as the difference 
between the energy of the first excited vortex state of condensate Ey and 
the energy of the ground state Eg. In the next section we present a simple 
model which explains these features, and shows that the trap, with its well 
separated energy levels, plays a central role in the system dynamics and gives 
rise to behaviour that is qualitatively distinct from that of the homogeneous 
case studied in the context of He II. 
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3 The Single Vortex Regime 

The main features of the single vortex regime are illustrated in the two dimen- 
sional simulation shown in Fig. 1 where evolution of the condensate during 
stirring is shown as a sequence of subfigures. We see a single vortex appear 
first at the edge of the visible region of the condensate, then cycle between 
the edge and the centre. The accompanying phase plots in Fig. 1 confirm 
that the feature is indeed a vortex. The amplitude of the cycling is reduced 
as the stirring frequency is reduced below the critical speed, and even at the 
critical speed, the cycling amplitude may be small if the stirring potential is 
too small or located too far from the centre of the condensate. A quantita- 
tive measure of the cycling amplitude can be obtained by plotting (Lz), the 
(dimensionless) angular momentum expectation value, as a function of time. 
We show in Fig. 2 the case corresponding to Fig. 1, plotted as a solid line. 
When the vortex reaches the centre of the condensate (Lz) takes the value 1. 
Stirring above the critical angular speed causes additional vortices to appear 
and (Lz) periodically exceeds 1 as shown with the narrow line in Fig. 2. In 
the corresponding simulation (not shown) two vortices are eventually formed 
in the condensate, and at t > 40 these vortices develop a regular oscillation 
which is echoed in {Lz). 




-4 0 4 -4 0 4 -4 0 4 

XXX 



Fig. 1. Probability density (top row) and phase of ip (bottom row) for a sequence of 
states for a two-dimensional condensate stirred from rest as described in the text. 
In (a) t = 7.29, (b) t — 17.59, and (c) t = 29.15. The vortex, which has positive 
circulation, is marked with a -I- sign. The circle denotes the stirrer. Parameters are 
C = 200, ujf = 0.4, ps = 1.5, Wo = 10, and w, = 2 



Our simulations show that the critical angular speed reduces as C in- 
creases, and we plot in Fig. 3 the values of lOc found for different values of C. 
On the same graph we show the difference in energy between the first excited 
vortex and the ground states, Ey — Eg for a various values of C. 
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Fig. 2. Angular momentum 
expectation value versus time 
for w/ = 0.4 (thick line), w/ = 
0.45 (thin line). Other param- 
eters as in Fig. 1 




Fig. 3. Critical angular fre- 
quencies as a function of C. 
The squares give bounds for 
ojc found from simulations. 
The circles give the values 

Ev — Eg 



3.1 Formalism for a Nonlinear Two-State Model 

The single-vortex behaviour can be understood quantitatively in terms of a 
nonlinear ‘two-state’ model, which has a formal similarity to the Rabi cycling 
model familiar from quantum optics, or the Josephson model familiar in 
condensed matter physics. The essential idea is that the stirring potential 
causes the condensate to cycle between the ground and first vortex state, 
analogous to the Rabi cycling of an atom between the ground and excited level 
in the presence of a light field. However, the model has additional complexity 
compared to the case familiar from linear quantum mechanics. The ‘basis’ 
states are modified by their nonlinear self and mutual interaction [the term 
containing C in (1)], and thus the appropriate basis states vary according to 
the vortex fraction. We make the ansatz that the condensate wavefunction 
can be decomposed onto a basis of an axially symmetric part <j)a (ground- 
state-like) and a vortex part (f)y (axially symmetric with an anticlockwise 
phase circulation), according to 

^(r,t) = aa{t)4>a{p,ny) + ay{t)4>y{p,riy)e'‘'^ . (3) 

Here n„ = ja^p is the fraction of the condensate in the vortex component, 
and p and 9 are the cylindrical polar components of r. We have chosen (3) 
to represent the two-dimensional case, and we present the formal develop- 
ment of the model in this geometry. However, we illustrate in Sect. 4 with 
three-dimensional simulations that the two-state concept does provide the 
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framework for a quantitative understanding of single-vortex dynamics, even 
in the three dimensional case. The functions n^) and n„) are real 
valued, nonnegative, and normalised as f 4>^dr = 1, (here cr represents either 
s or v) and their form depends on their relative weighting via n„. The eigen- 
functions <j)s and are automatically orthogonal and are found as the 

lowest energy coupled eigenstates for the coupled time-independent radial 
GP equations 

^ls(|)s= ^ -h C -h 2Fn„(/)^) (j)s , (4a) 

IJ'v4’v = ~~p~^ ^ ^ <j)y , (4b) 

where Us = 1 — n„. The eigenvalues fisin^) and p^(n„) are obtained along 
with their eigenfunctions by solving (1.4) for a particular value of n„. The 
parameter f is a constant which in principle is equal to one, but we have 
introduced it as an adjustable parameter to improve quantitative agreement, 
as we discuss further below. The superposition (3) produces a condensate 
with angular momentum expectation value (Lz) = n„, and a vortex whose 
distance from the centre of the trap decreases as — >■ 1. Figure 4 illustrates 

how the functions 4>s and (f)y vary as the vortex fraction increases. The mutual 
repulsion between the vortex and the symmetric state is enhanced by a factor 
of 2 compared to the self repulsion, so that the vortex and symmetric states 
tend to separate. 




-5 0 5 -5 0 5 -5 0 5 



XXX 

Fig. 4. The eigenstates cpa (thick line) and (thin line) for vortex fractions 

(a) riv = 0, (b) Uv = 0.5, (c) = 1. The eigenstates are for the two-dimensional 

case with C = 200, and we have plotted a slice along the x axis 

The ansatz of (3) allows us to recast the full GPE (1) into a sugges- 
tive form. Using the method outlined in [13] and writing dg = aae^°‘‘ and 
d„ = where as{t) = J* , and transforming to a frame 

which rotates with the stirring potential we obtain the equations 



ddi 

dt 



(5a) 
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^ = -i[A{ny) + Sy{ny)]ay - ^n*(ny)a,s . 

Here A{ny) = jjLy{ny) — ^s{nv) — w/ and. 


(5b) 


5a{ny) = j <l)cr{ny)W'{r)(j)a{ny)dr , 


(6a) 


f2{ny) = 2 [ 4>s{ny)W'{r)4>y{ny)E^ dr . 


(6b) 



3.2 Interpretation of Coherent Cycling 

Equations (1.5) are nonlinear, but as we have shown previously [13], with 
some care they can accurately reproduce the results of single vortex cycling. 
The value of (1.5) is not so much that it provides another (numerical) means 
of solving the GPE, but that they have a formal resemblance to the well 
known linear Rabi equations [17] with 17 corresponding to the bare Rabi fre- 
quency, A the detuning, and to the frequency shifts. We therefore recog- 
nise that the stirring potential couples and causes coherent cycling between 
the ground state and the first excited vortex state of the condensate in the 
harmonic trap, in a manner analogous to linear Rabi cycling. Although the 
nonlinearity of (1.5) means caution is required in applying certain results 
from the linear Rabi model to vortex cycling, energy conservation remains 
a valid and central part of the model. In the frame rotating with the stir- 
rer the potential is static so the condensate energy in the rotating frame 
E' = E — uif{Lz) is constant {E is the lab frame energy). The wavefunction 
evolution is thus constrained by the requirement to conserve E' . The impli- 
cations of this on the system behaviour can be understood from Fig. 5, where 
the expectation value E' is plotted for the range of superposition states of 
(3), for two cases. In both Fig. 5(a) and (b) the frame rotation frequency is 
chosen to be the difference Ey — Eg so that the energy E' is the same for 
the pure ground and pure vortex states. Figure 5(a) shows an energy barrier 
between the ground and vortex states which arises from the repulsive inter- 
action of the condensate and prevents transitions from the ground to vortex 
states. Fig. 5(b) shows that the presence of the stirrer can distort the energy 
surface to permit constant E' paths along which a superposition of varying 
fractions of vortex and symmetric states can evolve. It is clear that for critical 
cycling (i.e. where the condensate transfers entirely to the first excited vortex 
state), the rotating frame energies of the ground and first vortex state must 
be equal, and including the level shifts we obtain the equation for the critical 
frequency 

Uc = Ey- Eg+5y{l)-5s{0) . (7) 

Of course complete cycling will not occur unless the stirrer potential overlaps 
sufficiently with the ground and vortex states that the energy surface distorts 
enough to allow a constant E' path from the ground to the vortex state. The 
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energy surface plots also help explain why the adjustable parameter F in 
(1.4) is needed to obtain quantitative agreement with the full time dependent 
GPE simulation. The basis set in (3) is not complete and thus leads to energy 
values which exceed the true energy, and in particular the energy barrier is 
exaggerated. Indeed we see in Fig. 5(b) that even with the stirrer present, the 
energy barrier is still too high to allow significant cycling out of the ground 
state. We have found that by setting F « 0.8, the solution to the cycling 
equations (1.5) very closely matches the full time dependent GPE. 




Fig. 5. Energy E' in the rotating frame as a function of the superposition state 
The horizontal axes are n„ the vortex fraction, and & = Arg{o„/5s}. In (a) there 
is no stirrer, while in (b) the stirrer is present. Parameters are C = 200, uif = 0.4, 
ps = 1.5, Wo = 10, Wa = 2, and F = 1 



4 Three-Dimensional Simulations 

The underlying assumption in our two-state model is that the ground state is 
coupled primarily to the lowest energy vortex state, and all other couplings 
are much smaller. The two state model works well in 2D geometry, because 
the state closest in energy to the ground state is the first vortex state, and 
couplings to most of the other states nearby in energy are forbidden by sym- 
metry considerations. The model begins to fail when ojf exceeds Uc (see Fig. 
2) because more states are accessible at the corresponding energy E' . 

In three dimensional cylindrically symmetric traps, many more conden- 
sate trap eigenstates exist, in either the oblate (pancake shaped; A > 1) or 
prolate (cigar shaped; A < 1) trap geometry. Nevertheless, energy and sym- 
metry considerations may combine to restrict the coupling primarily to just 
the ground and first vortex states. We will consider here only the case of the 
oblate traps, which are realised in practice by TOP traps (A = -\/8). We have 
carried out a number of simulations in this geometry and found that once 
again a regime of single vortex behaviour occurs. Figure 6 illustrates a vortex 
partway through its initial cycle to the centre, for a case corresponding to 
a condensate of about lO"* atoms of ®^Rb with a laser stirrer of about 10 
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/zm beam diameter. The hole that appears in the condensate is an almost 
vertical vortex line. The angular momentum cycles regularly between 0 and 
1 as before, and the observed critical angular speed ojc is very close to the 
prediction (7). 




Fig. 6. Probability density 
isosurface at \ip\^ = 10“^ for 
a three-dimensional conden- 
sate at t = 13.82, stirred as 
described in text. Parameters 
are Wo ^ 4, Ws = 4, ps = 2, 
u)f = 0.3 < cUc = 0.323, C = 
1000, and A = \/8 



We have also used our three dimensional simulations to investigate the 
question of vortex dynamical stability (which differs from thermodynamical 
stability [18]). Taking as the initial state the lowest energy I = 1 vortex, we 
insert then withdraw the stirring potential at a fixed position in the labora- 
tory frame. We find that this rather vigorous perturbation causes significant 
oscillation of the condensate but the vortex line simply wobbles about a 
small region in the centre of the condensate. Our two state model provides 
an explanation for this dynamical stability. In the rotating frame (which now 
corresponds to the lab frame) the ground and vortex states are well separated 
in energy, and there can be little mixing. 

5 Conclusion 

We have found from two and three dimensional numerical simulations of the 
GPE that a regime of simple one-vortex behaviour occurs for a rotationally 
stirred condensate. The key parameter controlling the vortex dynamics is the 
angular stirring frequency, and we have shown that the underlying coherent 
dynamics can be understood in terms of a two state model. 
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1 Introduction 

Over the last few years, the experimental realization of Bose-Einstein con- 
densation (BEC) in dilute alkali-metal atoms [1] and atomic hydrogen [2] 
has stimulated studies of the formation and evolution of condensates [3] . The 
kinetics of the condensate formation from a nonequilibrium initial state to 
a final coherent state has been explored in many systems [4], and particu- 
larly in dilute atomic gases [5,6]. Recently, effects of quasicondensates on the 
three-body recombination rate in a two-dimensional gas of atomic hydrogen 
have been observed [7]. The 1S-2S two-photon absorption lineshapes mea- 
sured at MIT [2,8] show distortions that may originate from the formation 
of metastable quasicondensate droplets [9]. 

The formation of metastable condensates as a first step in atomic BEC 
has been discussed in several theoretical models [3,5,6]. Here, we develop a 
model based on a first-order phase transition treatment [9], and evaluate the 
effect of their existence on the 1S-2S lineshape under conditions similar to 
the experimental ones [2]. 

2 Review of the Experiment 

The four hyperfine levels of the hydrogen IS ground state exhibit the usual 
Zeeman splitting in the presence of a magnetic field (see Fig. 1). In the 
MIT experiment [2,8], a loffe-Pritchard magnetic trap is used to capture the 
purely spin-polarized d state [10], a low field seeker state (see Fig. 1). The 
cooling process starts by precooling the atoms to a temperature T of 0.5 K 
(the trap depth) or less via cryogenic techniques (no adequate light source 
exists for driving the 1S-2P transition at 121.6 nm, preventing laser cooling 
[10]). With such methods, the trapped atoms reach temperatures around 40 
mK and density near 2 x 10^^ cm“^. The sample of cold atoms is located 
in the central low field trap created by strong magnetic fields at both ends 
of the apparatus (see Fig. 1). To cool further, evaporation over a magnetic 
saddlepoint at one end of the trap is used : temperatures close to 120 /rK with 
densities near 6 x 10^^ cm“^ are reached by this technique. To obtain lower 
temperatures still, rf evaporation is used [2]: the hotter atoms are ejected by 
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induced spin flip, and the remaining atoms thermalize to a lower T through 
elastic collisions. Although the total number of atoms is reduced, the density 
is increased (the total volume of the trap decreases more rapidly [2]): however, 
inelastic collisions limit the maximal densities reachable (e.g. dipolar decay 
or three body recombination). In 25 s of rf evaporation, the sample can cool 
from about 120 fiK to about 30 /iK, and be in the degenerate regime, with 
densities around 2 x 10^^ cm“^. The entire cooling process takes about 5 
minutes. The final trap has an elongated cigar shape with a very tight radial 
confinement (corresponding to a frequency u>p = 2 tt x 3.90 kHz) and a weaker 
axial confinement (with = 27 t x 10.2 Hz). 
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Fig. 1. Trapping low-field seekers: (a) the purely stretched spin-polarized state d 
of the IS level (with F = 1 and mp = 1) is a low field seeker state: it minimizes 
its energy by moving towards regions of lower magnetic field. Atoms in this state 
are trapped in the middle of the apparatus (b): by thermalizing with the helium- 
coated walls, they reach temperatures near 40 mK. To cool further, saddle and rf 
evaporation techniques are used (see text). Figures inspired from [10] 



To detect the condensate, the MIT group uses high resolution spectroscopy, 
contrary to the alkali EEC’s which rely on imaging techniques [1]. The tem- 
perature and the density distribution are measured via the two-photon spec- 
troscopy of the 1S-2S transition [2]. Two 243 nm photons excite the IS d 
state to the 2S state (metastable with lifetime of 122 ms). Once the laser 
pulse (lasting typically ~ 400 fis) has been applied, the 2S state is Stark 
mixed to the 2P state by an electric held pulse (duration ^ 12 /is) after a 
short time delay (^ 150 fis): the 2P state decays rapidly (lifetime of 1.6 ns) 
by spontaneous emission (see Fig. 2). The Lyman-alpha photons emitted are 
detected at the base of the apparatus. Due to the small solid angle of the 
detector (~ 2 x 10“^ sr.), the number of photons detected represents a small 
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fraction of the total amount of photons emitted (about 10“^ [2,10]). This 
sequence, from firing the laser to detecting the photons, is repeated 10-100 
times for a given frequency of the two photons: the delay between two suc- 
cessive sequences is typically 800 /xs, giving a measurement time of 40 ms for 
50 repetitions. 
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Fig. 2. Detection scheme: (a) trapped F = 1, mp = 1 IS atoms are excited to 
the metastable F=l,mF = 12S state by absorption of two 243 nm photons. An 
applied electric field Stark mixes some 2P character and causes prompt radiative 
decay into all the mp sublevels of IS through emission of a single Lyman-alpha 
photon (121.6 nm). IS and 2S F = 1, mp = 1 atoms see the same magnetic trapping 
potential. A small mirror reflects the 243 nm laser to allow Doppler free absorption 
(b). The Lyman-alpha photons are detected by a microchannel plate at the bottom 
of the apparatus. Figures inspired from [10] 



The 1S-2S two-photon absorption frequency is sensitive to the local den- 
sity. A frequency shift, due essentially to elastic collisions, has been evaluated 
by Jamieson et al. [11]. In the ultralow temperature limit, it takes the form 

^vis-2S = {ais-2S — ais-is) = otn , ( 1 ) 

Trm 

where in is the mass of the atoms, ai 5 _is and ais_ 2 S are the scattering 
lengths between atoms in the IS state with atoms in the IS and 2S state, 
respectively, and n is the density of the IS atoms (see Fig. 3). The measured 
value of a [8] is in good agreement with the predicted value [11]: —3.8 ± 
0.8 X 10“^*^ Hz cm^ and —3.0 x 10“^° Hz cm^, respectively. Atoms located in 
regions of higher densities will make the 1S-2S transition at a frequency more 
red detuned than atoms in regions of lower densities: the density profile in 
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the trap can be obtained by varying the frequency 1/243 nm of the two-photon 
beam. 



2S 



IS 




An — 47lli ^is-2s Uis 

m 



AE= 



47i1i 



Fig. 3. Auis- 2 S can be calculated 
from the mean field energy AE. Few 
2S atoms are created: 2S-2S inter- 
actions can be neglected. The shift 
of the IS level is proportional to 
nis-is = 1.2ao and the density 
of the surrounding atoms (basically 
nis). For the 2S level, AE is given 
to first order by ais- 2 S = — 43ao 
[11] and nis- Avis- 2 S is negative: 
the positive IS shift is much smaller 
than the negative 2S shift 



The two-photon absorption can take place with two co-propagating or two 
counter-propagating photons: in the first case, the absorption will depend on 
the velocity of the atom (Doppler sensitive), and in the second case, it will 
not (Doppler free). In Fig. 4, a composite plot of the two types of signals is 
presented. As the temperature decreases and the density increases, the system 
comes closer to the BEG conditions (Fig. 4(a)). Away from the transition 
line, only the Doppler free and Doppler sensitive signals of the normal gas 
(noncondensed) appear: the Doppler free is centered near zero detuning and 
is very sharp, and the Doppler sensitive is broadly distributed around the 
two-photon recoil value of 6.7 MHz (Fig. 4(b)). The Doppler broadening can 
be used to measure the absolute temperature of the sample [2]. When the 
sample is brought at the transition conditions, additional features appear in 
the spectrum, indicating the onset of BEG. The Doppler free normal and 
BEG signals are well separated: the density of the condensate is much larger 
than the normal gas, hence a larger frequency shift. 

The Doppler free signal of the normal component for three different condi- 
tions is illustrated in Fig. 5. The three curves correspond to the three points 
shown in the phase space plot of Fig. 4(a), with temperatures of 120 /iK, 
53 /xK, and 44 /xK, respectively. In the first two cases, no BEG signals were 
observed, and both curves are symmetric, centered near the frequency corre- 
sponding to the shift at half the maximum density of the normal gas in 
the trap. The third curve (at T ^ 44 ^K) exhibits a strong asymmetry, with 
a long red detuned tail corresponding to normal gas densities larger than the 
peak density in the trap: about 20-30% [2,12] of the atoms are contained 
in the tail. The tail extends to about —100 kHz and is well separated from 
the observed BEG signal centered near —750 kHz (see Fig. 4(b)). Notice that 
each data point requires ^ 40 ms (average of ~ 50 firing sequences), so that 
a full spectrum of 45 points is obtained in about 1.8 s. 
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(b) 

Fig. 4. Phase space plot of the normal (noncondensed) gas (a): each of these 
points correspond to different conditions at which spectra were obtained. The lines 
(dashed, solid, dot-dashed) indicate the BEC phase transition line, assnming a sam- 
ple temperature of (|th, |th, the trap depth. The points labelled 1, 2 and 
3 represent systems far, near, and at the transition conditions. In (b), a compos- 
ite spectrum shows the Doppler free and Doppler sensitive signals for the normal 
component o, and the corresponding BEC signals •. The BEC signal appears for 
^max ^ ^ g ^ ^gi4 T ~ 50 fiK. Figures adapted from [2] 




Fig. 5. Doppler free spectra 
for the normal component cor- 
responding to conditions 1,2 
and 3 of Fig. 4(a). When tran- 
sition conditions are reached, 
a long red detuned tail ap- 
pears (T ~ 44 pK) that in- 
cludes 20-30% of the total 
area of the spectrum. Figure 
adapted from [2] 



3 Conditions in the Trap 

A useful dimensionless parameter to describe the conditions in the trap is 

= rigX^ with A = \/2Trh? /rnksT , (2) 

where ng is the gas density and A is the thermal de Broglie wavelength for 
atoms of mass m at temperature T. ^g represents the number of atoms in the 
volume A^: if > 1 more than one atom occupy the same volume, a sign 
of Bose-Einstein condensation. At the first stage of evaporative cooling, the 
temperature of the gas is high enough and the density low enough so that 
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the gas is in the dilute limit, i.e. <C 1. Under these conditions, the gas 
is well described by a Maxwellian distribution and thermalization is rather 
fast: it was shown by Snoke and Wolfe, and Luiten et al. [13], that only four 
collisions or so are necessary to reach a new equilibrium. In the experiment 
[2,10], rf evaporative cooling starts at T ^ 100 /iK and Ug ~ 3.6 x 10^^ cm“^: 
the average speed is v = y^SksT/Tmi ~ 145 cm/s, and the collision time 
Tcoii. = l/8na^ngV ~ 0.2 s. The system is dilute, with ^g ~ 0.2, and one can 
consider the system in equilibrium. 

As T decreases and Ug increases, the trapped atoms “migrate” closer to 
the degenerate regime, and the system is not at equilibrium anymore. For 
^g^l simulations show that it takes between 50 to over 100 collisions to 
thermalize (see also Snoke and Wolfe, and Holland et al. [13]). At the onset 
of BEG, T ~ 50 /iK and the average density Ug ~ 1.1 x lO^"* cm“^ so that 
V ^ 103 cm/s. The collision time Tcoil ~ 0.1 s, which means that the system 
takes between 5.0 to 10.0 s to reach equilibrium. With the above conditions, 
^g ~ 1.6, and although the collisional time is not very different than for the 
dilute case, the degenerate nature of the system changes its behavior. 

During most of the measurements [14], the system is out of equilibrium, 
and the metastable gas can be described by a Boltzmann-like distribution 
[9,13]. Such a supercooled gas has a positive chemical potential whose fluc- 
tuations provide the nucleation conditions for the quasicondensate droplets 
[15]. Positive chemical potential has been used for the theoretical description 
of BEG by Gardiner, Zoller and co-workers [6]. A positive chemical poten- 
tial describes the depopulation of low energy states: the lower states of the 
Bose-Einstein distribution are difficult to All, and the distribution shows a 
Boltzmann-like character before equilibrium is reached [9,13]. 



4 The Model 



Although interactions play an important role in thermalization, we explore 
here the case of an ideal gas, i.e. with the scattering length a = 0 (this is 
a good approximation for hydrogen, with a = 1.2oo; see [9] for a treatment 
to first order in a). We consider a spherical quasicondensate droplet locally 
formed by density fluctuations within the metastable gas. The droplet radius 
Rd is determined by the local mechanical equilibrium conditions: the pressure 
induced by the quasicondensate droplet equals the external pressure of the 
surrounding normal gas [16]. We estimate the quantal pressure Pd in the 
droplets using a solvable model for the dependence of the droplet energy Ed 
on the droplet radius Rd- If we assume that the coherent wavefunction of 
the quasicondensate is localized inside a spherical region [17] and that the 
quasicondensate containing JV atoms of mass m is in its ground-state with 
entropy 5'^ = 0, we get 



Pd = ^ 



h^TT^ 

2mRl 



Pd 



h?TT N 

’ 



(3) 
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where we used P = —{dE/dV)ff g to get the droplet quantal pressure. 

For the metastable bath gas with effective temperature T, the pressure 
is simply Pg = nghsT, where Ug = ng{r) is the local normal gas density. 
Equating Pg and Pd^ we obtain Rd as a function of T, N , and Ug-. 



Rd = 



‘imUghsT 





( 4 ) 



The density of the coherent phase inside a droplet is then simply 
= 3iV _ir^( N \ 



( 5 ) 



For large N, the droplet density is much larger than the surrounding normal 
gas density. 

To determine the most probable number of atoms in a droplet, Nd, we 
follow a first-order phase transition treatment based on an activation energy 
similar to the phase nucleation of small droplets or bubbles in a metastable 
vapor-liquid system [18]. Small droplets {N < Nd) have large quantal energy 
and are dissolved back into the normal gas phase. We define an activation 
energy A as the difference between the free energies of the final and initial 
systems. For the initial system of total volume V made of N atoms in the 
normal gas phase, the free energy is simply Fi„itiai = Fg{N). In the final 
system, the appearance of one droplet containing N atoms gives a free energy 
Tfinai = Fg{N—N)+Fd{N), where Fd{N) is the droplet free energy. Assuming 
that the number of atoms N converted from the gas state to the coherent 
state is small, iV <C A^, we expand Fg {N — N) and use the definition of the 
chemical potential for the normal gas = {dFg/dN)v,T to obtain 

A = Fd(N) - Nfig + 0{N/N) . (6) 

For an ideal gas, the chemical potential of the initial metastable gas phase 
is [19] fig = fesTln^g, and the quasicondensate droplet free energy Fd = 
Fd — TSd is simply given by Fd (since 5'd = 0). Thus the activation energy 
A becomes 



where Rd is a function of N . In Fig. 6, A is shown as a function of N for 
various conditions. The results from the treatment with a = 1.2oo [9] are 
also shown to illustrate the effect of a: interactions reduce the probability of 
formation of large size nascent droplets. The position Nd of the maximum 
value of A is also illustrated in Fig 6. For N < Nd, the droplet will minimize 
its free energy by lowering N until it disappears: such droplets are unstable 
and will vaporize back into the normal gas phase. Droplets with N > Nd will 
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decrease their free energy by growing: they are stable [18]. The maximum of 
A gives a threshold value Hth which determines if a droplet is stable or not. 
This model is well behaved for > 1: near the critical conditions for BEG 
for an ideal infinite homogeneous bosonic gas, = 2.612. 




Fig. 6. Plot of A as a function of N with and without interactions. The quantities 
Ath and Nd regulate the stability of the droplets (see text). As shown in the inset, 
the activation energy is increased and the probability of droplet formation is reduced 
when the effect of repulsive interactions is considered. Adapted from [9] 

Setting dA/dN = 0, we obtain Nd and the corresponding Ath 

The formation time ry of a droplet containing N atoms can be estimated from 
the local density fluctuations via r/ ~ [5,9], where = inhang/m: 

with a = 0, we get an infinite formation time. Of course, although small, 
a = 1.2ao yf 0 and with Ug ^ 10^"^ cm“^ [2], we estimate Tg = 200 /rs. 
Although density fluctuations in the normal gas may create droplets of any 
size, the smallest stable droplets containing Nd atoms are formed faster than 
the larger ones. The probability of having a nascent droplet with Nd is given 
by P{Nd) oc exp(— Ath/fcsT), and its density rid by rid = 9ng/101n^g. For 
atomic hydrogen gas at T = 50 /xK, there is no droplet phase for rig < 
6.7 X 10^^ cm“^, corresponding to ^g < 1. 

5 Lineshape 

To compare with experimental data, we And the effect of the droplet for- 
mation on the 1S-2S two-photon absorption lineshape. We are focussing our 
attention on the Doppler free lineshape only. The line profile is assumed 
to be due essentially to the local density shift Aiyig_ 2 s = ari(r), where 
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a = —3.8 ± 0.8 X 10“^° Hz cm^ [8]. The line intensity at a given value of the 
243 nm laser detuning i/ = Ai /243 nm is proportional to the number of atoms 
absorbing the two photons with a frequency shift Avis- 2 S = = arid- The 

total number of atoms contained within droplets of density Ud is Nd times 
the total number of droplets, assumed to be proportional to the probability 
exp(— Hth/AsT) of being formed. The droplet contribution to the line profile 
is therefore 

/dK) = /°fVd(ng)exp , (9) 

where is a normalization constant. Since the gas density Ug varies within 
the trap, the Doppler free line profile as a function of = Av\s-isl‘^ is 

Id{v) = / dngp{ng)Id{ng)5[2v - and{ng)] , ( 10 ) 

J nmin 

where Umin = corresponds to ^g = 1. Here, p{ng) is the probability of 
having a local density of Ug in the line of sight of the laser beams, and it is 
given by 

Pi^g) = ^ j n{r)PL{r)S[ng - n(r)] , (11) 

where Ng is the total number of atoms in the normal gas phase, and PLi^) is 
the laser intensity profile which depends on the geometry (see Fig. 7). For two- 
photon absorption of counter-propagating laser beams, T’l(’') = ^£(^)/-^oj 
with axial symmetry [2,8] such that /^(r) = Il{p) = -fo exp(— p^/2<t|), where 
(Tl is the laser intensity half- width and Iq its intensity. The spatial density 
distribution of a gas described by a Maxwell-Boltzmann distribution in a 
harmonic trap corresponds to a Gaussian distribution. For the normal gas 
density, we consider n(r) to be Gaussian with axial symmetry [20] 



n(r) = n{p, z) = no exp 



m 

2fcsT 



(22 

\^pP 



2 2 
U),Z 




(12) 



with the maximum density no given by no = Ng{m/2'iTkBTY^'^Loj,uiz = 1.8 x 
10^"^ cm“^ [2]. The probability p(ng) becomes 



P{ng) 



2 1 
V^no 




(13) 



where Ug < no, and /3 = 1/3 for the MIT experiment [21]. In Fig. 8, we 
illustrate Id{rig)/I^ as well as p{ng) and p{ng)Id{ng)/I^ for an ideal gas. 
Similarly, the normal gas line profile is given by [9] 




(14) 




Quasicondensate Droplet Formation in Hydrogen 



37 




Fig. 7. Geometry of the laser and the trap: the atoms absorbing the two pho- 
tons frequency shifted by v are located in a shell of the Gaussian density profile 
corresponding to Ug, and in the line of sight of the laser beam of width aL ~ 50 fj,m 




(1o'"'cm Laser detuning v (kHz) 



Fig. 8. Plot of (a) Id{ng)/I°, (b) p{ng), and (c) p{ng)Id{ng) / 1^ as a function of ng 
for no = 1.8 x 10^"^ cm“^ and T = 50 /rK: p{ug) cuts the long tail of Id{ng)/Id- (d) 
shows the same as (c) but as a function of the laser detuning v. In (b)-(d) we give 
the curves for two values of j3 corresponding to the actual experiment geometry 
(/3 = 1/3) and the case of a uniform laser intensity (/3 = 0). Adapted from [9] 



The laser detuning v is limited to values between 0 and cmo/2. In Fig. 9, we 
show the contribution of the normal gas and quasicondensate droplet phases 
to the line profile of an ideal gas corresponding to the experimental condi- 
tions [2]. The normal line alone cannot reproduce the experimental curve: the 
droplet line contribution gives rise to a long tail at large detunings as well as 
a shoulder. The large asymmetry measured in the Doppler-free normal gas 
lineshape is well reproduced by the model, and the experiment [2] provides 
a strong evidence of quasicondensate formation. 
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Fig. 9. Plot of Id(y) and Ig{i^) as a function of v for an ideal gas with (3 = 1/3. 
The normal and droplet lines have been convoluted with a Gaussian of 3kHz width 
(corresponding to the experimental frequency step). The sum of those two lines is 
compared to the experimental signal [2]. The inset shows the same lines with and 
without convolution. Adapted from [9] 



6 Conclusion 

The model described here is based on simple ideas. Thermalization is slow 
near transition conditions (small a) and the gas is out of equilibrium. Such a 
metastable gas can be described by a Boltzmann-like distribution, and fluc- 
tuations of the resulting positive chemical potential provide the nucleation 
condition for metastable quasicondensate droplets. Local mechanical equilib- 
rium sets the properties of the droplets. 

However, for small droplets with ^ A, the spherical box approximation 
should be relaxed to allow the coherent wavefunction to penetrate the walls: 
pressure and droplet density would decrease. Such corrections could bring 
the lineshape in even better agreement with the experimental one. Other 
mechanisms may prove important to explain the wings (both red and blue) 
of the experimental spectra, like decays in the population of 2S atoms (e.g. 
ionization due to 2S-2S collisions) . Rates for such processes are not known in 
the ultracold regime. 
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Because the data were taken over a period of a second [12], growth and 
decay of the metastable droplets may play an important role in explaining 
the large spread of the measured line. However, since the time-evolution of 
the droplet line is slow (it can be observed for many seconds [12]), the static 
model presented here should be broadly applicable. A more thorough study, 
including the role of interactions, and the time-evolution of the droplets, 
should help in the design of experiments to determine the detailed properties 
of the droplets. 

Finally, the quasicondensate droplets discussed here are metastable. They 
exist because the system is out of equilibrium. When equilibrium will be 
reached, the gas will follow the Bose-Einstein distribution: the chemical po- 
tential will no longer be positive, and the droplets will have vaporized back 
into the normal gas or coalesce with the main central condensate. 
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Polarization Decay 

in a BCS Paired Fermi Gas 



Bereket Berhane and T.A.B. Kennedy 



Summary. A trapped gas of atomic fermions is polarized by an incident laser 
pulse. The induced polarization decays through emission of radiation. The radia- 
tive coupling of the atoms, and the angular distribution of radiation is shown to 
be sensitive to the interactions between the fermions, including anomalous pair 
correlations which characterize the superfluid state. 



1 Introduction 

Trapped atomic gases provide exciting opportunities for the observation of 
quantum many body effects with weakly interacting neutral particles. Fol- 
lowing successful experiments with bosonic atoms [1], there is now a drive to 
observe related quantum statistical signatures with atomic fermions [2] . These 
include the possibility for observation of Cooper pairing of a mixture of two 
hyperfine states of a Fermi gas [3] . In contrast to Bose Einstein condensation, 
the change in density and momentum distribution of Cooper paired atomic 
fermions is predicted to be very small [4]. Recently, a number of proposals 
for the detection of Cooper pairing in these vapors via optical interactions 
have been put forward. These include the effect of pairing on the lineshapes 
in a superfluid Fermi gas [5], ofF-resonant light scattering [6,7], and resonant 
light induced tunneling [8]. 

In this paper we investigate the decay of a polarized Fermi gas induced 
by a short light pulse. In contrast to the earlier theoretical work on optical 
signatures of BCS pairing, we include spontaneous emission and reabsorption 
of radiation within the trapped vapor in our model. We calculate the radiation 
emitted as the collective polarization of the trapped vapor decays, and discuss 
its sensitivity to the presence of BCS pairing of atomic fermions in different 
hyperfine ground states. 

The paper is organised as follows. In section I we give a general descrip- 
tion of the theoretical model. In section 2 we show how the scattered field 
depends on the matter polarization and compute the polarization induced 
by a short laser pulse using linear response theory. The decay in time of this 
polarization is computed via master equation methods, and shown to depend 
on various many body correlations, including the anomalous pair correla- 
tion which characterizes the superfluid state. In section 3 we illustrate the 
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angular radiation intensity distribution, and its dependence on pairing. Our 
conclusions are given in section 4. 



2 General Description of the Model 

We consider the resonant interaction of a short laser light pulse with a degen- 
erate trapped atomic Fermi gas. The atoms are modeled as two level systems 
with ground and excited state angular momenta Jg and Je, respectively, and 
atomic transition energy friOA- The interaction between the atoms and the 
electromagnetic field, in the dipole approximation, is given by 

Tf/ = -— /dVD(r) -P(r) (1) 

So J 

where D(r) is the electric displacement operator, and P(r) = P^(r) + H.c. is 
the polarization density operator. The positive frequency component of the 
latter can be written 

P~^{r) = p'^Cm ( 2 ) 

Mn 

where, p is the reduced dipole matrix element between the excited and ground 
atomic states, creates an atom in the electronic ground state \g^M) 

at position r and >Fe„(r) annihilates an atom in the electronic excited state 
|e,n) at position r. These annihilation and creation operators satisfy the 
usual anticommutation relation for fermions. We have also used the shorthand 
Cmu = {JglJeMn — M\JglJf.n) for the Clebsh-Gordon coefficients, and as 
usual Bq, {q = —1,0,1), denotes a spherical unit vector. We note that the 
interaction Hamiltonian Hj includes the resonant dipole-dipole interaction 
between atoms. 

To be specific, we will consider a harmonically trapped gas of ultracold 
atoms in a mixture of two hyperfine ground states, \ Jg = 1/2, M = ±1/2) 
(the electronic excited state is chosen to have Je = 3/2). Atoms in different 
hyperfine states interact via s-wave scattering, and such a system may exhibit 
Cooper pairing of the ground states, when the scattering length is negative [3]. 
The incident pulse is assumed to be linearly polarized in the z direction, and 
induces a polarization in the degenerate vapor. The polarization subsequently 
decays with the emission of light, to which we now turn our attention. 

2.1 The Scattered Field 

Using the Heisenberg equations for the electromagnetic field, the scattered 
field can be readily expressed in terms of the polarization density operator 
as follows [9], 

E/" (r, ^) = J d^r'G{r - r', /c^)-P+(r', t). 



(3) 
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Here G is the dyadic Green function for dipole radiation and kA = ^aIc. In 
the far field — r'| 1) it is given, including retardation, by 

1,3 pikAT p , 

G(y-v')^^ l-k,k, (4) 

47reor L J 

and, hence, the scattered electric field, 

jL3 pikAT ^ ^ 

E^(r,t) = -ksks] • P+(ks,t), (5) 

where k^ = kA^, and 

P+(ks,t) = p^eqp+(k^,t) = ( dV'e"*‘""''''P+(r',t) (6) 

q 

is the spatial Fourier transform of the polarization density operator. 

We note that a mean polarization of the atomic sample produces a mean 
scattered field. In this paper we will compute the contribution of this mean 
field to the angular distribution of intensity, ignoring the contributions due 
to light field fluctuations. The mean field contribution to the photon flux 
scattered in the direction k^, and detected at position r, is proportional to 
|(E+(r,t))p = ^a^i2^s0^s,^a,t), where k^, ei and 62 form a mutually 
orthogonal set. The contribution of the scattered field component polarized 
in the direction e^, is given by 

\{p+(k^,t))\^ , (7) 

where we have introduced the single atom linewidth Fa = p^k\/^heoTT. 

2.2 Initial Polarization of the Trapped Vapor 

The atomic sample is polarized by a short laser pulse, and subsequently de- 
cays with the emission of photons. In this section we use linear response 
theory to compute the initial quantum state of the polarized medium. We 
consider a classical laser pulse perturbation incident on the sample. The 
Hamiltonian can be divided into two parts, F[ = F[q + Vext{t), where F[q 
governs the dynamics in the absence of the perturbation potential which we 
denote by Vext{t)- For a system initially in the state p(0), linear response 
theory gives that 

p{t) = [7o(t,0)p(0)C/o^(t,0) + dt' \Vextit'),p{Q)\ (8) 

where Vext{t) = Ul{t,Q)Vext{t)Uo{t,Q), and Go(t, 0) = exp is the 

time evolution operator in the absence of the external laser field. 
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We assume the linearly polarized laser pulse ( polarization vector sl) has 
a duration t <C 1//a and l/|wi — wave vector frequency lol and 
peak Rabi frequency Thus, 

Vext{t) = -ihQLh{t) J SrSL ■ P^(r, - H.c^ (9) 

where h{t) = 1 for 0 < t < t while it vanishes everywhere else. It is reasonable 
then to assume that the polarization operator evolves freely during this short 
time, so that 

C/(5(t,0)P~(r)[/o(t,0) « e*“^‘P^(r), 0 < t < r. (10) 

With the above approximation, Eqn. (8) takes the form 

p{t) = [/o(t,0)p(0)C/o^(t,0) + [/o(t,0)ft[/o^(t,0), (11) 

where 

T T '' 

p, = —SL-P-{k^)p{0) + H.c. ( 12 ) 

P 

The latter equation also holds if we replace the density operators on both 
sides by the corresponding reduced atomic density operators, pA = TvradP, 
as is easily seen by tracing over the radiation field degrees of freedom. The 
first term on the RHS of (11) describes the time evolution of the system 
without the perturbation, while the second term gives the linear response 
due to the induced polarization. This contributes to the mean polarization of 
the sample, and, as we shall see, produces a non-trivial angular distribution 
of radiation at order (f^^r)^. We suppose that pa(0) = Trradp{0) is an 
unpolarized state, with all atoms in the ground state. We note that this 
contributes a background noise to the emitted spectrum at order 
which for an isotropic trap, is also isotropic [10]. For this reason we will not 
consider its contribution further here. 

Having established the quantum state of the matter induced by the laser 
pulse, we will now proceed to compute its subsequent time dependence, and 
determine the scattered field. 

2.3 Time Dependence of Matter Polarization 

The master equation for the reduced atomic density matrix, pA{t), can be 
obtained by standard methods [11], and in interaction picture is given by 

PA{t) = (iS + J)pA{t) (13) 

where, 

SpA{t) = i{HeffPA{t) - PA{t)H\ff) 



(14) 
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JpA{t) = Ta I (fr j ^ • K [g(r - r')] • e„._M' 

^'^lM'i^')'^eu'{r')pA{t)<Fl„{r)^gM{r) (15) 

and the effective Hamiltonian 

Heff = -i^ f (fr f Sr' ^ ^ e*_^ • g(r - r) • 

'' '' nM n'M' 

x^ln(i')'^gM(r)tf'gV'(j'')^'en'(r') (16) 

The resonant dipole-dipole interaction among the atoms is mediated by the 
dipole dyadic 



g(r-r',fc^) 



3 » _ ^ 2 ] exp{ikA\r - r'\} 

2k A 47rA:^|r — r'| 



(17) 



which relates the field observed at r to a source dipole oscillator at r'. 

We recall that we consider a mixture of two hyperfine ground states, 
\Jg = 1/2, M = ±1/2) confined by an isotropic harmonic potential V{r) = 
/2. The s-wave interactions between the atoms may lead to Cooper 
pairing if the interaction is attractive. In order to describe the paired states 
of the matter we use Bogoliubov theory [12], to expand the matter field 
operators in terms of quasiparticle operators and corresponding eigenmodes 
Mi.M(r) and Ui,M(r), namely 



^'gM(r) = ^ 
i 



{ui,M{^)bi,M + Vi^M 




(18) 



where M = ±1/2, and the quasiparticle operators, &i,M, b] satisfy fermionic 
anticommutation relations. The quasiparticle eigenmodes are computed from 
the Bogoliubov-de Gennes equations [13,14], 

[Hem - P + WM{r)] Ut^M{r) + Z\M(r)wi,M(r) = £^i,MU*,M(r) 

- [Hem - M ± WM{r)] Vi^M{r) + /\M(r)wi,M(r) = Ei^MVi^Mij)- (19) 

Here, Hem = /2m + V {r) is the center of mass motion Hamiltonian, /r 

is the chemical potential which we assume to be the same for both hyperfine 
states, Wm{t^) = (47ra?i^/m)(if'J^(r)tf'gM(r)) is the Hartree potential and 
^m(i") = —(4:naS/rri){'I'gM(j)Eg-M(j)) is the pair potential or gap func- 
tion, and describes the influence of Cooper pairing. For a given p,, Eqn. (19) 
together with the definitions of Wm{'^) and Am{t^) can be solved self con- 
sistently with the use of (18). It is also useful to expand the excited state 
matter field operator in terms of the eigenstates 4>j{v) of Hem, as 



tf'en(r) = ^(/j(r)ej„. 

j 



( 20 ) 
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The effective Hamiltonian can now be written as 

j^A 

^eff ~ ij^e hex ^/) ? 

where all single atom contributions are contained in 



Ue = 






jn 



(22) 



In a dilute gas the single atom contributions are dominant. The term hex 
accounts for quasiparticle exchange mediated by the electromagnetic field, 
and is given by 



hex = / d^r / d^r'^el_M ■ g(r - r') • 

nM 

Mi,M(r)Mi,M(r')^i Mh^,M + Vi^M{'r)vi,M{'r')bi-Mbl _m 



(23) 






(24) 



The remaining term represents resonant dipole-dipole interactions between 
atoms, and is given by 

hi = f d^r f d^r' ^ ^ ■ g(r - r') • (25) 

nM n'M' 

X'^ey(l')^'gM'(l'')'^gM(r)tf'en'(r') - hex- (26) 

We now assume that initially (before the arrival of the laser pulse) the 
atoms are in a BCS ground state, pa(0) = \BCS){BCS\ and, therefore from 
(12), 

"T f7 T 

PM = —SL ■ P^{k ^)\BCS){BCS\ + H.c. (27) 

P 

With the above initial condition, Eqn. (13) has the exact solution 

PA{t) = e^^pAi- (28) 



We will use perturbation theory to take into account the resonant dipole- 
dipole interactions. These involve the physics of reabsorption, i.e., photon 
emission, absorption and reemission cycles within the medium. In the dilute 
medium limit of interest to us, single reabsorption processes dominate, and 
by using perturbation theory we ignore multiple reabsorption cycles. Thus 
we separate S into two parts, 5 = 5o -I- Sj, with 



SoP 




hex) p + p{ne 




(29) 



Sip 



£a 

2 



hip -I- ph 



t 

/ ’ 



(30) 
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and approximate 

f . (31) 

Jo 

In this approximation the effects of Sq are treated exactly. Besides single 
atom effects, this part contains exchange interactions which lead to a nar- 
rowing of the collective radiative linewidth due to the Fermi blocking factor 
[10,15] 

/ = ^ / • K [G(r - r', /ca)] • e„_M 

Mn'' •' 

X (<Ft„(r')^'en(r)) . (32) 

Fermi blocking is of course present even in an ideal Fermi gas. The atomic 
interactions and pairing can modify /, but pairing has only a small influence 
on the linewidth in the regime of interest here. 



3 Angular Spectrum of Radiation 



Using (31) and (28), we compute the time resolved angular spectrum of radi- 
ation. The incident light pulse is assumed to be polarized in the z-direction, 
and propagates in the y-direction. We will compute the angular distribution 
of scattered radiation in the x-y plane {9s = t’‘/ 2), with z-polarization, as a 
function of the azimuthal angle <f>a- The result is, to a very good approxima- 
tion 



h{^s,z,t) = -{UltYc 



^o(k,-ki)-^5i(k,) 



(33) 



where as noted kg lies in the xy plane, and the form factor 



S'o(q) = / dVe*'‘'‘’^PM(r), (34) 

M 

is the Fourier transform of the average density of the gas evaluated at the 
wave vector q = kg — k^, and 

PM(r) = (^^lM{v)WgM{v)^ (35) 

is the average density of atoms in the electronic state \ Jg, M). If reabsorption 
of radiation within the sample is ignored, this term gives the complete angular 
spectrum of scattered radiation. 
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The leading correction to the scattered intensity due to reabsorption is 
given by 

5'i(ks) = ^ C^/M f d^rd^r' [e^_M' ' g(^ - r') ' ©m-m'] 

MM' 

[pM(r)pM'(r') -/JM(r,r')/jV(r,r') +?M(r,r')^M/(r,r')] 

+C.C., (36) 

where we have defined the ground state density matrix 

PM(r,r') = ('f^gV(j')^'sM(r')) (37) 

and the anomalous pair amplitude, which vanishes in the absence of pairing, 
is given by 

?M(r,r') = ('fgM(r)!f^g-M(r')) • (38) 




if (deg) 



Fig. 1. (a) The angular distribution of the normalized scattered intensity for a BCS 
paired gas for an isotropic trap of frequency 17 and for h/Er = 2/3 and fi = 20ftl7. 
(b) The angular spectrum for a paired(Zi ^ 0) Fermi vapor {dotted line) and a 
normal Fermi vapor {solid line) for FAt « 1 and the same parameters as (a) 




In Fig. (la) we show the distribution of the scattered intensity in the 
xy-plane as a function of time for fi/Eji = 2/3 and fi = 20hf2 where Er = 
h^k\/2m is the recoil energy. This corresponds to approximately 10^ trapped 
atoms. For such particle numbers, the forward scattering is less pronounced 
than for larger samples. At each time step the intensity has been normalized 
by the total intensity Io{t) = f d4>sls{4>s, t)- Initially the scattering is predom- 
inantly in the forward direction with a characteristic angular width of about 
A(j)s = S/UaRf where the Fermi radius Rp « 2^J fiEn/hfl. For EaI — f 1, re- 
absorption effects cause side lobes corresponding to first order diffraction, to 
grow, and the spectrum is sensitive to both particle interactions and pairing. 
In Fig. (lb) we show the profile of the normalized intensity for Tht « 1.0 
for a Fermi vapor with pairing {A ^ 0) and a normal vapor (Z\ = 0). The 
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pair function is calculated using the local density approximation applied to 
(19) [4,6,13]. The effect of pairing is to enhance the side lobes relative to the 
forward scattering peak. 

4 Conclusion 

We considered a trapped gas of atomic fermions in which a matter polariza- 
tion is induced by a short laser pulse. The subsequent decay of the polar- 
ization, through radiative emission, produces an intensity distribution which 
was shown to be sensitive to BCS pairing correlations. The technique may 
therefore prove useful in the detection of such correlations. 
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A Model of a Pumped Continuous Atom Laser 
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1 Introduction 

At the end of the millennium a continuous wave (cw) pumped atom laser 
remains to be experimentally demonstrated. The prototype atom lasers that 
have been operated have used rapidly pulsed or continuous output coupling, 
but lacked pumping of the trapped atom laser mode [1,2], as is needed for a cw 
laser system. Indeed, apart from simple rate equation descriptions, existing 
theoretical models do not incorporate both pumping of the laser mode and 
propagation of the out-coupled beam. 

We have used the macroscopic wave-function approximation, or mean 
field approximation, which leads to the Gross-Pitaevskii (GP) equation, as 
the basis for a complete cw atom laser model. The macroscopic wave-function 
is the order parameter for a Bose-Einstein condensate of atoms. Our model 
system is schematically illustrated in Fig. 1. It includes a pumped reservoir 
of un-condensed atoms irreversibly coupled to the atom laser mode [3]. The 
condensed atoms in this mode, and in the output beam, undergo two-body 
interactions and three body recombination. The atoms are reversibly coupled 
from the atom laser mode to the output beam by a Raman process [1,3]. We 
solve the resulting system of coupled differential equations numerically in 
one spatial dimension. The macroscopic wave-function of the output atoms 
is analysed to determine quantities such as linewidth. Previous work based 
on systems of coupled equations of the complex Ginzburg-Landau type (GP 
equations with gain and loss) has either neglected important physics, such as 
the pumping [4,5] or has concentrated solely on the condensate, ignoring the 
spatio-temporal structure of the output atom beam [6]. 



<- 



% 





Fig. 1. Schematic representation of 
the model system. The symbols stand 
for the coupling, pumping and loss 
rates and are defined in the text 
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2 The Model 

We consider the trapped atom laser mode, which we refer to as the “laser 
mode”, to be a one-dimensional condensate in a highly anisotropic, cigar- 
shaped harmonic trapping potential. The atoms in the laser mode and in the 
output beam are described by the macroscopic wave-functions and 

respectively. They experience two-body repulsive atom-atom inter- 
actions and three-body recombination. A novel feature of our model is the 
saturated loss due to the three-body recombination process [7,8]. 

To describe pumping we use the phenomenological model of Kneer et.al. 
[6] which mimics the pumping mechanism of a conventional optical laser. 
The number of atoms in the uncondensed pump reservoir is Nu(t), and their 
spatial distribution is not modeled. The reservoir is fed at a rate r, loses 
atoms at the rate 7 «A^u, and pumps the laser mode at the rate 'ypNuNa, 
where Na{t) = I'Pal^dx is the total number of atoms in the laser mode. 

The laser mode is coupled, by a reversible two-photon Raman transition, 
to an untrapped electronic state which is the output atom laser beam t) 
[1,3]. The Raman transition may also give a momentum kick to the out- 
coupled atoms. In an experiment the magnitude of this kick depends on the 
relative geometry of the two Raman laser beams. The output atom beam 
accelerates due to gravity. Inside the trap it overlaps, and hence interacts 
with, the laser mode atoms. This interaction has both a linear contribution, 
due to the Raman coupling, and a nonlinear contribution due to the inter- 
species atom-atom interactions. 

Mathematically, our model is described by the following dimensionless 
equations: 

+ GxWb + Ub'^bWb? + Uab'^bWa? 

= r - 7 „A‘„ - jpNuNa, 

where Ua and Ub are the intra- and Uab the inter- species two-body interaction 
coefficients, jr is the three-body recombination coefficient, and jr is the 
Raman coupling coefficient. 

The model is made dimensionless using the characteristic unit of length 
I = {hjujmyG and time, t = where oj is the trap frequency in the di- 
rection of the weak confinement. We use uj « 125 Hz and m « 10“^® kg. The 
dimensionally correct [5] two-body interaction coefficients, which we assume 
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to be equal, can be written as Ua,b,ab = 4:Trasjl where Ug is the s-wave scat- 
tering length for the relevant process. There is some arbitrariness in how the 
Ua,b,ab relate to their three dimensional counterparts. The scaling we have 
chosen gives a realistic condensate size [5]. Similar reasoning applies to the 
choice of the three-body recombination rate, 7^. We have set it to give feasible 
lifetimes for the laser mode condensate: it is typically between 10“^ and 10“® 
in our simulations. In accordance with experimentally reasonable values, we 
allow the dimensionless Raman coefficient, 7^ = to range up 

to lO"*, where are the Rabi frequencies of the Raman lasers and A is 
the laser detuning [3], and we take the dimensionless Raman momentum kick 
to lie in the range 0 < /c < 100. The dimensionless gravitational coefficient 
G = varies in the range 0 < G < 68, with G = 68 correspond- 

ing to g = 9.8 ms“^. Physically, we may think of the output atomic beam 
propagating in a tilted atom waveguide [9], with the tilt angle determining 
the value of G. 

3 Rate Equations 

Given the complexity of the model equations (1), a numerical method is 
the only feasible method of solution. However, some understanding of the 
dynamics of the system can be gained by deriving approximate rate equations 
for the populations of the reservoir, condensate and output fractions [10]. 
We proceed by projecting the condensate and output mean fields onto the 
stationary state modes (l>a{x) and <Pb{x) defined by: 

'Pa{x,t) = a{t)<Pa{x) 'Pb{x,t) = (2) 

where <l>a,b satisfy the time independent, lossless, and decoupled form of the 
equations (1): 

1 1 

2 + Ua^aWa?, 

1 92^ 

2 + Gx^b + Ub^b\<^b?- 

We are free to choose the magnitude of the chemical potentials g.a and g,b- 
In order to simplify the analysis we set the momentum kick, k, equal to 
zero. By doing so, we neglect the main effect the momentum kick has on the 
dynamics of the system, that is, the change in the spatial overlap between 
the condensate and the out-coupled field. 

The first equation in (3) describes the eigenfunction of a trap with chem- 
ical potential g,a- The equation for the output mode describes a falling wave 
and can be solved numerically or perturbatively, using a superposition of Airy 
functions in the linear limit [11]. We now substitute the ansatz (2) into the 
original system (1), and use the equations (3) to simplify the result. We then 
integrate out the spatial dependence in the equations and separate the time 
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Fig. 2. Typical population dynamics without three-body recombination, (a) From 
the rate equations (4) showing the growth of the laser mode. We have tested that 
this growth continues in the long time limit (r > 600). Parameters are r = 200, 
= 0 . 01 , 7 fl = 0.5, Ua = Ub = 0 . 02 , Uab = 0 . 01 , S/x = 0 . 02 , Na{t = 0) = 
0.001, Nb{t = 0) = 10 and 7 ^ = 0. Values of the spatial integrals are as given in the 
text. The inset shows the Rabi-type oscillations, present in all three fields, (b) From 
the full GP equations (1). Parameters are the same as for part (a) and G= 68 , k = 5. 
The GP simulations predict a much smaller number of atoms in the output beam, 
Nb, than the rate equations, because there is an effective loss of atoms due to the 
boundary absorber at the edge of the numerical grid 



dependence of the modal amplitudes as a = and b = 

By noting that the relationship between the modal amplitudes and the pop- 
ulation numbers is given by Na = and Nb = hSnl, we arrive at the 

following system of equations for the real population numbers Na^b, Nu, and 
phase difference 9 — 9b — 9a- 



= -{aN^ + PNaNl) + + 2^n^hhNaNbsin{9), 

^ = -{mi + aNbNl) - 2^R^/hhNaNbsH9), 

di ( 4 ) 

= r - ^uNu - 'fpNuNa, 

where = {fia ~ Mfc)) « = {2jrh) /{Sh)^ , P = {2^rh) / {5hY , and 5nl = 

Ub{l - Nb/{Sh))l2 + Ua{Na/{5h) - l)h + Uab{{Nah)/{5h) ~ {Nbh) / {S h)) ■ 



54 



N. Robins et al. 



The constant coefficients Is, where s = 1, 2, 3, 4, 5, 6, and 5 are determined 
by spatial overlap integrals as follows: 

h = J ^a^bl^al^dx, h = S~^ J ^a^b\^b\‘^dx, 

h = J <Pa^b\^a\^dx, h = J <Pa^b\^b\‘^dx, (5) 

h = J \^b\‘^dx, Iq = 6~'^ J \^a\'^dx, 6 = J <Pa^bdx. 

For realistic parameters, and using the stationary solutions of (3) we nu- 
merically calculated these integrals to have the approximate values 6 = 233, 
h = 875, h = 1.45, Is = 8.39 x 10^, h = 2.79, h = 0.13 and h = 41.3. 

From the rate equations it is seen that the populations of the condensate 
and the output mode undergo nonlinear Rabi-type oscillations [12] with the 
effective frequency determined, in part, by the strength of the interactions 
through SNL{Ua,Ub,Uab), and the Raman coupling y/j. In the presence of 
pumping and without the three-body loss terms, the condensate fraction ac- 
quires a fast growing component which prevents the system from reaching a 
steady state defined by dNa^b/dt = 0. A typical solution to the system (4) 
is shown in Fig. 2(a). An important feature of this regime is the unbounded 
growth of the laser mode in the absence of three-body recombination, which 
would not be the case for a realistic atom laser. This emphasises the need 
to include three-body recombination in atom laser models, as we do in sub- 
sequent sections. The qualitative predictions of the rate equation model are 
confirmed by direct integration of (1), with the results shown in Fig. 2(b). It 
is important to note that the values of the spatial integrals, Ig and 6, play a 
large part in the time evolution of the rate equations. 




Fig. 3. The time evolution of an unpumped condensate. Parameters are = 0.5, 
y^ = 10"^ Ua = Ub = 0.02, Uab = 0.01, G = 12, fc = 5, and Na{t = 0) = 140 
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4 Numerical Results 

With this initial understanding of the behavior of the atom laser to guide us, 
we proceed to investigate the numerical solution of our full model equations 
(1). We use a split-step method [13] to analyse the spatio-temporal behavior 
of the laser mode and the output beam. An absorbing boundary is used at 
the edges of the spatial grid. We have ensured that our results are insensitive 
to the size of the spatial grid and time-step. 

Our model is at its simplest with the pump mechanism turned off, so that 
the out-coupling depletes the atom laser mode. The laser mode population 
changes rapidly at the beginning of the first Rabi oscillation, as can be seen 
in Fig. 3, so the approximation of a stationary mode may be false even on 
short time scales [14]. One of the results of this paper is that it might be 
more realistic to make this approximation on the assumption of a steady 
state achieved through a balance of pumping and loss due to three body 
recombination. 

We next consider the pumped system. Without the effects of gravity and 
interactions we find the bound state predicted by Hope et al. [15]. This is 
produced by the Raman coupling. A fraction of the output field remains 
localised around the laser mode, see Fig. 4, and hence the population in the 
laser mode increases indefinitely due to the pumping. Hope et al. found that 
including gravity or two-body interactions could destroy this bound state 
by introducing a repulsive effective potential acting on the output mode. A 
large fraction of the atoms then quickly leave the interaction region. However 
we find that when both gravity and interactions act together they tend to 
recreate the exponentially growing output state. The population dynamics of 
the laser mode and the output is approximately described by (4) in this case. 
The output beam’s spatio-temporal structure, in the absence of three-body 
recombination, is shown in Fig. 5. 

Adding three body recombination destroys the bound state as can be 
seen in Fig. 6 and Fig. 7(a). This occurs because the loss rate increases as the 
square of the atomic density. In addition, the three-body recombination effect 
suppresses the atomic density noise in the output field, as well as suppressing 
the collective excitations of the condensate, see Fig. 7(b). Remarkably, the 
three body recombination process assists in creating a steady state, both in 
the output and laser modes, as can be seen in Fig. 7(a). 

5 Linewidth Narrowing 

One of the characteristic properties of a continuous wave optical laser is the 
dramatic reduction in linewidth that occurs above threshold. The ultimate 
quantum mechanical limit to the linewidth is given by the Schawlow- Townes 
formula [16,17] . Graham has proposed a related limit for the atom laser due to 
interaction with the thermal reservoir of uncondensed atoms [18]. Our model 
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Fig. 4. The bound state of the laser mode {dashed line) and the output beam 
{solid line) at t = 200. The laser mode is multiplied by 0.003. The output beam, 
for X < —2.5 only, is multiplied by a factor of 10. Parameters are r = 200, 7 _r = 0.5, 
7, = Q,Ua = Us = Uab^Q,G^Q,k = 5, Na{t = 0) = 0.001, Ns{t = 0) = 10 




Fig. 5. Atom laser beam density as a function of position and time, with no three- 
body recombination, showing the steady growth of the output. The beam propa- 
gates in the negative x direction from the condensate centered at a: = 0. Parameters 
are r = 200, 7 h = 0.5, 7 u = 0.1, 7 p = 0.1, 7 r = 0, Ua = Ub = 0.02, Uab = 0.01, 
G = 68, fc = 5, Na{t = 0) = 0.001, Nb{t = 0) = 10 
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Fig. 6. Atom laser beam density as a function of position and time, with three- 
body recombination included 7 r = 10“^, showing a quasi-steady state. Parameters 
are otherwise the same as for Fig. 5 




Fig. 7. Steady state operation of the system with three-body recombination, 
(a) Atom number in the output versus atom number in the laser mode. Parameters 
are r = 100, 7 h = 0.5, 7 „ = 0.1, 7 p = 0.1, 7r = 10“®, Ua = Uh = 0.02, Uab = 0.01, 
G = 12, fe = 5, Nait = 0) = 0.001, Nhit = 0) = 100. (b) The quasi-steady state 
density profile of the laser mode at t = 150 for pumping of r = 200 (solid) and 
r = 1600 (dotted) Other parameters are jr = 0.5, 7 u = 0.1, 7 p = 0.1, 7 r = 10“^, 
Ua = Ub = 0.02, Uab = 0.01, G = 68, fc = 5, Na(t = 0) = 0.001, Ni(t = 0) = 10. By 
contrast the laser mode at t = 150 for pumping of r = 200 (dashed), with no three 
body recombination, is continuing to grow and change shape 



does not incorporate the many-body quantum physics that determines the 
ultimate atom laser linewidth. However, in practice we might expect that the 
linewidth is not determined by fundamental factors, but rather by the dy- 
namics of the particular system; for example, in the optical case by relaxation 
oscillations [19]. Our model is suitable for determining the linewidth due to 
this type of dynamical effect. 

To determine the linewidth of the output we have calculated the instanta- 
neous spatial Fourier transforms of particular regions of the output field. The 
results are shown in the inset to Fig. 8. The atoms are accelerated by gravity 
according to ?; = \/vq + 2gx and hence, the velocity linewidth narrows as the 
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Fig. 8. The density of the output beam as a function of position. The inset shows 
the velocity linewidth over three regions of the atom laser output. These regions 
are labeled (a), (b), and (c) and are indicated by the bars on the main curve. 
Their width is about 7.5 dimensionless units, or 68 /rm. The number of atoms 
in each region is approximately the dimensionless density times the length; e.g. 
7.5 X 0.4 = 3 for region (b). Parameters are as in Fig. 7(a) 



atoms fall away from the trap [20] . We are currently investigating the effect 
of the pump rate, r, on the output linewidth of our model, in both the spatial 
and temporal domains. 

6 Conclusion 

We have presented a model of an atom laser in which we have endeavored 
to include the important physics of an experimental atom laser system. The 
resulting model exhibits a rich and complex dynamics. A novel aspect of our 
model is the inclusion of three-body recombination, which we believe plays an 
important part in achieving steady state laser operation. We demonstrated 
that the complex interplay of effects in our model can lead to a steady output 
with low atomic density fluctuations. The output of our atom laser is locally 
monochromatic, its linewidth dominated by gravitational acceleration. We 
are in the process of generalising this one dimensional model to three dimen- 
sions. 
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The BEC Near a Feshbach Resonance: 
A Superfluid of Mutually Coherent 
Condensates 



Eddy Timmermans 



1 Introduction 

To gain a true appreciation of how extraordinary many of the properties of 
the atomic-trap Bose-Einstein condensates (EEC’s) [1] are, we only have to 
remind ourselves of their dilute gas nature. As such, the fact that their dy- 
namics is extremely sensitive to the inter-particle interactions is remarkable, 
for instance. Since these EEC’s are amenable to atomic and optical tech- 
niques that can modify the inter-atomic interactions [2], it is also a relevant 
remark. In this paper, we discuss one of the proposed schemes: the magneti- 
cally controlled low energy Feshbach resonance. Near resonance, a magnetic 
field variation alters the detuning and, hence, the binary atom interactions. 
The response of the condensate to sudden changes of the inter-particle inter- 
action is macroscopic [3] and the experimentalist who can control it is insured 
of performing interesting dynamical BEC-experiments. This prospect moti- 
vated a great deal of research, both in theory [4]- [5] and experiment [6] . 

Our investigations of the near-resonant condensate [7] reveal that the 
Feshbach resonance is responsible for a different - and more interesting - 
many-body structure of the BEC. The interaction that creates the interme- 
diate quasi-bound molecule in the binary atom resonance creates a second 
condensate component of molecules in the atomic BEC. The resulting system 
consists of two coexisting condensates: an atomic and a molecular BEC, which 
are, moreover, mutually coherent. From the point of view of BEC-physics, 
the molecular Bose-Einstein condensate is interesting. Traditional schemes to 
achieve molecular condensation with internal state cooling appear problem- 
atic, partly due to collisional ‘quenching’ of the internal ro- vibrational states. 
From the point of view of superfluidity, the relative phase introduces an inter- 
esting generalization of the usual boson superfluidity, such as manifested by 
the ^He-fluids. Its corresponding broken symmetry state is characterized by a 
single long-range phase, the spatial variation of which gives rise to superfluid 
flow. In contrast, the Feshbach resonant condensate is characterized by two 
long-range quantum phases, the complex phases of the atomic and molecular 
EEC’s. Moreover, the mutual coherence implies that the relative phase is a 
dynamical variable. Its canonical conjugate is the population imbalance and 
any disturbance of this imbalance leads to Josephson-like oscillations of the 
atomic and molecular populations. 
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In addition, we show that the dependence of the ground state energy 
on density suggests the surprising liquid-like property of a self-determined 
density. 



2 Single Condensate Dynamics 



The BEC ‘condensation’ occurs in Fock space: a significant fraction of the 
bosonic particles occupies the same single particle state xo- In fact, to a good 
approximation, all particles of the zero temperature dilute condensate reside 
in that same single particle state: 

V>(ri,r2,....,rN;t) « xo(ri; t)xo(r2; t)....xo(rN, t) (1) 



Such wave function assumes a total lack of inter-particle correlations. In re- 
ality, we know that the atomic motion is strongly correlated, but only for 
short inter-particle distances (of the order of the range of the interatomic 
interaction) . This length scale is much shorter than any distance of relevance 
to the many-body behavior of the system. Under those circumstances, one 
can indeed use an uncorrelated wave function of the type (1), provided one 
evolves the state according to an effective Hamiltonian H, 

^ _fe2yz2 

i 



with an effective inter-particle contact interaction. We determine the value 
of the parameter A, which we will call the interaction strength by requiring 
the contact interaction to give the correct binary atom scattering length, a, 
in the Born approximation: 



A = 




(3) 



The Born approximation assumes precisely the total lack of correlation ex- 
hibited by the product wavefunction. 

The evolution of this ansatz wave function according to the many-body 
Hamiltonian (2) is described by the Hartree-Fock equation, 

-bU(r)-bA[lV-l]|Xo(r;f)P^Xo(r;f) • (4) 



In all condensates reported so far, the number of particles, N, is large enough 
that the [N — 1] factor can safely be replaced by N, which gives the Gross- 
Pit aevskii equation [8] - [9]. Moreover, since N is indeed large, the contribu- 
tion of the non-linear interaction dominates the time evolution. Since it is also 
proportional to the value of the interaction strength and, hence, the scatter- 
ing length, it is clear that the dynamics is very sensitive to the inter-particle 
interactions. 
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Before proceeding with a description of the proposed Feshbach resonant 
scheme to modify the scattering length, we will show how the Gross-Pitaevskii 
equation may be derived in a second quantization formalism. Although we 
don’t learn any new single condensate physics, second quantization provides 
a very useful framework for describing the more subtle Feshbach resonant 
condensates. In this description, the Hamiltonian (2) takes on the form 

H = j (fr tpU + y + -ipH] ^ , (5) 



where 4) and represent the annihilation and creation field operators, and 
where the dependence on the position r is understood. In the Heisenberg 
picture, the field operator obeys the Heisenberg commutator equation: 



= 

dt ^ 



2m 



V- 






(6) 



In the broken symmetry formulation, the Bose condensation is characterized 
by the emergence of a complex valued order parameter: (4’) = <4^0, which 
we will call the condensate field. The expectation value over the Heisenberg 
equation (6) then yields a meaningful equation of motion for the condensate 
field. Finally, for the weakly interacting zero temperature condensates, we 
may assume ‘complete coherence’, implying that the expectation value of 
products of field operators may be replaced by the product of the expectation 
values, i.e., « <4*4>7 (V’V’) ~ etc... The resulting equation, 



ih(j) = 



2m 



+ V + X\(j)\ 




(7) 



is equivalent to the Gross-Pitaevskii equation (5) with (j) = t/Nxo- 



3 Binary Atom Feshbach Resonance 

To bring the inter-particle interactions near-resonance, the trapped alkali 
atoms are placed in an external magnetic field. A high magnetic field [10] 
aligns the valence electron spins of the alkali atoms and two atoms interact 
in a triplet state. However, the hyperfine interactions can rearrange the spins 
of the interacting atoms, bringing the binary atom system to a molecular 
quasi-bound singlet state. A second hyperfine interaction can flip the electron 
spins again, breaking up the molecule after which the atoms separate. 

What is the role of the magnetic field in this process? Since the interme- 
diate state is created by means of a spin flip process that takes place in an 
external magnetic field, the intermediate state continuum is shifted. The en- 
ergy shift A depends on the value of the magnetic field strength B, A{B). On 
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resonance, B = Bm, the energy of the m-th bound state of the intermediate 
channel lines up with the continuum of the incident channel. Near-resonance, 
the energy difference of the intermediate m-state and the initial state, i.e. the 
‘detuning’ e, is approximately proportional to the magnetic field variation: 
e « dAjdB x [B — B^]- Thus, the magnetic field controls the detuning and, 
hence, the binary atom interaction. 

To be more quantitative, we calculate the effective scattering of the binary 
atom interactions as the negative of the scattering amplitude f{k) in the limit 
of vanishing relative momentum k, 



Oe// = - lim /(fc) 

k—¥0 



= Oo - lim fres{k) 

k—^0 



( 8 ) 



where the scattering amplitude consists of a non-resonant contribution, — oq, 
and a resonant scattering amplitude, fres- The resonant scattering amplitude 
can be written in terms of the ‘width’ and the difference in energies of 
the initial and intermediate state energies, e— fi^k^/m (in the center-of-mass 
frame) : 

f =1 (9) 

k{e- t9k‘^/mY + (r„/2)2 ■ ^ ’ 

We determine the width from Fermi’s ‘golden rule’: 

^ ^ ^ \ 2 at 0 m (k, k|Wpm//ij3 |K = 0) 

molecule \‘^6{e-h^k‘^/m) .(10) 

k 



The interaction matrix element in the above equation is a ‘2 atom- 1 molecule’ 
matrix element. Its evaluation involves an integral over the positions of both 
atomic nuclei. Alternatively, we integrate over the relative and center-of- 
mass position. Using box normalization, the center-of-mass integral yields 
, where Q denotes the macroscopic volume of the box. The matrix 
element of the spin flip interaction reduces to an amplitude a that is energy- 
independent in the relevant low energy regime. The result contains a phase 
space factor ~ that measures phase space volume the 

molecule can decay into. Evidently, in the limit limfc_>o this volume vanishes, 
as the molecule can only decay back into the initial state. More precisely, the 
phase space volume vanishes linearly with k, 




where the constant 7 is known as the reduced width. 

In the expression of the effective scattering length (8) the /c-factor of 
(11) cancels the k in the denominator of (9), resulting in a simple dispersive 
dependence on the detuning e: 



^eff — 



A'lr’h? 






= A-^ 



m 



e 



(12) 
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Note that the effective interaction strength diverges as e — >■ 0. 

This divergence represents one symptom of the illness suffered by the 
many-body description that treats the system as a single condensate with in- 
teractions described by the effective scattering length. Indeed, physically rel- 
evant quantities such as the pressure and chemical potential are proportional 
to the interaction strength and similarly diverge on-resonance. Although one 
could take this as an indication that the system becomes strongly interacting, 
the vanishing width indicates that the molecules become long-lived entities 
near the resonance. In a sense, the molecules lose their virtual character and 
become ‘real’. Under these circumstances, it becomes necessary to describe 
the system by a many-body theory that includes the molecules explicitly. 



4 The Condensate Near a Feshbach Resonance 



We revisit the many-body treatment while including the molecules into the 
description. For that purpose, we introduce two field operators: ^/>a for the 
atoms and for the quasi-bound molecules. The Feshbach resonant inter- 
action contributes the following term to the Hamiltonian: 



/ 



d^r 




i’L'^a'lpa + h.C. 



(13) 



which gives the correct resonant behavior in the binary atom system. 

In describing the many-body physics, we account for the atom-atom (Ao), 
molecule-molecule (Am) and molecule-atom (A) interactions and the external 
potentials experienced by the atoms (Va) and the molecules (Vm)- Measuring 
the energies relative to the continuum of the incident channel, the detuning 
e appears as the single molecule energy. The Hamiltonian is 



H = J d^r +Va + 4’a 

+e+Vm+ 

+ + ■ (14) 



The corresponding Heisenberg equations, = 



i’a,!! 



and ihipm = 






, read 



ihtpm 



2m 

4m 



+ Va + Aalpllpa + Atpiii’mj + V2ai)mi>l , 

+ e -I- -I- Xm'^ln'>Pm + Af/'lV’a^ ■ (15) 
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We take the expectation value of the above operator equations, assuming 
that the atoms are Bose condensed, {'tpa) = (j^a Furthermore, we also 
allow the molecules to Bose-condense, (f/'o) = (j)m- In the assumption of total 
coherence, we obtain two coupled Gross-Pitaevskii-like equations: 



ih(f)a 

ih^jn 



2m 

4m 



+ Fa + Aalf/'oP + 4>a + V2a(l)m<l>a ) 

+ e + Vm + ' 



(16) 



Note that the (/im-held experiences a source term ~ oi<f)\, so that it cannot 
remain zero. It follows that the coherent atom-molecule interaction forms a 
molecular condensate in the presence of an atomic Bose condensate. The a- 
terms in the equations of motion (16) describe the coherent inter-condensate 
exchange of atom pairs so that the condensates are mutually coherent. Here, 
the coherent atom-molecule coupling is associated with the Feshbach reso- 
nance, but coherent photoassociation may provide an alternative scheme [11] 
- [ 12 ]. 



5 Josephson-Like Population Oscillations 

The aspect of inter-condensate boson exchange is reminiscent of the Joseph- 
son junction. In the original paper that earned its author a Nobel price [13], 
Josephson predicted that a voltage difference over a junction separating su- 
perconductors results in a measurable oscillating current. This current reflects 
oscillations of the relative superfluid populations on either side of the junc- 
tion, caused by a difference in their chemical potentials. These superfluids 
are also mutually coherent in the sense that they coherently exchange bosons 
(fermion pairs, in the case of superconductors). 

Likewise, the near-resonant condensate consists of two mutually coherent 
superfluids. Furthermore, the Feshbach resonance provides a means of cre- 
ating a chemical potential difference. A sudden change of the near-resonant 
magnetic held modifies the detuning e and, through e, the molecular chem- 
ical potential. In Fig. 1, we show the atomic and molecular densities of a 
homogeneous condensate of initial density after the detuning was 

suddenly changed from fifty times to twice the initial atomic chemical poten- 
tial. The atomic and molecular populations show pronounced oscillations on 
a time scale that is amenable to experimental detection. Note also that the 
number of particles decreases with time. Typically, the experiments resonate 
on rather loosely bound states of high vibrational quantum number. Such 
molecules are likely to lower their vibrational quantum number in an inter- 
action with another particle. The energy released in this process leads to the 
loss of the particles, not only to the condensate, but also to the trap system. 
In addition, the vibrational relaxation damps the population oscillations. We 
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Fig. 1. Plot of the particle densities: the total condensate density, n = Ua + 2rim, is 
shown in full line, the atomic density Ua in dashed line and the molecular density 
rim in dash-dotted line. The condensate is homogeneous with an initial density of 
n = 10^^cm“®. At this point, the detuning experienced a sudden shift from e = 
50An to e = 2An. The interaction parameters. An = A^n = XaHi = a^/n — 10® Hz, 
and collision rates, Cma = Cmm = 5 x cm®sec“^ are realistic 



estimated the rate constant for vibrational relaxation used in computing Fig. 
(1) from calculations on Hydrogen and Helium [14]. 

Although the oscillations superficially resemble Rabi-oscillations, there 
is a crucial difference. While Rabi oscillations appear in classically moving 
atoms, the Feshbach atom/molecule population oscillations imply long-range 
order. While a binary atom Feshbach resonance can cause oscillations in the 
atom-molecule population of individual atom pairs, these oscillations start 
when the atoms ‘meet’. For classically moving atoms, the collisions occur 
randomly and the oscillations ‘wash out’. Thus, the prediction of macroscop- 
ically coherent the population oscillations is remarkable. In a sense, they 
represent macroscopically coherent chemistry. 



6 Statistics 

For reasons that we detail below, the dependence of the energy per particle, 
E/N, on density can have a local minimum. Therefore, the ground state sys- 
tem, unrestrained by physical boundaries, would take on the value that gives 
minimal energy - a self-determined density. To see that, we start by calcu- 
lating the many-body energy E as the expectation value of the Hamiltonian: 
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+4>m ^ b e + Kra + <Pm 

+A|^an</'mP + aV^|</'m||(/'aPcOs(6»„ - 26»a)| • (17) 

The atom-molecule coupling is the only phase-dependent contribution and its 
minimization leads to a definite phase relation, 6m — 26a = tt. With this phase 
condition, the expression for the ground state energy reduces to integrals over 
the field amplitudes. For a homogeneous system, \4>a\ = i/lVa/17, where Na 
denotes the expectation value of the number of atoms and Q the macroscopic 
volume of the system. The coherent atom-molecule energy reduces to 

-V2a j (frnll‘^na = -V2aN^<J^^ , (18) 

where N denotes the total number of atomic particles, N = Na + 2Nm- 
The energy-per-particle consists of three types of contributions: 

+ ^fm + - Oi]j~^fa\/Jm + efm , (19) 

where we have denoted the fraction of atoms and molecules by /, fa = 
Na/N, fm = Nm/N. The interaction contribution is, as usual, inversely pro- 
portional to the volume 17. The single molecule energy is volume-independent, 
and the atom-molecule contribution is negative and inversely proportional 
to '/Q- Since fa + 2fm = 1, the expression (19) can easily be minimized 
with respect to the fraction of molecules. However, even without minimiza- 
tion, simple considerations lead to interesting conclusions. We specialize to 
the on-resonant system, e = 0, in the dilute limit, 17 — >■ oo. As 17 — >■ oo, 
the interaction energy vanishes more quickly, and the atom-molecule energy 
dominates. The latter energy is negative and, moreover, its derivative with 
respect to the volume yields a negative pressure. While the negative pressure 
is not surprising - the effective scattering length goes negative in the same 
limit - the fact that the resulting mechanical instability does not necessarily 
imply collapse, is. As the system responds to the negative pressure by de- 
creasing its volume, the interaction contributions (^ 17“^) grow faster than 
the atom-molecule energy (~ 17“^/^) and may stabilize the system. In the 
high density limit, the interaction term dominates, giving the energy of an 
ordinary mixture of atomic and molecular gases. If the mixture is stable, this 
energy is linear with density of positive slope. In between both density limits, 
the slope changes sign and E/N goes through a minimum. 

The magnitude of the self-determined density follows from equating the 
interaction energy with the coherent atom-molecule interaction. For realis- 
tic values of the a parameter this condition yields densities of the order of 
cm“^. That this value is so low - eight to nine orders of magnitude below 
the densities of usual (classical) liquids - is both significant and important. It 
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is important, because at these densities the system may survive the bother- 
some, but unavoidable, destructive recombination processes. It is significant, 
because it suggests the possibility of creating the first laboratory example of 
a truly rarefied liquid. 

7 Summary 

In conclusion, we have discussed the BEC-structure near a magnetically con- 
trolled low energy Feshbach resonance. The many-body system consists of 
mutually coherent atomic and molecular condensates. A practical signature 
for detecting this new bosonic superfiuid state of matter is the observation 
of Josephson-like population oscillations in response to a sudden change of 
the magnetic field. Furthermore, the density dependence of the ground state 
energy suggests the unusual property of a liquid-like self-determined density. 
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Collisional and Collapse Dynamics 
of a Twin Bose— Einstein Condensate 
with Negative Scattering Length 



Weiping Zhang, Karl-Peter Marzlin, Leon Tribe, and Barry C. Sanders 



Summary. We study the collisional and collapse dynamics of a twin Bose-Einstein 
condensate with an attractive interatomic interaction. We show that the collision 
between two Bose-Einstein components with densities higher than the critical den- 
sity for instability can first lead to a collapse due to the attractive interatomic 
interaction followed by a cessation of collapse due to the mutual nonlinear interac- 
tion. 

1 Introduction 

Atomic gases, which have undergone Bose-Einstein condensation, exhibit 
macroscopic quantum coherence. Mean-field theory may be applied which 
leads to a description of these condensates by the Gross-Pitaevskii equa- 
tion (GPE). The GPE describes the condensate in terms of an effective 
single-atom wave function. In the GPE, the nonlinear interaction of the 
Bose-Einstein condensate (BEG) arises from, and depends directly on, the 
interatomic interaction. For BEGs which have thus far been realised in atomic 
gases, the ®^Rb BEG[1], the ^^Na BEG [2] and the BEG [3] have a repul- 

sive interaction, and the ^Li BEG [4,5] has an attractive interaction. Both 
the magnitude and sign of the interactions are responsible for quite different 
behaviours of these BEGs. For ^Li, the attractive interaction may lead to a 
critical density above which the single BEG system is unstable and conse- 
quently undergoes collapse. 

Gollapse is a feature of BEGs with an attractive interaction, but the colli- 
sion between two BEGs can mitigate this collapse as we show here. We solve 
the GPE numerically for the collisional dynamics of a twin BEG with two 
different spin components. The stability of a single BEG with attractive inter- 
action has been studied in detail both theoretically and experimentally [6-18]. 
A motivation for this study is to determine the effect of two components on 
the stability of a single BEG. For simplicity, we treat the case of a BEG in 
an effective two-dimensional geometry. A weak harmonic potential confines 
the BEG in the y-dimension, and a strong harmonic potential confines the 
BEG in the ^-dimension. The x-dimension is open to allow for free collisional 
dynamics. Free collisional dynamics has been of interest, for example, in the 
study of propagating BEG pulses [19-21]. 
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2 Theory 

We begin with two coupled nonlinear equations which describe the coherent 
collisional dynamics of a twin BEC in two different spin states. The twin 
BEC is represented by two macroscopic quantum wave functions 'ipi E^nd 1^2 
in the mean-field approximation. The interatomic interaction between the 
two components is characterised by the scattering strengths an, 022 and 021 . 
The resultant mean-field equations for the two components has the following 
form 

^ V'l + (aiilV'iP + ai2|V’2n A, 

^ (a22|V'2p + a2i|V’inV'2 (1) 

with the two macroscopic wave functions normalised by the relation 

J =Afi, iG{l,2}, (2) 

with Afi the (conserved) number of atoms in each component i, Af = A/i + A /2 
the total number of atoms, and r = {x, y, z)^. 

Our interest here is in collisional dynamics with a trap-confining poten- 
tial U{r), which is specified in two dimensions {y,z) by a two-dimensional 
(2D) harmonic trap. The x-dimension is unconfined, thereby allowing free 
collisions. Furthermore, we have assumed that the dynamics along the z- 
dimension can be ignored by applying an appropriate trapping potential. 

For r± = {x,y)'^ , we make the ansatz 

= (j)i{rj_,t)f{z),'ip 2 {r,t) = </> 2 (r_L, t)/(z) (3) 

where /(z) is the shape function of the initial BEC along the z axis. We 

assume that the shape function is normalised according to 

/ OO 

\f\^dz=l, (4) 

-00 

which yields the normalisation relation 

J cPr±\(j>i\'^ = AJ'^, i G {1,2}. (5) 

To simplify the equations, we introduce the dimensionless variables and 
normalised macroscopic wave functions 

X = x/wx,y = y/wy, z = zjwz,T = vt,4)j = Va 7 4>j/w, (6) 

with Wx.y,z the widths of the initial BEC in the x, y, z directions, respectively. 
We assume that w = Wx = Wy, and the effective frequency parameter is set as 




72 



Weiping Zhang et al. 



V = h/2mw'^. For Vj_ the transverse gradient with respect to the normalised 
coordinates fj_ = the normalised equations are 

= i-^T+Pf)p2+{V22\h\‘^ + V2l\^l\‘^)^2 (7) 

with 

poAirha^j 

y ~ ofe ’ ~ - V®/ 

Zfw V m 

The effective peak density is defined by po = A/’/V, with J\f the effective parti- 
cle number (5) and V = lUxiVyW^the effective volume. The effective scattering 
length corresponds to = o^T, with 

/ OO 

\f{z)\Uz (9) 

-OO 

the shape factor. 

Our central interest is in the collisional dynamics of twin BECs with 
negative scattering lengths. Hence the natural choice is to study the ^Li 
BEG [4,5] with corresponding parameters 

Oil = 022 ~ — 27.3oo = — 1.44nm (10) 

and w = 160 x 27 tHz. We introduce the effective trap size dc ~ 0.67 ^/hjmuj. 
With this definition we also obtain 

w = dc = 0.67 s/himuj « 2 x lO'^cm, « 1123 Hz, /3 « 0.2. (11) 

In this paper, we have assumed the simple case y = V 12 = V 21 = Vn = V 22 - 

3 Simulation and Results 

For the normalised equations presented in the previous section, we have de- 
veloped computer codes to simulate a one-dimensional collision dynamics 
in a two-dimensional geometry. We apply the standard split-operator tech- 
nique to solve the coupled nonlinear equations. The initial condensate wave 
functions are Gaussians and identical for the two components. 

For Bose-Einstein condensates with attractive interactions, there is a crit- 
ical density above which collapse is inevitable. However, collisional dynam- 
ics can yield stability even above the critical density as we show here. Let 
us assume a density for each condensate higher than the critical density 
which in the simulation results in correspondingly large nonlinear coefficients 
Vn = V12 = E22 = - 12 . 2 . 

The simulated results are presented in Fig. 1. Although the two compo- 
nents overlap at certain times during the collision, the figure presents the two 
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components separately. This distinctive representation is essential to convey 
clearly the dynamic nonlinear effect which is evident in Fig. 1. The dynamics 
are presented for three values of the time parameter: the initial time (0 ms), 
the early stage of the collision where dynamic nonlinear interactions can be 
observed (2 ms) and a latter stage of the collision (3 ms). 



Component 1 Component 2 




Fig. 1. The two-component Bose-Einstein condensate (EEC), initially separated 
and moving towards each other with velocities ±4 mm/s in the x-direction. The 
initial states are Gaussians with equal widths in both the x- and j/-directions 
of 2 pm, and the total atomic number is 6750. The density of the EEC is po = 
8.4 X 10^^ cm“®. The nonlinear coupling coefficients are Vi\ — V 12 = V 22 = —12.2. 
The two components are depicted separately but overlap during the collision. The 
state of the two-component EEC is shown at three times: at 0 ms, 2 ms and 3 ms 



During the collision, the two condensates overlap and experience a non- 
linear interaction. This nonlinear interaction induces a redistribution of the 
density for each of the two BEC components. The density redistribution is 
effectively a nonlinear interaction between the positions of the two BEC com- 
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ponents, which can be understood via a hydrodynamic analysis. We employ 
the transformation 



^3 = (12) 

for j = 1,2. Eq (1) can be written in the hydrodynamic form 

with Vj = hV9j/m{j = 1,2), and we have assumed equal scattering lengths 
for the two components with y = Airh^a/m. 

For the initial conditions of the simulation presented in Fig. 1, which is 
given by two counterpropagating Gaussian wavepackets, one can prove that, 
because C/(— f) = U{r) and Vij = y, the following symmetry between the two 
components is preserved. 






(14) 



The hydrodynamic expression (13) then can be simplified by exploiting the 
wavefunction symmetry. For = i/p(f(t) exp{t0(f , t)}, we obtain the 

hydrodynamic expressions 



0 = + V (p(r, t)v(r, t )) , 



(9v(r,f) 
* dt 



1 Vp(r,^) 

4to p(r,t) 



-X(p(r,i) + p(-i',f)) 



(15) 



The contribution by the potential U has been neglected in this expression. 

In order to understand (15), it is helpful to first consider the case of a 
single BEG component for which p{—r,t) is absent. For the condition of sta- 
bility, the curvature term in (15) cancels the contribution from the nonlinear 
interaction term. However, a strong nonlinearity leads to a collapse. In our 
simulations the collapse time of a single BEG component was about 2 ms. 

The collapse dynamics for the twin BEG is entirely different. For example 
we can consider a BEG component with a Gaussian profile. Provided that the 
two BEG components are well-separated, the contribution of p(— r, t) to the 
overall dynamics is negligible, and the collapse can take place. If, however, 
the two BEG components are moving towards each other, the contribution 
of p{—r,t) can offset the collapse dynamics to some extent by an overlap 
between the two BEG components. The effect is most pronounced when the 
two components completely overlap and p{r,t) = p{—f,t). For this case of 
total overlap the collapse is, in fact, accelerated, and the curvature of the 
BEG is enhanced: the Gaussian is therefore becoming narrower. 

The density p(r, t) is, of course, time-dependent, and the two components 
eventually become well-separated. That is, after sufficient time, p{v,t) and 
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p(— f , t) approach the situation of having negligible overlap. As the two com- 
ponents separate, the nonlinear interaction energy reduces to near its original 
value, but the BEC component has been left in a narrow state, that is, one 
with strong curvature. This strong curvature induces an expansion of the 
BEC, and the collapse time is thereby increased. In this way, the collapse 
dynamics are mitigated by temporary overlap of the two components of the 
BEC. 

The relative velocity of the two BEC components is an important param- 
eter in reducing the collapse of the BEC. For a relative velocity with a small 
magnitude, the separation of the two components of the BEC is not rapid 
enough to allow the nonlinear interaction energy to quickly return to near its 
original value, and collapse occurs even faster (after about 1 ms). For a large 
relative velocity, the duration of the overlap is too short to permit sufficient 
narrowing of the BEC peak (and therefore growth in the curvature) to halt or 
slow the collapse: the collision does not, in the case of large relative velocities, 
prevent collapse. 

For a relatively long time evolution (about 3 ms), our simulation shows 
that the collapse, which usually should occur after about 2 ms, has been 
prevented by the collision between the two components of the BEC. There- 
fore, the co-existence of two colliding BEC components can stabilise each 
other under conditions for which each component would otherwise undergo 
collapse. 
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Schrodinger Cat State of a Bose— Einstein 
Condensate in a Double- Well Potential 



J. Ruostekoski 



Summary. We consider a weakly interacting coherently coupled Bose-Einstein 
condensate in a donble-well potential. We show by means of stochastic simulations 
that the system could possibly be driven to an entangled macroscopic snperposition 
state or a Schrodinger cat state by means of a continuous quantum measurement 
process. 

1 Introduction 

Since the first observations of Bose-Einstein condensation in dilute alkali- 
metal atomic gases [1-3] the ultra-cold atomic gases have stimulated signifi- 
cant theoretical and experimental interest [4] . The scientific progress has been 
rapid and examples of recent experiments include the development of accu- 
rate detection methods [5], the state preparation of topological structures 
[6], and the applications in nonlinear atom optics [7]. Due to the macroscopic 
quantum coherence Bose-Einstein condensates (BECs) could possibly be also 
used in the future as a test for the foundations of quantum mechanics. One 
particularly puzzling and controversial issue has been the existence of macro- 
scopic quantum superposition states in many-particle quantum systems. In 
this paper we propose a method of creating the Schrodinger cat states of 
different atom occupation numbers in a weakly interacting BEG confined in 
a double- well potential. 

The existence of the superpositions of macroscopically distinguishable 
states in BECs has been addressed by several authors [8-12]. The super- 
position state may arise as the ground state of a coherently coupled BEC in 
a double-well potential [9,10]. Under certain conditions it could be reached as 
a result of a unitary time evolution [11]. Previously, we proposed a method 
of creating Schrodinger cat states in BECs by means of scattering light from 
two BECs moving with opposite velocities [8] . The nonunitary evolution due 
to the detections of scattered photons drives the condensates to macroscopic 
quantum superposition states. In this paper we show that a continuous quan- 
tum measurement process could also drive a trapped coherently coupled BEC 
in a double-well potential to a Schrodinger cat state. The advantage of the 
proposed scheme is that the BEC is almost stationary and trapped. Moreover, 
as a result of the back-action of quantum measurement process the superpo- 
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sition state could be reached rapidly unlike in a slow unitary evolution, which 
may be very sensitive to decoherence. 

The paper is organized as follows: We begin in Sect. 2.1 by introducing 
the unitary system Hamiltonian. The scattering of light and the measurement 
geometry is described in Sect. 2.2. In Sect. 2.3 we study the dynamics of the 
open quantum system in terms of stochastic trajectories of state vectors. The 
results of the numerical simulations are presented in Sect. 3. Finally, a few 
concluding remarks are made in Sect. 4. 

2 System Dynamics 

2.1 Unitary Evolution 

We consider the evolution of a BEC in a double-well potential in a two- 
mode approximation. Macroscopic quantum coherence of BECs results in 
coherent quantum tunneling of atoms between the two modes representing 
‘two BECs’. This is analogous to the coherent tunneling of Cooper pairs in 
a Josephson junction [13-18]. To obtain the system Hamiltonian in the two- 
mode approximation for the unitary evolution of the BEC we approximate the 
total field operator by the two lowest quantum modes tp{r) ~ il;i,{r)b+tpc{r)c, 
where tpb and ■i/'c stand for the local mode solutions of the individual wells with 
small spatial overlap. The corresponding annihilation operators are denoted 
by b and c. The Hamiltonian in the two-mode approximation reads [14]: 

= ^b% + f2{b^c + c^b) + K[{b^)‘^b‘^ + (c^)^c^] . (1) 

Here ^ is the energy difference between the modes. The tunneling between 
the two wells is described by 17, which is proportional to the overlap of 
the spatial mode function of the opposite wells. The short-ranged two-body 
interaction strength is obtained from k = 2'Kah/m f , where a and m 

denote the scattering length and the atomic mass, respectively. For simplicity, 
here we have assumed that / |'0h(r)|^ = f |^/>c(r)|^. A necessary condition for 
the validity of the single-mode approximation in a harmonic trap is that the 
oscillation energy of the atoms do not dominate over the mode energy spacing 
of the trap. 

According to the Josephson effect, the atom numbers of the BECs de- 
termined by the Hamiltonian (1) may oscillate even if the number of atoms 
in each well is initially equal. Due to the nonlinear self-interaction the num- 
ber oscillations also exhibit collapses and revivals. These have been studied 
numerically in [14]. We may also obtain a simple analytical description by 
solving the dynamics in the rotating wave approximation in the limit f2 ^ N n 
as described in [19]. Here N denotes the total number of atoms. In particu- 
lar, we may solve the number of atoms Nb = {b^b) in well b. We consider a 
coherent state in the both wells as an initial state. Then we obtain 

Nb = y [1 -k (y^i COST] -13 sin if sin r/)] , 



(2) 
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with 7] = N P sin{ Kt) cos (fi — 2 f2t. Here all the operators on the right-hand 
side have been evaluated at t = 0. It is useful to define the real expectation 
values P and (p in the following way: 

/3e‘^^|(6tc). (3) 

For a coherent state with equal atom numbers in the two wells we obtain 
the visibility P = 1. The relative phase between the wells is (p. For a number 
state there is no phase information and P = 0. For unequal atom numbers 
the maximum visibility is /3max = 2(iVf,iVc)^/^/7V. We see that the number 
of atoms in (2) may oscillate in the case of initially equal atom numbers 
P = 1. The amplitude of sinusoidal oscillations, representing the macroscopic 
coherence, collapses. For instance, for (p = tt/ 2 and /? = 1 we may obtain the 
short time decay by considering the time scales Nut 1 <C Then the 
decay of the oscillations has the form exp(— iVfi:^t^/2). This is the rate of the 
phase diffusion and it may be interpreted as the width of the relative phase 
{A(p'^{t)) ~ N ~ / {Aip’^pS}) . Perhaps surprisingly the functional de- 

pendence of the width in this case is the same as in the case of two uncoupled 
BECs [4], 

If the phase is unknown we may obtain the ensemble average by integrat- 
ing over the relative phase p> in (2): 

fVi, = ^{1 + e^[“"("*)-il\/r^^cos(2f2t) Jo[A^/3sin(Kt)]} , (4) 

where Jq is the 0th order Bessel function. If the both wells have initially equal 
number of atoms, /3 = 1, the atom numbers do not oscillate. For unequal 
atom numbers the oscillations collapse at the first zero of the Bessel function 
t ~ 2Aj(NPK) for ^ 1. 

2.2 Quantum Measurement Process 

The time evolution of the system is nonunitary, when we include the effect of 
quantum measurement process. We consider the nondestructive measurement 
of the number of atoms in the both wells by means of shining coherent light 
beams through the atom clouds. The scattered light beams are combined by 
a 50-50 beam splitter. We display the measurement setup in Fig. 1. 

We assume that the incoming light fields are detuned far from the atomic 
resonance. For instance, if the shape of the gas is fiat and the light is shone 
through a thin dimension, the multiple scattering is negligible and the sample 
can be considered optically thin. A BEC atom scatters back to the BEC via 
coherent spontaneous scattering, stimulated by a large number of atoms in 
the BEC. Coherently scattered photons are emitted into a narrow cone in the 
forward direction. By spontaneous scattering we mean that the emission is 
not stimulated by light, although it is stimulated by atoms. The decay into 
noncondensate center-of-mass states is also stimulated by the Bose-Einstein 
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Fig. 1. The measurement setup. Two incoming 
light fields are scattered from two coherently cou- 
pled BECs. The two scattered photon beams are 
combined by a 50-50 beam splitter. The photons 
are detected from the two output channels of the 
beam splitter. One of the output channels intro- 
duces only a constant phase shift and it may be 
ignored 



statistics. However, at very low temperatures this stimulation is much weaker 
because most of the particles are in the BEC. As a first approximation we 
ignore the scattering from and to the noncondensate modes. Then the mea- 
surement is nondestructive in the sense that BEC atoms in the modes h and 
c scatter back to the same modes b and c. Because the overlap of the mode 
functions of the different wells is assumed to be small, the scattering between 
the two wells is ignored. 

The detection rate of photons on the detectors is the intensity of the 
scattered light /(r) integrated over the scattering directions divided by the 
energy of a photon hck. Here k and c stand for the wave number and the 
velocity of light. We obtain the detection rate at the channel j: 

7, = ^ / dQf. (r) = 2F{C] C,) . (5) 

The photon annihilation operator at the output channel j of the beam splitter 
is denoted by Cj. For a symmetric measurement geometry we obtain 

Cl = - c'^c) , C 2 = ^^{h^b+ c^c) . (6) 

Because the total number of atoms is assumed to be conserved, the operator 
N = b^b+c^c contributes to the measurements only through a constant phase 
shift. Therefore, we may ignore the effect of the scattering channel 2 on the 
dynamics. 

The scattered intensity may be written in terms of the positive frequency 
component of the scattered electric field E^{r) 

I{r) = 2ceo{E-{r)-E+{r)) , 



( 7 ) 
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Here Sq denotes the permittivity of the vacuum. 

We assume that the driving electric fields may be approximated by plane 
waves E^{r) = /2. In the limit of large atom-light detuning A 

we use the first Born approximation and write the electric fields in the far 
radiation zone {kr ^ 1). Then the scattered field from the well b has the 
following form [20]: 

1^2'Upikr f 

E'^{hr) = — n x (n x d) / _ (g) 

AtteqAt J 

Here we have defined the Rabi frequency TZ of the atomic dipole matrix 
element d by 7^ = d£/{2h). We also assumed that d - e = d. In the limit that 
the characteristic length scale £ of the BECs is much larger than the inverse 
of the wave number of the incoming light £ 1/fc, the momentum of the 

scattered photon is approximately conserved, and we obtain in (8): 

J ci 6{kn - k) . (9) 



In this simple case the scattering rate F may be easily evaluated: 
r = 

SttA-^ ’ 

Here 7 = d'^k^ /{dnheo) denotes the optical linewidth of the atom. 



(10) 



2.3 Stochastic Schrodinger Equation 

The dissipation of energy from the quantum system of macroscopic light 
fields and the BEC in a double-well potential is described by the coupling 
to a zero temperature reservoir of vacuum modes, resulting in a spontaneous 
emission linewidth for the atoms. The dynamics of the continuous quantum 
measurement process may be unraveled into stochastic trajectories of state 
vectors [21-23]. The procedure consists of the evolution of the system with a 
non-Hermitian Hamiltonian Hes, and randomly decided quantum ‘jumps’. In 
our case the quantum jumps correspond to the detections of spontaneously 
emitted photons. The system evolution is thus conditioned on the outcome 
of a measurement. The non-Hermitian Hamiltonian has the following form: 

H,e = Hs-ihrc\Ci , ( 11 ) 

where the unitary system Hamiltonian FIs is determined by (1). 

Equation (11) corresponds to the modification of the state of the sys- 
tem associated with a zero detection result for scattered photons. Because 
the output is being continuously monitored, we gain information about the 
system even if no photons have been detected. 

The Hamiltonian iJeS determines the evolution of the state vector ipsysit). 
If the wave function ipsysit) is normalized, the probability that a photon from 
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the output channel 1 of the beamsplitter is detected during the time interval 
[t, t + St] is 

P{t) = 2r(V’sys(i) I I V'sys(f)) St . (12) 

We implement the simulation algorithm as follows: At the time tg we gen- 
erate a quasi-random number e which is uniformly distributed between 0 and 
1. We assume that the state vector V'sys(to) at the time to is normalized. Then 
we evolve the state vector by the non-Hermitian Hamiltonian Heff iteratively 
for finite time steps At. At each time step n we compare e to the reduced 
norm of the wave function, until 

(V’sys(to + nAt) I V'sys(to + nAt)) < € , (13) 

when the detection of a photon occurs. If the photon has been observed during 
the time step t ^ t + At we take the new wave function at t + At to be 

\'tpsys(t+ At)) = V^Ci\-lpsys{t)) , (14) 

which is then normalized. 



3 Numerical Results 



We simulate the effect of the system Hamiltonian Hs and the quantum mea- 
surement process of scattered photons by means of the stochastic Schrodinger 
equation. For simplicity, we set the total number of atoms to be reasonably 
small N = 200. We start from a slightly asymmetric initial state with the two 
modes in number states Nf, = 102 and = 98. We choose F /17 = 5 x 10“®. 

After just a few detected photons we observe the emergence of two well- 
separated amplitude maxima in the occupation number of atoms in one of 
the two wells. These correspond to a macroscopic number state superposition 
or a Schrodinger cat state. Because the total number of atoms is assumed to 
be conserved, the atom numbers in the two wells are entangled and we have 
a Bell-type of superposition state. In Fig. 2 we display the absolute value of 
the wave function \'ipb\ in mode b in number state basis in a single run at two 
different times. In this case the nonlinearity vanishes k = 0 and = 0.1. 
We clearly recognize the two distinct peaks in the number distribution. For 
instance, the peaks in Fig. 2 (b) are centered at Ni, ~ 10 and Ni, ~ 190 
corresponding to maxima at A), ~ 190 and N^, ~ 10, respectively. In Fig. 3 
we show the absolute value of the wave function for a different run with 
NK/f2 = 0.2 and = 0.001. 

We also describe the state of the BEC in terms of the quasiprobability Q 
distribution. For the number state distribution of atoms jf/'b) = 
mode b we obtain [24]: 
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Fig. 2. The entangled Schrodinger cat states of atoms with different atom numbers. 
We show the absolute value of the wave function \'4>h\ in the number state basis for 
the atoms in well b during one realization of stochastic measurement process of 
spontaneously scattered photons after (a) 750 and after (b) 1700 detections. The 
two maxima correspond to the superposition states. The nonlinearity k = 0 and 
the total number of atoms N = 200 





Fig. 3. The entangled Schrodinger cat states of atoms with different atom numbers. 
We show the absolute value of the wave function \ipi,\ during one realization of 
stochastic trajectory after (a) 100 and after (b) 1250 detections. The nonlinearity 
Nk = 0.2 



The Q function represents the phase-space distribution. The amplitude and 
phase quadratures are denoted by X and Y. In polar coordinates the radius in 
the xy plane is equal to ' and the polar angle is the relative phase between 
the atoms in the two wells. In Fig. 4 we show the Q function distribution of 
the number state superposition displayed in Fig. 2(a). 

It is interesting to emphasize that the measurement of the number of 
atoms in only one of the wells affects the system dynamics quite differently. 
In that case the number state distribution remains well localized and approxi- 
mately approaches a coherent state [17]. Even though we start from a number 
state with no phase information, the detections of spontaneously scattered 
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Fig. 4. The Q function of the 
Schrodinger cat state. We show the 
Q function of the quantum state dis- 
played in Fig. 2 (a). The two peaks are 
located at different value of the radius 
Nf^' representing the different max- 
ima of the occupation numbers 



photons establish a macroscopic coherence or the off-diagonal long-range or- 
der (ODLRO) between the atoms in the two separate wells. This is similar 
to establishing the coherence between two BECs as a result of the counting 
of atoms [25,26]. However, in the present case the continuous measurement 
process drives the system to a Schrodinger cat state and the ODLRO remains 
small. We may describe the visibility of the macroscopic coherence between 
the two wells by the real parameter /? defined in (2). We show the relative 
visibility f3r = /3//3max and the number of atoms in well & as a function of 
the number of measurements for k = 0 in Fig. 5 and for Nn/fi = 0.2 in 
Fig. 6. Due to the emergence of the superposition state the visibility remains 
below one. The measurement process of the scattered photons significantly 
complicates the dynamics of the number of atoms predicted by the unitary 
time evolution of (1). 




Fig. 5. The (a) relative visibility of the interference /3r and the (b) number of atoms 
Nh in one of the wells as a function of the number of detected photons. Due to the 
Schrodinger cat state the visibility never reaches one. Here the nonlinearity k = 0 
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Fig. 6. The (a) relative visibility of the 
atoms Nb in one of the wells as a function 
nonlinearity Nk/ Q = 0.2 
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4 Final Remarks 

We studied the generation of the macroscopic superposition states or the 
Schrodinger cat states of a BEC in a double-well potential. The Schrodinger 
cat state was shown to emerge as a result of the continuous quantum mea- 
surement process of scattered photons. The particular detection geometry 
increases the fluctuations of the relative atom number between the two wells. 
Therefore the superposition states are more stable in the detection process. 
The proposed setup is an open quantum system and the creation of the 
Schrodinger cat state in this case is not based on reaching the ground state 
of a BEC in a double- well potential [9,10]. The advantage over previously 
proposed open systems schemes [8] is that the BEC is stably trapped and 
the superposition state for a small BEC could be created by scattering only 
a few photons. 

In the present discussion we ignored the effect of decoherence [27]. The 
interaction of the BEC with its environment results in the decoherence of the 
superposition states. We can identify several sources of decoherence. Deco- 
herence by amplitude damping or by phase damping has been estimated in 
[28] . The inelastic two-body and three-body collisions between the condensate 
atoms and the noncondensate atoms change the number of condensate atoms 
and introduce amplitude damping. The phase damping corresponds, e.g., to 
elastic collisions between the condensate and noncondensate atoms in which 
case the number of BEC atoms is conserved. If the number of atoms in a BEC 
is not large, the scattering between the condensate and noncondensate atom 
fractions may not be negligible. This also introduces amplitude decoherence. 
Additional sources of decoherence may be, e.g., the imperfect detection of the 
scattered photons and the fluctuations of the magnetic trap. In [12] it was 
proposed that the decoherence rate of a BEC could be dramatically reduced 
by symmetrization of the environment and by changing the geometry of the 
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trapping potential to reduce the size of the thermal cloud. Moreover, the 
continuous measurement process increases the information about the system 
and therefore it could also reduce the decoherence rate. 
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A Historical Perspective 
on Lasing Without Inversion 



Nicolaas Bloembergen and Galina Khitrova 



Summary. The objective of this article is to put the concepts of lasing without in- 
version, electromagnetically induced transparency, and quantum interferences into 
a broad historical perspective. 



1 Introduction 

Quantum optics remains a very active field of scientific investigation. In a 
recent textbook with this title, Scully and Zubairy devoted one chapter to 
“lasing without inversion and other effects of atomic coherence and inter- 
ference” [1]. An extensive and still growing literature is concerned with the 
effects of lasing without inversion, denoted by the acronym LWI, and elec- 
tromagnetically induced transparency, denoted by the acronym EIT. These 
two novel concepts have been the subject of several review papers, which in 
turn contain many references to the original literature [2-4]. This note is an 
attempt to put the concepts of LWI and EIT and atomic coherent states in 
a broader historical context. A brief review of the precursors of these phe- 
nomena in radiofrequency and microwave spectroscopy is presented, as well 
as some early examples of optical amplification and oscillation without pop- 
ulation inversion based on parametric and damping effects. The highlights of 
the intense activity during the past two decades are summarized to complete 
this historical perspective. 



2 Precursors in Magnetic Resonance 

The ubiquitous use of the “Rabi frequency” in quantum optics has its origin 
in Rabi’s description [5] of the evolution of a two-level nuclear spin sys- 
tem, /= 1 / 2 , in a magnetic field TJq; the spin precesses about Hg with an 
angular frequency ojq = 'jHo, where 7 is the gyromagnetic ratio. When a 
circularly polarized radiofrequency magnetic field with amplitude Hi is ap- 
plied at frequency toi perpendicular to Hq, the motion of the spin can be 
described exactly in the co-rotating frame as sketched in Fig. 1. Exactly at 
resonance, to = loq, the spin precesses around Hi with the Rabi frequency 
= 'jHi. If the radiofrequency field has a square pulse duration tp, the spin 
rotates through an angle f^ntp. A 180° pulse = tt), flips the spin. For 

H.J. Carmichael, R.J. Glauber, M.O. Scully (Eds.): LNP 561, pp. 91-106, 2001. 
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(coq — co)^ + 

=yHi((o) 

CO 



Fig. 1. Response of a magnetic spin 1 = 1/2 system in a rotating magnetic field. 
The magnetization processes with angular frequency in a rotating frame that 
processes around the dc magnetic field Hq with an angnlar frequency to. The same 
response is valid for any two-level system without damping in the rotating wave 
approximation (compare Refs. [6,8]) 



= 7t/ 2 a state of maximum coherence is obtained, in which the spin is 
stationary and perpendicular to Hq in the rotating frame. The exact quantum 
mechanical solution is discussed in detail in a review paper by Rabi, Ramsey, 
and Schwinger [6]. The motion of a macroscopic magnetization, described 
by a two-by-two density matrix, follows the same equation of motion. In 
the Bloch equations, damping terms are added phenomenologically [7]. The 
longitudinal relaxation time Ti describes the return of the thermal equilib- 
rium components of magnetization parallel to Hq. The transverse relaxation 
time T 2 describes the decay of the coherence, or the perpendicular precessing 
component of magnetization. 

While the magnetic resonance situation corresponds literally to the phys- 
ical description outlined above, the same formalism may be applied to any 
two-level system. This point was emphasized by Feynman et al. [8] and is 
described as the vector model of the density matrix in a textbook by Sargent 
et al. [9]. If this system consists of two atomic levels coupled by an electric 
dipole matrix element to an optical field with amplitude E at resonance, the 
Rabi frequency = eri,aEhr^ describes the strength of interaction. Since 
there is usually no permanent electric dipole moment, the longitudinal com- 
ponent of the magnetization is replaced by the difference in population, or 
the difference in the diagonal elements gbb — Qaa of the density matrix. For 
linear polarization of the applied fields, the counter-rotating components are 
usually ignored. 

Inversion of population in a nuclear spin system, I = 1/2, can be obtained 
by three methods. Bloch and coworkers [10] introduced adiabatic rapid pas- 
sage in 1946. They observed a change in sign of the nuclear induction signal 
in traversing back and forth through resonance. 

Purcell and Pound [11] inverted the spin system non-adiabatically by a 
sudden reversal of the magnetic field Hq. It was switched from a value of 
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+10 gauss to —10 gauss in about a microsecond. This time interval is shorter 
than T 2 and the spins have no time to change their orientation. Purcell and 
Pound observed the negative absorption or gain, which lasted for a time T\. 

The third method to achieve population inversion is the 7r-pulse discussed 
earlier. It was demonstrated experimentally by Carr and Purcell [12]. 

While the small gain in a nuclear spin system at radiofrequencies is of 
no practical interest, the gain obtainable on electronic paramagnetism at 
microwave frequencies led to the solid state maser. Combrisson, Honig, and 
Townes [13] used spin resonance of a donor level in silicon to obtain a transient 
gain. 

A cw gain can be obtained in systems with more than two energy levels, 
for example magnetic ions with total spin S > 1/2. Bloembergen proposed 
to utilize a double irradiation scheme [14]. A strong pump field saturates 
the resonance between two non-adjacent energy levels and equalizes their 
populations. Gain occurs at a microwave transition involving an interme- 
diate level with a different population. In the three-level solid state maser 
scheme it is not necessary to take into account coherences in the three-level 
system. Even if pumping is performed by a coherent microwave source such 
as a klystron, the condition T 2 <C Ti prevails in the paramagnetic crystal 
(ruby) at liquid helium temperature. Saturation of the resonance is achieved 
for 7 ^iL/riT 2 ^ 1, while JH 1 T 2 <C 1. Clogston [15] took account of the 
coherences, which might be induced by the coherent pump field in a density 
matrix calculation of the three-level paramagnetic system and confirmed that 
the coherence effects were negligible. Coherences in magnetic resonance did 
play a role in parametric devices, which have been reviewed by Louisell [16]. 

The pumping scheme between non-adjacent energy levels is also utilized 
in most lasers. The first operating laser, the (ruby) laser of Maiman [17] used 
the same material, which was a favorite substance in low-noise microwave 
maser receivers. In the laser the incoherent pumping was provided by the 
black-body radiation from a xenon-flash discharge. 

The influence of a strong radiofrequency field on the response of a probe 
near the same resonance was also investigated in magnetic resonance before 
the advent of optical lasers. The probe response may be described as a res- 
onance in the rotating frame, in which the pump field is time-independent. 
Bloch [18] analyzed the response in this situation, and Anderson [19] car- 
ried out an early experiment. These are forerunners of optical experiments 
discussed in Sect. 3. 

The influence of a strong pump field on other transitions in a system 
with three or more energy levels is described in Sect. 4. Here a precursor in 
molecular microwave spectroscopy was described by Autler and Townes [20] . 
They observed dynamic Stark shifts in the microwave transition between two 
rotational levels of the OCS molecule, induced by a strong radiofrequency 
field tuned in the vicinity of the lambda doubling of the rotational levels. 
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Transitions involving the absorption of two microwave quanta and ra- 
diofrequency Raman-type processes were also demonstrated before the ad- 
vent of lasers and nonlinear optics [21]. It is clear that laser spectroscopy 
owes a significant debt to earlier developments in microwave and radiofre- 
quency spectroscopy. In turn, these spectroscopies owe a lot to optics of the 
19th and early 20th century, when the concepts of transitions between energy 
levels induced by electromagnetic fields were developed. 

3 Early Examples of Parametric Amplification 
Without Population Inversion 

In this section we present several examples of coherent light beam amplifica- 
tion dating back to the sixties, without population inversion in the material 
energy levels. The term “parametric” is often used to describe these processes. 
The origin of the term derives from the modulation of circuit parameters, such 
as capacitance and inductance, in radiofrequency and microwave circuits [16]. 
In optical parametric processes the real index of refraction of a probe beam 
is modulated by the presence of other electromagnetic modes. As resonances 
are approached the imaginary part of the index may also be modulated. It 
is not clear when the designation “parametric” loses its original meaning, 
as imaginary parts of the dielectric response function come into play. Low- 
order perturbation theories have been used to describe these phenomena of 
parametric amplification [22]. 

The nomenclature LWI, introduced in the late eighties, specifically ex- 
cludes these parametric situations and is sometimes used only in situations 
where an incoherent pump supplies energy to a material system that is subse- 
quently converted to coherent energy of an electromagnetic mode. It excludes 
parametric processes, in which energy is transferred coherently between dif- 
ferent EM modes, while no material energy is either supplied or exchanged. 
The subject of nonlinear optics in nonabsorbing dielectrics provides numer- 
ous examples of parametric harmonic generation, and parametric up- and 
down-conversion. Optical parametric oscillators were developed in the sixties 
and are now widely used to obtain tunable sources of radiation [23]. The 
operation of these devices can be described by assuming that the material 
system remains in the ground state. There is no population inversion, and 
light amplification without inversion occurs in a literal sense. 

Stimulated Raman scattering involves gain without population inversion 
at the Stokes-shifted frequency. The material system remains in the electronic 
ground state, while it makes a transition to a vibrationally excited state. The 
Stokes gain is not phase-sensitive since the phase of the vibrational excitation 
adjusts itself. The process may be regarded as a parametric one, in which 
a laser photon is down-converted to a Stokes photon and a Raman-active 
phonon. This phonon excitation is usually heavily damped in comparison 
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with the optical waves. The vibrational, coherently driven mode adjusts itself 
to conserve both energy and momentum. 

Stimulated Brillouin scattering may also be considered as a parametric 
process, involving the down-conversion of a laser pump photon to a Brillouin- 
shifted scattered photon and an acoustical phonon. Stimulated Rayleigh wing 
scattering, first reported in CS 2 by Mash et al. [24], may be considered as 
a Raman-type process between rotational states of the molecule. These ro- 
tational states in liquid CS 2 are unresolved and overdamped. Bloembergen 
and Lallemand [25] explicitly calculated a dispersive- type gain feature. There 
is loss for frequencies higher than the pump frequency and gain on the low 
frequency side. Extrema occur for a frequency shift equal to the width of 
the Rayleigh wing scattering. A rotational orientation grating is produced by 
the two coherent light waves. The pump wave is diffracted by this grating 
to add energy to the probe beam at lower frequencies by the two coherent 
light waves. This process may again be considered as parametric in a certain 
sense. 

The role of damping in stimulated Rayleigh wing scattering is an early 
example of how damping mechanisms may have a profound influence on co- 
herent interactions [26] . Extra resonances in four wave light mixing induced 
by collisional interaction were demonstrated in 1981 by Prior et al. [27]. A 
collision may destroy the destructive interference between different coherent 
pathways to the same final state. In Rayleigh wing scattering, collisions per- 
mit a net energy transfer from the coherent electromagnetic modes to the 
material system. Grynberg and Berman have analyzed in depth the influence 
of collisions in nonlinear optical processes in a series of papers [28,29]. 

4 Optical Response of a Two-Level System 
in a Strong Coherent Field 

Consider a two-level system with energy separation hiuo irradiated by a strong 
pump field at frequency w and a weaker probe field at to' . 

A general procedure, which would take account of all powers in L?r, or 
the pump field amplitude, involves a transformation to the rotating frame in 
which the near-resonant pump field is time-independent [30]. Several early 
papers [31,32] were concerned with the off-diagonal elements of the density 
matrix, or the atomic coherence, induced by the coherent field in atomic gas 
lasers, but the first detailed calculation of the response of a weak probe beam 
as a function of oj,uj' and 17 r was presented by Mollow [33]. He observed 
that “a striking feature of the expression of the (probe’s) absorption line 
shape function is that in some cases it takes on negative values, even though 
population inversion never occurs.” His theoretical predictions were strikingly 
confirmed five years later in experiments with a beam of Na atoms, traversed 
by laser pump and probe beams at right angles to minimize Doppler effects. 
Wu, et al. [34] showed that the probe absorption is negative in the domain 
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wq — < oj' < + for a strong resonant pump field, w = wq- Theoretical 

predictions and experimental results are reproduced in Fig. 2 



(a) 



(b) 




Fig. 2. Experimental (a) and theoretical (b) line shapes of a probe beam, when a 
closed two-level system is pnmped exactly at resonance for values of the pump Rabi 
frequency varying from zero (top) to = 8F (bottom) where F is the natural 
line width caused by spontaneous emission, (with permission from Ref. [34]) 



The situation off-resonance, with \uj — ujq\ > 17^ > T, where F is the 
natural linewidth of the transition, allows for a more detailed discussion of 
various physical processes involved. It is sketched in Fig. 3. Haroche and 
Hartmann showed already in 1972 that one can expect a strong absorption 
peak at Wg equal to ujq plus or minus a Stark shift proportional to [35]. 
There is gain for oj' = 2 w—uJq. This has been interpreted by Cohen-Tannoudji 
and Reynaud [36] as an inversion of population between two energy levels of 
the atom dressed by the pump field. This gain was also observed by Wu et 
al. in their atomic beam experiment. It can be described as a hyper-Raman 
process, in which two pump photons are absorbed, one probe photon is emit- 
ted, while the upper level is reached, from which spontaneous emission to the 
lower level takes place. In a sodium vapor cell this gain is Doppler broad- 



A Historical Perspective on Lasing Without Inversion 



97 




-lao >’00 -rft «0 -36 0 fiO 7ft 100 I3& IdO \)h 200 



FREQUENCV [NiTu] 

Fig. 3. Calculated response of a probe beam in a closed two-level system with natu- 
ral line width F/27 t = 10 MHz, in the presence of a pump beam with Rabi frequency 
C/27T = 66 MHz. The pump detuning (w — a)o)/27r is varied from 0 (top) to 80 MHz 
(bottom). Arrows indicate the frequency of the driving field, (with permission from 
Ref. [34]) 



ened [37]. Khitrova showed that integration over the velocity distribution 
should still lead to an observable gain. Pump-probe measurements of the 
Doppler-broadened gain profile were reported in [38]. Laser action based on 
this gain was observed in 1988 by off-axis pumping of the sodium cell in an 
optical ring cavity with a cw beam of a few hundred milliwatts of power [39] . 
This lasing was unidirectional with the lasing beam making an angle of 0.9° 
with the pump beam. The lasing occurred about 3 GHz away from the fre- 
quency of the pump, corresponding to twice the pump detuning from reso- 
nance. The broad gain supported lasing of several longitudinal modes. The 
group of Mossberg used an atomic beam to avoid the complications associ- 
ated with Doppler broadening and studied not only the stimulated, but, also 
the spontaneous regimes [40]. 

The dispersive-like gain/absorption feature around oj' k, lo requires a more 
subtle explanation. It is a Doppler-free resonance, so its shape is the same 
for sodium atoms in a cell or in an atomic beam. It was first observed in the 
same experiment by Wu et al. in 1977. The gain can be either above or below 
the pump frequency depending upon whether the latter is below or above the 
atomic resonance. Lasing based on this gain for Na atoms in an evacuated 
cell was first observed in 1988 by Khitrova et al. [39]. This is an observation 
of lasing in a system without inversion in both the dressed and bare bases. As 
discussed at the end of this section, it was preceded by LWI with the aid of a 
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buffer gas. It is not a simple parametric process. In a closed two-level system, 
when spontaneous emission from the upper to the lower level constitutes the 
only stochastic process, this dispersive gain/ absorption feature can only be 
explained as an interference between various processes involving the spon- 
taneous emission into two modes of the vacuum field. Using an amplitude 
approach for a single atom, one can calculate the probability that the probe 
field is amplified or absorbed. This approach has the advantage that it al- 
lows one to separate the individual contributions to absorption and emission. 
This separation is not possible in density matrix calculations. The use of the 
amplitude (Schrodinger) picture requires extensive tedious algebraic manip- 
ulations. The first amplitude calculation for this problem was performed by 
Grynberg and Cohen-Tannoudji [41] in the dressed-atom basis. They showed 
that the dispersive-like resonance arises from an interference term that ap- 
pears in absorption and not in emission. The dressed-atom approach uses 
quasi-stationary states of the atom dressed by the pump field, allowing one 
to apply Fermi’s Golden Rule to the calculation of transition probabilities. 
Its main limitation is that it does not give results directly in powers of the 
pump field intensity; nor is it useful for arbitrary pump field detuning. The 
bare-atom amplitude calculations by Berman and Khitrova [42] describe in- 
teresting atom-fields dynamics, which becomes more complex with increasing 
pump field strength. The origin of the dispersive-like gain is still related to 
interference effects in the bare state calculations. In order, three pump 
photons are absorbed and transformed into a probe photon and two photons 
spontaneously emitted into vacuum modes k\ and k 2 - The main diagrams in 
the bare-atom picture leading to this dispersive gain/ absorption feature, pro- 
portional to 42^, are shown in Fig. 4. The gain is nonvanishing over a range 
of detunings determined by the excited state decay rate for a closed two-level 
system. The origin of this gain, occurring without population inversion in 
either the bare or dressed atom picture, is also not parametric in nature. It 
represents a unique case of LWI. 

Lasing with a two-photon downward transition in barium vapor has been 
reported by Mossberg and coworkers [43-45] who explain this phenomenon on 
the basis of a population inversion in the dressed atom picture, in a manner 
similar to the one-photon lasing at 2uj — oJq [36] . 

The situation in an open two- level system is qualitatively different. In this 
case the dispersive gain/ absorption feature around w' « w is proportional to 
4?^ rather than 42^ [46] . In the open system spontaneous emission may occur 
from both the upper and lower level to additional levels of the atomic system, 
or elastic collisions with a buffer gas may cause a decay of the off-diagonal 
elements of the density matrix without changing the populations in the bare 
system. 

Grandclement et al. [47] first observed gain without population inversion 
and laser oscillation in a Na-vapor cell with a high pressure noble buffer 
gas. They describe the effect in terms of a population grating similar to the 
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+ {k,e^k,} (a) 




+ {k,^k,} (b) 

Fig. 4. The dominant diagrams that lead to the dispersive gain/absorption feature 
in a closed two-level system, proportional to 12^. The symbol fci k 2 indicates that 
diagrams in which the order of two spontaneously emitted photons is interchanged 
must be added. The dotted arrows indicate spontaneous emission, the open arrows 
indicate pump photons and the solid arrows indicate probe photons. Diagrams (a) 
correspond to probe absorption and diagrams (b) correspond to probe emission. 
Their interference causes the observed effect 



description of stimulated Rayleigh wing scattering described in Sect. 2. It 
should be noted, however, that both the laser and the probe were detuned 
from the atomic resonance at wq by an amount large compared to the col- 
lisionally induced line width, although the detuning was small compared to 
an inverse collision time, i.e. the impact approximation is valid. A density 
matrix calculation shows that a population difference grating results with 
phase shifts appropriate to explain the observed dispersive gain/ absorption 
feature, but the analysis of Berman and Khitrova [42] in terms of the evolution 
of Schrodinger amplitudes in the open two-level system may be more appro- 
priate. In this picture an interference occurs between processes involving the 
spontaneous emission of one photon. Both descriptions lead to a dispersive 
feature proportional to 12^, in agreement with experiment. In our opinion 
this feature in the open two- level system is not a parametric process, but is 
another case of lasing without inversion in both the bare and dressed bases. 
It is different from the processes in multi-level systems, to which the LWI 
designation is usually applied. 



5 LWI and EIT in Three-Level Systems 

Consider three levels with energy eigenvalues oJa < <^b < and eigenstates 
ja), \b), and jc). In earlier sections, two extreme cases were mentioned. Inco- 
herent pumping at iOca between nonadjacent levels jc) and ja) starting with 
the system in the ground state, ffaa(O) = 1, will lead to population inversion, 
0CC > Qbb if tbe relaxation times for depopulation of level |6) are sufficiently 
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short. This inversion may be calculated without paying attention to coher- 
ences. 

In parametric down conversion the frequencies of the three electromag- 
netic waves are all far off resonance. In this situation, the coherences Pco, Qba 
and Qcb may be calculated to second order without paying attention to popu- 
lation changes, i.e. f?oo(0) = 1. The nonvanishing coherences of course imply 
Qbb ^ 0 and Qcc ^ 0, but these terms only play a role in higher order nonlinear 
optics effects. 

The concept of LWI and EIT gained much attention, when situations 
were considered where electromagnetic waves interact with the system close 
to the three resonant frequencies ujca,i^ba and uicb with Rabi frequencies sat- 
isfying the inequality > F, so that large atomic coherences are induced. 
Javan [31] discussed the combined role of coherences and population differ- 
ences in a three-level system in an early paper. He called attention to the 
combined role of single photon and two-photon transitions between the three 
levels. This interference between single photon and Raman- type processes in 
a three-level system was also discussed by Bloembergen and Shen [30] . 

During the last quarter century an extensive literature has grown, which 
reports the detailed calculation of the state amplitudes and the evolution of 
all density matrix elements of the three-level system for a variety of initial 
conditions, damping mechanisms, and amplitudes and frequencies of electro- 
magnetic fields. 

An introduction to this vast literature may be found in review papers 
by Kocharovskaya [2], Arimondo [3], Harris [4], Khurgin and Rosencher [48], 
and Alam [49], and in a textbook by Scully and Zubairy [1]. Some of the first 
references on LWI suggest the use of Fano-type interference [50,51] in the 
absorption profile of an atomic transition to an ionization continuum via a 
doublet of excited states embedded in the continuum. The emission, following 
the excitation of one discrete level in the continuum, shows no such interfer- 
ence. Kovarovskaya and Khanin [52] and Scully et al. [53] , proposed schemes 
based on three discrete atomic levels, in which light amplification may be 
traced to an inversion of population occurring between dressed atomic lev- 
els, while the bare atomic levels in the laboratory frame have no population 
inversion. Consider the A-type configuration shown in Fig. 5a, where lev- 
els I a) and |5) are nearly degenerate Zeeman-levels of the atomic ground 
state, with electric dipole matrix elements evca and evcb connecting to the 
excited state. A short quasi-monochromatic pulse may induce both transi- 
tions. Suitable sidebands separated by u>ha may also occur in coherent pulse 
sequences, or a bichromatic laser field may simultaneously be resonant near 
LVca and ojcb- Under the influence of such illumination the system will be ex- 
cited from both levels |a) and \b). Subsequent spontaneous decays will be 
followed by renewed excitation by pumping fields. Eventually the system will 
be driven to a coherent dark state, Aa]a)-|-Ab|6), such that the matrix element 
XaE{uJca)erba + XbE{uJcb)ercb = 0. The system in this coherent state is de- 
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incoherent supply 



Fig. 5. LWI in a three-level A-configuration. The simultaneous presence of the co- 
herent pump and probe beams creates a coherent dark-state superposition of states 
I a) and \b). An incoherent supply of atoms in state |c) causes gain in transitions to 
the orthogonal coupled state 



coupled from the electromagnetic fields [3]. The system becomes transparent. 
No further absorption occurs. The decoupled dark states were discovered by 
Alzetta et al. [54] in 1976, and are the basis of EIT in three-level systems [4]. 

Now inject by incoherent pumping a small population into the excited 
state jc) so that g^c ^ 0. Stimulated emission will take place to the unpop- 
ulated coupled state, A*|6) — AJja), which is orthogonal to the dark state. 
No matter how large the population in the dark state is, gain will occur for 
the transition to the coupled state. This situation can also be described in 
terms of the existence of population inversion for the dressed state, while 
Qaa + Qbb >> Qcc for the bare atomic levels. Lasing in this situation was 
reported by Padmabandu et al. [55]. 

The close relationship between LWI and EIT can be illustrated by the ex- 
ample in which a strong coherent pump field is applied at the exact resonant 
frequency Wcb but the energy splitting is sufficiently large so that transi- 
tions to level ja) are not affected. The initial populations in levels \b) and jc) 
are not important. The dynamic Stark shift will cause a Rabi splitting 217^ 
of the dressed atomic level jc). A weak probe field at the exact undressed 
resonant frequency ujca will experience increased transparency, as the strong 
absorption features are shifted to u>ca i I7 r. 

When the probe field E{uJca) is gradually applied in the presence of the 
large pump field Eioj^b), the two-state vector spanning the two- level system 
ab will evolve adiabatically from the pure state ja) to the coherent dark 
state. It was noted by Harris [4] that this transparent coherent state can be 
established in a time shorter than the radiative lifetime from level jc). 

The main interest in the A-type configuration lies now in its relevance to 
the experimental situation of Raman-type transitions between hyperfine and 
Zeeman levels in the electronic ground state of alkali-atoms. These transitions 
are intrinsically narrow and have little Doppler broadening. They can also be 
enhanced by collisional processes [56,57]. Relatively low powers obtainable 
from cw diode lasers are sufficient to cause Rabi splittings at the resonance 
lines of Na and Rb atoms. The linear index of refraction varies extremely 
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rapidly between the dynamic Stark doublet resonant lines where EIT occurs 
as shown in Fig. 6. A probe pulse in this transparent domain should travel 





Fig. 6. A coherent pump causes a 
Rabi-type splitting in a two-level sys- 
tem. (a) The solid curve shows the re- 
sponse of a probe, when 17 r = 2F. 
(b) The dispersion of the probe index 
of refraction is large at the point of 
EIT, where uj' = u> = tOba- (with per- 
mission from Ref. [4]) 



with a very slow group velocity due to the large value of dn/dw. As the probe 
pulse propagates through the alkali vapor in the presence of the cw pump 
field, the required coherent state is established adiabatically. At the leading 
edge of the probe pulse photons are transferred to the pump field, which 
returns them to the probe at the trailing edge. This pictorial description 
makes it plausible that the probe propagates without significant attenuation 
at low velocities. Recent experiments have confirmed this behavior. Hau et 
al. [58] demonstrated a pulse propagation in a Bose-Einstein condensate of Na 
atoms with a group velocity of 17 meters/second. Other groups have reported 
group velocities of 90 and 8 meters/second in Rb vapor at room tempera- 
ture [59,60]. These group velocities of 10“^c are much slower than the c/3000 
seen in coherent pulse propagation (self-induced transparency) [61]. 

When these near resonant effects are expressed in terms of nonlinear sus- 
ceptibilities, extremely large values are obtained [62,63]. Scully and Zubairy [1] 
have also called attention to the fact that it is possible to obtain a real value 
of the index of refraction of ten or higher, at a wavelength where the imag- 
inary part vanishes. This opens possibilities for studying optical lattices. It 
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is clear, however, that these conditions could only exist in extremely narrow 
frequency intervals. 

When levels \b) and |c) are close together in an excited electron configu- 
ration, while level |a) belongs to the ground state manifold, one speaks of a 
^configuration if optical fields are applied near u>ba and u>ca- Kocharovskaya 
et al. [64] have shown that in this situation optical gain can only be achieved 
when the total population in the excited configuration exceeds that in the 
ground state, gbb + Qcc > Qaa, but, gbb may be smaller than gaa- There may 
be gain at u>ba in either the bare or the dressed pictures. An experimental 
confirmation of this situation of LWI in Rb vapor has been reported by Zi- 
brov et al. [65]. The arduous and illuminating amplitude picture is used by 
Cohen and Berman to analyze this case [66]. 

Another situation arises when the transition LOcb is coherently pumped 
by a strong microwave field. If no optical transitions are allowed at LOba one 
speaks of a p-configuration, shown in Fig. 7. Light at u>ca is in an FIT region 




◄ 

incoherent supply 



Fig. 7. LWI in the three-level p-configuration. A low-frequency field creates a co- 
herent superposition of the two upper levels. An incoherent supply into level |6) 
may lead to gain at the high frequency u>ca 



because of dynamic Stark splitting of level |c) by the microwave pump. If an 
incoherent mechanism injects some population in level |6), it may be possible 
to obtain gain at iOca by anti-Stokes scattering of the microwave photon from 
\b) to I a). This scheme would be really useful if a nuclear isomer could be 
identified with a pair of energy levels, which could be pumped by optical 
radiation, with subsequent 7-ray emission to a lower level. In this connection 
the following quotation by Narducci et al. [67] is relevant: “An inversionless 
laser may indeed become a useful device, if it can produce light amplification 
at a frequency that differs enough from the driving source. Ideally one would 
want to operate this system in regions of the e.m. spectrum where lasing 
action is impractical with conventional schemes.” Similar observations have 
been made by Kocharovskaya [2]. 

In a combination of the V- and p-configuration, i.e. when two coher- 
ent optical fields and a microwave field are simultaneously present, the mi- 
crowave field provides an additional parametric coupling between the two 
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optical fields. Kocharovskaya et al. [64] have presented detailed calculations 
which lead to complex conditions between the populations and the relaxation 
and incoherent pumping mechanisms in the three-level system. The conclu- 
sion is that in certain situations gain of a parametric nature [68] may occur 
without population inversion in either the dressed or bare level systems. This 
should perhaps not be so surprising since optical parametric amplifiers with 
three electromagnetic waves far from any resonance in multi-level solid state 
systems, in which only the ground state is populated, have been known for a 
long time. 

Imamoglu et al. [69] have described a three-level LWI situation without 
inversion either in the bare or dressed state pictures. There is, however, some 
type of inversion in the reservoir, which must provide suitable relaxation 
mechanisms for the populations between the three levels. There are also spe- 
cial conditions on the spontaneous decay rates in this closed atomic system. 
No experimental realization of this situation has been reported. 

Most atomic systems will of course have more than three energy levels 
playing a role in these optical pumping experiments. For example, in a four 
or five level scheme a double yl-type configuration may occur. It falls outside 
the scope of this historical overview to discuss detailed situations in multi- 
level systems. The basic physical phenomena of LWI and EIT are all exhibited 
by the three-level scheme. 

6 Conclusion 

EIT and LWI are interesting manifestations, which occur when large atomic 
coherences are induced by one or more coherent electromagnetic fields with 
Rabi frequencies larger than the line width. Precursors of such situations 
occurred in magnetic resonance before the advent of lasers. Precursors of 
optical parametric processes, where the detuning is larger than the Rabi 
frequency, have also been identified. 

Detailed calculations of the evolution of the density matrix in two- and 
three-level material systems exhibit a complex interplay between the action 
of coherent fields with incoherent mechanisms, including spontaneous emis- 
sion, collisional processes and incoherent pumping. Atomic coherences result 
in constructive or destructive interferences for one-, two-, and multi-photon 
processes. It is often helpful to visualize the situation in a rotating frame of 
reference, in which the strongest pump field is time independent, or alterna- 
tively in terms of a level scheme for dressed atoms. 

Experiments have confirmed the theoretical descriptions of LWI config- 
urations, without inversion in both the bare and dressed schemes. LWI has 
not (yet) yielded new coherent sources at frequencies much higher than the 
needed coherent pump field. 

Conditions of EIT have recently been achieved in alkali vapors, where 
the probe pulse group velocity has been slowed down to meters per second 
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without much attenuation. A regime of extremely high optical nonlinearities 
has been created, albeit in a very narrow frequency range, where useful ap- 
plications of EIT may arise. 
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The Coherent-Path Approach 
to Forward Scattering of Recoil- Free 
Resonant Gamma Radiation 



Gilbert R. Hoy 



Summary. A coherent-path approach is developed to describe nuclear-resonant 
gamma-ray transmission through nuclear-resonant matter. The solution is based on 
mathematical techniques, developed by Heitler and Harris, using time-dependent 
perturbation theory in the frequency domain. The nuclear-resonant absorber is 
modeled as a one-dimensional chain of N “effective” nuclei. A closed-form solution 
is obtained for the forward scattering of recoil-free radiation. The solution is given as 
a hnite sum over A" -|- 1 indistinguishable coherent paths the radiation takes going 
from the radioactive source through the absorber to the detector. The solution 
agrees numerically with the well-established theories although it has a completely 
different form. The major features of the time-differential Mossbauer spectroscopic 
result, namely the “speed-up” and “dynamical beat” effects, are easily explained in 
terms of the interference between the different contributing amplitudes. The model 
is so physically transparent that extension to other situations, e.g. synchrotron 
radiation, the “gamma-echo” effect, and incoherent processes, is not difficult. 



1 Introduction 

In this paper I will focus on a new approach to describe the processes by 
which gamma radiation passes through nuclear-resonant matter. In partic- 
ular imagine there is a radioactive source that emits recoil-free gamma ra- 
diation when the radioactive nuclei decay from the first-excited state to the 
ground state. Next place a detector to record the resonant radiation, but 
interpose between the source and the detector a nuclear-resonant absorber. 
We can think of this absorber as a kind of gamma-ray filter. I will use the 
words “absorber” and “filter” interchangeably. If we now consider recoil-free 
processes in the filter, we are essentially treating the famous Mossbauer effect 
[1,2]. Furthermore, if there is a “signal” event, which allows us to determine 
the time at which the first-excited nuclear level in the source is formed, it 
is possible to record the radiation coming through the nuclear-resonant filter 
as a function of time after the signal event. This technique has been called 
“time differential Mossbauer spectroscopy” (TDMS). 

When the first TDMS experimental results were obtained, they showed 
that the time-dependent intensity has an unusual shape. In a celebrated paper 
[3] Hamermesh explained the unusual shape, described below, of the time- 
dependent data using a semi-classical optical model. Subsequently Harris [4], 
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following a development due to Heitler [5], treated the problem quantum me- 
chanically and obtained the same result. In this paper I will use the methods 
of Harris and Heitler. However, I will represent the nuclear-resonant filter as 
a linear “chain” of “effective” nuclei. I say effective nuclei because the rep- 
resentation of a real three-dimensional solid as a linear chain is certainly a 
drastic assumption. In fact one might argue that such a representation would 
produce a theory that has little to do with actual experimental results. As will 
be seen below this is not the case and, in fact, the results of the model have 
a direct correspondence to the observed experimental results. Furthermore 
the model gives a clear physical picture of the multiple scattering processes 
occurring in the filter. 

The solution has the form of a sum over coherent indistinguishable ampli- 
tudes. This form is completely different from that obtained using the classical 
optical model or the other quantum mechanical solutions. In spite of this, the 
predicted shape of the time-dependent data agrees with the other theories, 
as well as the experimental data. 

Before starting into the mathematical methods for obtaining the solution, 
let me first describe two “unusual” features of the observed time-dependent 
spectrum mentioned above. In the first place, the initial slope of the spectrum 
does not correspond to the normal lifetime value, of the first excited state 
of the source, that one would obtain if the filter were absent. This has been 
called the “speed-up” effect, since it appears that the source is decaying 
more rapidly than normal. It is also possible for the spectrum to show a local 
maximum, at a time greater than t = 0, if the filter is sufficiently thick. This 
effect has been called a “dynamical beat.” Both these effects have been seen 
more recently using synchrotron radiation [6] as the source. 

2 The Quantum Mechanical Approach 

Following Harris and Heitler, the general approach is to use time-dependent 
perturbation as described in any text on quantum mechanics. The state of 
the system at time t is described by 

i 

Solving the Schrodinger equation, using the appropriate boundary conditions 
[5] at t = 0, leads to a set of coupled differential equations relating the 
expansion coefficients a;(t) 

q 

where coi — ujq = {Ei — Eq)/h. In order to obtain a set of coupled linear 
equations the Fourier transform is introduced 
1 



— oo 



(3) 
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The resulting set of coupled linear equations is 

- 1^1 + ie)Ai{uj) = + 6in (4) 

q 

where Viq is the matrix element inducing a transition from the unper- 
turbed state to the unperturbed state, and a pole is introduced into the 
lower half of the complex plane (e > 0) to insure that all amplitudes a/(t) are 
zero for t < 0. This procedure is described in Heitler [5]. 



3 Defining the Freqnency-Dependent Amplitudes 



Next we need to consider what frequency-dependent amplitudes are needed 
to solve the problem at hand. These amplitudes are A(ijj)\ corresponding to 
the amplitude for finding the source nucleus excited at time t = 0 when all 
absorber nuclei are in the ground state and there are no photons or conversion 
electrons present; Bk{ui) corresponding to the amplitude for finding all nuclei 
in the ground state and only a photon of wave number k and energy Hujk 
is present; Cm(oj) corresponding to the amplitude when only the absorber 
nucleus located at x = Xm is excited and no photons or conversion electrons 
are present; Dp(uj) corresponding to the amplitude for finding a conversion 
electron from the source nucleus present, all nuclei in their ground states 
and no photons are present; and Ejnp{(^) corresponding to the amplitude for 
finding a conversion electron from the absorber nucleus located at a; = x^ 
present, all nuclei in their ground states and no photons are present. 

Using these amplitudes, the resulting set of coupled linear equations is 



(w — Wo + ie)A(u}) 
{u -0Jk + ie)Bk{uj) 
(u -uJq + ie)Cm{u)) 
{to — Up + ie)Dp(uj) 

(u -Up + ie)Erap{u) 



k 

A{u)H* 






h 

E 



E 



Epiu^Hp 






Bk{uj)Hk ikx„ 

2^ h ^ 



E 



Empiy>)Hp i(pjfC]Xr, 

h 



(5) 

(6) 
(7) 



h 

h 



(8) 

(9) 



where Elk £^nd are the matrix elements corresponding to absorption and 
emission of a photon, respectively. Also E[p and El* are the matrix elements 
corresponding to absorption and emission of a conversion electron, respec- 
tively. 

The details, showing the solution for Bk{u) and the resulting expres- 
sion for the time-dependent intensity of the recoil-free radiation reaching the 
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detector due to forward scattering, are given in [7]. The result for the time- 
dependent intensity is 



^recoil 



— free(^) 




(10) 



where 7 ^ is the radiative width of the first excited-state nuclear level, fs is 
the recoil-free fraction for the source, fa is the recoil-free fraction for the 
absorber, F is the total width of the first excited-state nuclear level, N is 
the effective number of nuclei in the one-dimensional chain representation of 



the nuclear-resonant absorber (filter) and 



N 



is the binomial coefficient. 



In this treatment I have assumed that the gamma rays have only a single 
frequency, i.e. the nuclear first-excited and ground states are assumed to be 
unsplit. 

Going back one step in the derivation the total amplitude, as a function 
of time, for recoil-free radiation to reach the detector after passing through 
the resonant absorber is 



Umprecoil— free ( t ) 




g-(r/2fi)f 




.( 11 ) 



Of course to obtain intensity from amplitude one simple needs to take the 
absolute value squared of the amplitude. 



4 Discussion 



4.1 Simple Cases 



In order to understand the meaning of the results presented above; consider 
the expression for the total amplitude (11). Suppose the absorber (filter) 
is not present. In that case the second term in the brackets of (11), the 
summation, is absent. The intensity reaching the detector is then given by 

/source-alone (t) = (12) 

As expected the source radiates with a lifetime t = h/F. Half the radiation 
goes forward and the gamma-ray emission rate is reduced by the recoil-free 
fraction if one considers recoil-free emission alone. 

Thus the effect due to the nuclear-resonant absorber (filter) is contained in 
the summation term in (11). According to this model the thinnest absorber is 
one having one “effective” nucleus, i.e. A = 1. In this case the total amplitude 
for recoil-free radiation reaching the detector is 



ampN=i{t) 








-falrt \ 

2h ) 



(13) 
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The first term is the amplitude for the source to radiate directly to the de- 
tector. The second term corresponds to the amplitude when the source radi- 
ation interacts with the absorber, in this case the thinnest possible absorber 
{N = 1). To simply the language I will say, that when radiation is absorbed 
and re-emitted in a recoil-free manner, the radiation “hops” on that effective 
nucleus. It is important to notice that the “one-hop” amplitude is negative, 
compared to the direct source radiation, due to the negative sign in (13). 
Because I am only considering recoil-free processes, it is impossible to detect 
which “path” the radiation took in reaching the detector. Thus these two 
amplitudes must be added, as in (13), before calculating the intensity. In this 
case the amplitudes destructively interfere. It is perhaps already clear that 
the resulting time-dependent intensity decreases more rapidly in time than 
would be the case if the resonant absorber were absent. 

4.2 General Case 

Now consider an absorber (filter) that is not necessarily thin, i.e. N can take 
on any integer value. Referring back to (11) the first term is, as we know, 
the amplitude for the source radiation to reach the detector without inter- 
acting with the absorber. The second term, the summation term, describes 
the interaction with the absorber. The source radiation can “hop” on any 
or all of the effective nuclei. The term in the summation with n = 1 cor- 
responds to the “one-hop” amplitude: this amplitude can happen N ways 
f N\ 

i.e. { I j ~ Notice again that the “one-hop” amplitude has a negative 

sign. The n = 2 term corresponds to the “two-hop” amplitude containing 
the appropriate binomial coefficient, answering the question, how many ways 
can two hops occur on N objects. Notice that the “two-hop” amplitude has 
a positive sign. Thus, the “two-hop” amplitude interferes constructively with 
the direct source radiation. In a similar fashion the terms with n > 2 corre- 
spond to higher order multiple scattering processes: paths containing more 
hops. 

4.3 General Comments 

Notice that the positions of the effective nuclei do not appear in the solution, 
(10) and (11). This is because, for forward scattering, all optical paths from 
the source nucleus to the detector are equal. The solution simply says that 
all we must do is keep track of the phase of each contribution as we make 
a coherent summation over all indistinguishable “paths”, i.e. multiple scat- 
tering (hopping) paths, that the radiation takes in getting to the detector. 
The odd-number hopping paths interfere destructively with the direct source 
radiation, while the even-number hopping paths interfere constructively. This 
is due to the minus sign, as noted above, appearing in the solution. 
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The parameter N, in the model, is a measure of the thickness of the 
absorber. The number and type of hopping paths that must be summed over 
depend on the number N, since the summation in the solution goes from 
n = 1 to n = fV. The total amplitude is obtained by summing over all the 
+ 1 indistinguishable paths. 



4.4 Example Calculations 

In order to give a pictorial representation of the results, some simulation 
calculations are presented below using the parameters corresponding to the 
well-known Mossbauer transition in ®^Fe. In Fig. I the first three, of the 
-I- 1, amplitudes are shown according to (11) for the ®^Fe case assuming 
a nuclear-resonant absorber of thickness corresponding to A^ = 50. We see 
the destructive interference between the direct source amplitude and the one- 
hop amplitude. This is the main cause of the “speed-up” effect. Furthermore, 
since the two-hop amplitude is positive, the dynamical beat will be present at 
some time t when the magnitude of the sum of the direct source and two-hop 
amplitudes is greater than the magnitude of the one-hop amplitude. These 
remarks are a little oversimplified because one must do the total calculation 
to obtain the correct result. 




time (in iifetime units) 

Fig. 1. Of the total A^ -I- 1 amplitudes, three amplitudes are shown. The direct 
source radiation amplitude, i.e. the “no hop” amplitude, is the solid line. The longer 
dashed line gives the “one-hop” amplitude, and the “two-hop” amplitude is shown 
as the shorter dash line. The case shown corresponds to Ai = 50 and the parameters 
for the well-known Mossbauer transition in ®^Fe are used. The final result requires 
summation over all A" -I- 1 amplitudes 
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Time (in units of natural lifetime) 

Fig. 2. The time-dependent intensity of recoil-free forward-scattered gamma radi- 
ation is shown. The solid-line curve corresponds to an absorber having thickness 
equivalent to = 10. The longer dashed curve corresponds to an absorber having 
thickness equivalent to N = 50, and the shorter dashed curve corresponds to an 
absorber having thickness equivalent to = 100. Again the parameters for the 
well-known Mossbauer transition in ®^Fe have been used 



Figure 2 shows the time-dependent intensity of gamma radiation reaching 
the detector after forward scattering from an absorber. Results are shown 
for three absorbers differing only in thickness. Notice that as the thickness 
increases the speed-up effect increases, and the presence of the dynamical 
beat becomes more prominent. All such effects are due to the interference of 
the coherent amplitudes. 

The relationship, between the ’’thickness” in the one-dimensional model 
of the absorber represented by N and the thickness of the three-dimensional 
real absorber, is not immediately apparent. In fact one can simply view N 
as a parameter that can be adjusted to fit the data. However, it is possible 
to obtain a relationship by noting that, even though the formula for the 
result using the classical optical model is completely different from the one- 
dimensional model, the calculated numerical results agree. To establish this 
relationship, consider the thin-absorber limit. In the classical optical model 
[3], when the source and absorber are in resonance, this amounts to expanding 
the Jo Bessel function. In the one-dimensional model the thin “absorber” 
limit is set by putting N = 1. Comparing the two results in this limit gives 

UL 

‘2- fair 



N = 



(14) 





114 Gilbert R. Hoy 



where the usual thickness parameter /3 is equal to Nofaaod. Nq is the number 
of real resonant nuclei/cm^ in the absorber, fa is the recoil- free fraction of 
the absorber, (Jq is the maximum cross section evaluated on resonance, and 
d is the thickness of the absorber. Equation (14) is a curious result. The left- 
hand side of the equation takes on only integer values. On the other hand, the 
right-hand side of the equation will, in general, not be equal to an integer. To 
apply the one-dimensional model to an experimental result one would pick 
the value of N that is nearest to the value of the right-hand side of (14). It 
is not clear at this time whether or not there is some physical significance 
to (14). For example, with respect to gamma ray forward scattering, can an 
actual solid be represented in some fundamental way as a series of layers as 
suggested by (14). 

5 Summary and Conclusions 

First consider some previous results, mentioned above, in the field of nuclear- 
resonant forward scattering of gamma radiation. Hamermesh [3] developed 
the semi-classical optical model that has been frequently used to explain 
many features of nuclear-resonant forward scattering of gamma radiation, in 
particular TDMS. It spite of its success the model is not physically trans- 
parent and has difficulty including gamma-ray scattering events that occur 
with recoil in the scatterer itself. The resulting equations are in the form of 
an infinite series and, in the TDMS case, the scattering events with recoil 
are assumed to occur only in the source. Harris [4] calculated the Mossbauer 
transmission result starting from the quantum mechanical approach devel- 
oped by Heitler [5]. Harris was able to show that the result was in the same 
form as the semi-classical model. Harris did not obtain a separate distinguish- 
able quantum mechanical result. In Ref. [7] a detailed calculation, using the 
approach of Heitler and Harris, was applied assuming the scatterer could be 
represented as a one-dimensional chain of effective nuclei. The present pa- 
per is a distillation of the work in [7] with an emphasis on the meaning and 
interpretation of the results. 

The one-dimensional quantum mechanical model gives a clear physical 
explanation of the important features of nuclear-resonant forward scatter- 
ing. These prominent features are the speed-up and dynamical beat effects. 
All features are explained as interference effects arising from the summation 
over all coherent indistinguishable paths the gamma radiation takes in go- 
ing from the source through the absorber to the detector. It appears that 
some paths lead to absorption and others do not. When the “path” of the 
gamma radiation involves interaction in a recoil-free fashion with a single 
“effective” nucleus, absorption occurs. In fact, if the path involves interac- 
tion with an odd number of effective nuclei, absorption occurs. If absorption 
occurs, then energy is lost to the forward-scattered beam due to re-radiation 
in non-forward directions, as well as through the inelastic channel of internal 
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conversion. By contrast, a path that involves an even number of effective 
nuclei does not appear to give rise to absorption. Such paths seem to corre- 
spond to suppression of the inelastic channel, or one may say, to a type of 
self-stimulated emission such that the radiation passes through the absorber 
with no energy loss. 

It is not difficult to include inelastic processes, such as emission with recoil, 
in the theory. For example, one can consider processes in which an “effective” 
absorber nucleus, after excitation, emits radiation but in the process recoils. 
This re-emitted radiation is not in resonance with the other absorber “nuclei” 
and thus passes through the rest of the absorber without resonant absorption. 
Furthermore such a process is incoherent with the recoil-free processes, as well 
as other recoil processes. Details for calculating such processes are given in 

[ 7 ]. 

The model is so physical transparent that one is easily able to extend 
the theory to several other interesting cases, e.g. when synchrotron radiation 
is the source. Furthermore the effect known as the “gamma-echo” effect [8], 
when using a radioactive source, can be easily explained as a phase shift 
induce transparency [9]. 
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1 Introduction 

One of the earliest and still most important spin-offs of the invention of the 
laser is without a doubt nonlinear optics. Following the pioneering experi- 
ments carried out by P. A. Franken and his students [1], N. Bloembergen, 
Y. R. Shen and their collaborators made a series of crucial advances that led 
to the rapid development of the field [2]. In the early days, it was generally 
understood that what made nonlinear optics possible was the high optical 
powers provided by lasers. For such fields, a classical description of the light 
fields was clearly sufficient. Yet, a few visionaries insisted on a fully quan- 
tum mechanical description of radiation in the analysis of nonlinear optical 
phenomena such as parametric amplification. A central character in these 
developments was R. J. Glauber, who, together with his students, developed 
many of the tools, and much of the early quantum theory of nonlinear optics 
[3,4] . One of his students was Dan Walls, who upon his return to New Zealand 
after spending a short time in Germany developed one of the leading schools 
of quantum optics in the world. 

It is impossible in a brief introduction to recount all of the important 
contributions of Dan Walls. Suffice it to say that he made a number of trail- 
blazing advances, one of the most important being the prediction of photon 
antibunching in resonance fluorescence [5] . The demonstration of this effect is 
one of the few low energy proofs of the quantized nature of light [6] . Together 
with his students, he went on to develop novel theoretical tools to analyze 
nonlinear problems in the quantum description of light-matter interactions 
[7]. These methods were applied with considerable success in the analysis of 
the generation of squeezed states of the electromagnetic field [8,9]. He also 
devoted much of his enormous energy to the study of the “paradoxes” of 
quantum mechanics associated with quantum entanglement [10]. 

In the 1980’s, when Bose-Einstein condensation [11,12] was still a distant 
experimental goal, he was amongst the first to realize the raising importance 
of atom optics. At nearly the same time as we did, and independently of us, 
he and his collaborator W. Zhang recognized that collisions play in atom op- 
tics a role similar to that of a nonlinear medium in optics, thereby leading to 
nonlinear atom optics [13,14]. This opened up a completely new direction of 
research, which is now starting to witness its first experimental successes [15]. 
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Nonlinear atom optics is in many ways at the same state as early nonlinear 
optics, with the intense source being now a Bose-Einstein condensate or an 
’’atom laser” rather than a laser. Yet, the same trend will develop in this 
field, and soon experimentalists will start investigating ’’weak” signals where 
the effects of quantum statistics become important. Already, phase-coherent 
matter-wave amplifiers have been demonstrated, based on the four-wave mix- 
ing between two optical and two matter waves [16,17]. It is not difficult to 
imagine that this work will soon lead to the study of subtle effects such as the 
quantum entanglement between optical and matter waves [18], the genera- 
tion of ’’nonclassical matter waves” — as opposed to present-day condensates 
and atom laser, which are in many ways the de Broglie wave equivalent of 
classical light fields, etc. In many ways, this is a legacy of Dan’s work and 
vision. We think that it is a fitting tribute to Dan Walls to discuss these kind 
of problems in this book. 

The paper is organized as follows: Section 2 introduces an effective Hamil- 
tonian that describes the far off-resonant interaction between optical and 
matter-wave fields. Using a standard mode expansion, it is cast in the form 
of a four-wave mixing interaction, with two of the fields being atomic and 
the other two optical. This model is applied in section 3 to a discussion of 
the creation of atom-photon pairs in an atom-optical extension of the optical 
parametric oscillator. We briefly review the gain of the system, as well as the 
generation of nonclassical correlations between the atoms and the light. A 
more detailed analysis of this system can be found in [19,18,20]. A central 
element in this discussion is the use of an optical resonator to limit the num- 
ber of electromagnetic modes available. Section 4, which is a conclusion and 
outlook, discusses in general terms a situation where this is no longer neces- 
sary, with mode selection resulting from the geometry of the atomic sample. 
This is an application of the “end-fire mode” ideas of Dicke to atom optics, 
and has recently lead to the experimental demonstration of four-wave mixing 
between light and matter waves [21,22]. 

2 Four- Wave Mixing with Atoms and Light 

In this section we derive the form of the effective interaction between the 
ground state atomic field and a far off-resonant optical field. We begin with 
the Hamiltonian describing a field of two-level atoms coupled via the dipole 
interaction to a set of quantized optical field modes. Because we are trying to 
gain insight into the atom-field interaction, we neglect atomic collisions and 
trapping potentials for the sake of simplicity. In the rotating wave approxi- 
mation the atom-field Hamiltonian is then given by 

H = /d^gc](q) + fuVaSje Cj(q) -k ^ fc|k|6j^^SkA 
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-ih^ d^q gkAcj;(q + k)cg(q)SkA + , (1) 

kA '' 

where the operator Cj(q) annihilates an atom with mass m, momentum fiq, 
and internal state j, 6kA annihilates a photon with momentum Kk and polar- 
ization A, oJa is the energy difference between the ground and excited atomic 
states and is the atom field coupling constant. The field operators are 
assumed to obey the usual bosonic commutation relations. 

We are interested in wave-mixing phenomena between atomic and far-off 
resonant light fields. Hence, we assume that the frequencies of the optical 
fields are centered around a central frequency ojq satisfying the condition 
|Z\| 7, where A = loq — uja and 7 is the lifetime of the excited atomic 

state. After removing the fast oscillations via the transformations Ce(q) — 1 
Ce(q) exp(— twot) and 6kA — >■ &kA exp(— twot), the equation of motion for the 
excited state field operator is found to be 



^Ce(q) = -z ^-A Ce(q) -^5kACg(q-k)&kA- 



With the assumption that the optical and atomic ground-state fields are 
slowly varying compared to the frequency A, (2) has the approximate solution 



Ce(q) = C,(q, - k)&kA). (3) 

kA 

The first term can be neglected for most considerations if we assume that 
there are no excited atoms at t = 0, in which case the operator Ce(k, 0) acting 
on the initial state gives zero. Dropping the first term and substituting (3) 
into the equations of motion for Cg(q) and 6k a then gives 

;^Cg(q) = -z^Cg(q) - z ^ ^^^^^^bl^bk,yCg{q + k-k') (4) 

kAk'A^ 

and 

^6kA = -Z'Jk&kA - c^(q)6k'A'Cg(q + k- k'), (5) 

k'A' 

where 6k = c|k| — A. Equations (4) and (5) can be derived from the effective 
Hamiltonian 



^^c^q)c{q) + ^hSkbl^bkx 

J ^ kA 

+ X! / 6j^^6i,,^,c'l'(q)c(q -f- k - k'), 

IrAL-' 



where we have dropped the subscript g from the atomic field operators as 
it is no longer needed. From (4-6) we see that the interaction between the 
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ground-state atomic field and a far off-resonant optical field takes the form 
of a third order nonlinearity. 

The nonlinearity in (6) allows for cross-phase modulation and four wave 
mixing phenomena between the atomic and optical fields, but does not allow 
them to undergo self-phase modulation, as that would require terms which 
involve four atomic or four optical field operators. By formally eliminating 
the atomic field from our system we must recover standard nonlinear optics. 
This means that phenomena related to optical self-phase modulation, such 
as self-focusing and soliton formation, must be contained within (6). From 
the symmetric way in which the atomic and optical fields appear, it is clear 
that atomic self- focusing and atomic soliton formation occur as well. In fact 
this was the subject of much of the early work on nonlinear atom optics 
[13,14]. The phase shift which the optical field acquires due to cross-phase 
modulation with the atomic field is 



^ 4 ^ opt 



ISkApfV 

z\ 



(7) 



where N is the operator for the total number of atoms, which may or may not 
be a constant of motion. Particularly in closed systems where the number of 
atoms is fixed, this nonlinear phase shift is nothing more than the dispersive 
shift to the index of refraction found in linear optics. Non-trivial effects may 
occur in open systems, e.g., if the number of atoms fluctuates in response 
to changes in the optical field, but otherwise this phase shift leads only to 
a negligible shift in the optical dispersion relation. Similarly the phase shift 
acquired by the atomic field due to cross-phase modulation 



^(4at = ^ 

kA 






z\ 



t, 



(8) 



is simply the spatially independent part of the Stark shift, which has no 
dynamical effect on the atomic density. 

In the examples we consider in the following sections the Stark shift and 
the dispersion of the optical field play no real roles and may be safely ne- 
glected. We shall instead focus on the effects of four-wave mixing between 
atomic and optical fields, which we shall see leads to parametric amplifica- 
tion and the generation of entanglement between atomic and optical fields. 
Of course to observe four-wave mixing atomic and optical sources must be 
developed which can achieve a high enough phase-space density so that Bose- 
stimulated effects dominate spontaneous noise. In optics this usually requires 
a laser and we are fortunate that the atomic analog to the laser now exists 
in the form of atomic Bose-Einstein condensates (BECs). 



3 Coupling to Single Optical Cavity Mode 

There are two limiting cases in which the system (6) can be significantly 
simplified. They are (I) when light from an intense pump laser is scattered 
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into a single mode of an optical cavity, and (II) when the atomic system is 
of sufficiently low density and sufficiently localized that pump photons are at 
most only singly scattered before escaping the interaction region. This paper 
considers specifically the first case, which leads to a very simple theoretical 
model describing the parametric amplification of light and matter waves. 

We remark at the onset that the optical gain achievable in practical sys- 
tems is most likely insufficient to overcome losses in even the best high-Q 
optical cavities. Thus, while effective single mode systems can be achieved, 
they will in general be dominated by losses. It is however important to realize 
that even in those cases where losses prevent the optical field from building 
up, the atomic field may still experience gain and exponential growth. As 
a matter of fact, this is the key to the matter-wave superradiance recently 
observed by the MIT group. This being said, in order to extract the basic 
physics underlying the four-wave mixing of optical and matter waves, we ig- 
nore cavity losses in the following. Our model system therefore consists of an 
atomic field coupled to both a strong pump laser and a single optical ring- 
cavity mode (the probe) . The dynamics of the pump may be safely neglected, 
in which case the effective Hamiltonian for the system is 

H = fkJr SPi)+ j ^c^q)c(q) -I- X c''’(q)c(q - K)6 -|- i?.c. , (9) 

where K is the difference between the pump and probe wavevectors, = 
hK'^ /2m is the atomic two-photon recoil frequency, b is the photon annihila- 
tion operator for the probe mode, whose frequency is detuned from that of 
the pump by hiOrS- The effective atom-probe coupling constant is given by 
X = gQ(f/2\A\(jjj., where g is (/kA for the probe mode and l7o is the pump 
Rabi frequency. 

3.1 Instability and Gain 

We consider specifically the case where the atomic field initially consists of 
a BEG well below the critical temperature. Assuming that the initial mo- 
mentum width of the BEG is small compared to the recoil momentum KK. it 
is reasonable to approximate it as a plane wave at q = 0. The effect of the 
optical fields is then to couple the BEG to matter-wave side modes separated 
from the BEG in momentum space by integer multiples of fiK. Making use 
of the familiar symmetry-breaking ansatz, we replace the condensate field 
operator c(0) by a c-number plus a perturbation 

c(0) = \/]V-kco, (10) 

where N is number of atoms initially in the BEG. In the case where the 
number of photons initially in the probe mode is much less than N , both 
the momentum side mode and probe field operators, as well as cq, can be 
considered as infinitesimal relative to . Thus for times short enough that 
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the fraction of atoms transferred into the side modes remains negligible, the 
Hamiltonian (9) can be linearized, leading to 



cLc_ + c^c+ + Sb^b + xV^ (b^cl_ + b^ c+ + H.c.^ 



( 11 ) 



where c± = c(±K). This Hamiltonian yields a 3 x 3 set of linear equations 
for the three coupled field modes 



dr 



/ 6 \ ( ~X'/N ~x'/N\ 

cL = d xv^ 1 0 

\c+) V-xVlV 0 -1 ) 




(12) 



where r = The time dependence of the three field modes is therefore 
determined by the eigenvalues of the 3x3 matrix on the r.h.s. of (12). These 
are found by solving the characteristic equation 

+ 5u/ -uj-5 + 2x^N = Q, (13) 



which has complex solutions provided that 



X^N> 



(3 + gjl ^27. 



(14) 



When the condition (14) is satisfied, the system is unstable and the three 
fields initially exhibit exponential growth. This growth will of course be 
arrested by saturation effects in the nonlinear regime. In the case where 
X^IV |(5|^ the rate of exponential growth is well approximated by 

T = V3(x"iV/4)i/3, (15) 



which shows that the growth scales as the cube root of the atomic density. The 
presence of the b^cL term in (11) describes the creation of correlated atom- 
photon pairs, and is analogous to the term found in the optical parametric 
amplifier [7] which describes the generation of correlated photon pairs. The 
instability is strongest in the vicinity of S = —1, where the generation of 
atom-photon pairs conserves energy, allowing the efficient transfer of atoms 
from the condensate into the — K side mode. The transfer of atoms into the 
-|-K side mode does not conserve energy, and hence the population of this 
mode remains negligible compared to the populations of the other two modes. 
If we do not include this mode in our model, however, we would fail to predict 
the dependence of the gain. 

It is straightforward to compute the intensities of the three modes in the 
case where they each begin in the vacuum state. We find 



Ni = {b'^b) = |ai2(r)p, 


(16) 


N 2 = (cLc_) = |a 22 (r)P - 1, 


(17) 



and 



Ns = (c)^c+) = |a32(r)P, 



(18) 
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where 

3 

= X! (19) 

k^l 

Here Wfc is the fcth eigenvalue of the 3x3 system, and the elements Uik 
comprise the matrix U whose columns are the corresponding eigenvectors. 
Equations (16-18) show that even vacuum fluctuations in the atomic density 
and in the electric held are sufficient to trigger the instability, resulting in 
spontaneous parametric amplification of the atomic and optical fields. 

3.2 Entanglement Between Atomic and Optical Fields 

One of the most interesting applications of the optical parametric amplifier is 
the generation of entangled quantum optical states. A similar entanglement 
occurs in the present system, only now it is between atomic and optical held 
modes. A useful measure of quantum entanglement is the second-order equal- 
time intensity correlation function, defined as 

(2) ^ (iV.jV,)-%(A.) 

mm 

These two-mode correlation functions {i yf j) arise, e.g., if we consider a 
measurement of the intensity difference between two modes, described by the 
operator 

N,j = N,-Nj, (21) 

whose variance is given by 

= {AN^f - 2N,N, - l) + (AN,f . (22) 

(2) 

For uncorrelated fields, = 1, and we have the usual rule for the addition 
of uncorrelated noise sources 

{ANijf = {AN,f + {AN^f . (23) 

If, however, there are correlations between the fluctuations in the intensities 

('2') 

of the two modes, then we have g\^ > 1, and the variance ANij will be less 
than that given by (23). 

For classical fields (positive P-function), the two-mode {i yf j) correlations 
are constrained by the Cauchy-Schwartz inequality 
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Quantum mechanical fields, however, can violate this inequality and are in- 
stead constrained by 



2) / 
0 - ■ < 



( 2 ) , 1 
9 a + 



1 1/2 r 



(N^) 



( 2 ) 



1 

W) 



1/2 



(25) 



which reduces to the classical result in the limit of large intensities. When 
triggered from the vacuum, it is readily found that the single-mode corre- 
lation functions are those of thermal fields = 2. In this case the 

cross-correlation functions are found to be 



( 2 ) ( 2 ) 
5 i 2 = 923 = 



2 + 



1 

N1 + N3 



- 1/2 


1 




2 + 




N 2 _ 



1 1/2 



(26) 



and 



( 2 ) 

5i3 



= 2 , 



(27) 



where 1 corresponds to the probe mode, 2 to the — K side mode and 3 to the 
-fK mode. As Ni ^ A 3 we see that the intensity correlations between the 
probe and — K side mode are very close to the maximum allowed by quantum 
mechanics, whereas the other two-mode correlations are considerably more 
classical. 



4 Outlook 

The simplified model of the preceding section used an optical cavity to select 
the probe optical field mode. Recent experiments by W. Ketterle and co- 
workers, however, have demonstrated that under appropriate conditions mode 
selectivity can be achieved without the use of cavities. [21] They observed 
highly directional scattering of pump photons along the long axis of a cigar 
shaped condensate when the pump polarization and wavevector were both 
perpendicular to the condensate axis. The optical mode is therefore selected 
by the condensate geometry, and this results in the build-up of population in 
a condensate side- mode with a single well-defined momentum. 

To see how this works, we note that typical condensates are sufficiently 
localized in space that scattered photons immediately exit the condensate, 
with a negligible cross-section for multiple scattering. Due to photon recoil, 
however, each such scattering event transfers an atom from the condensate 
state into a state which is shifted in momentum space by the two-photon 
recoil momentum, as discussed in the preceding section. The positive feed- 
back which leads to instability and parametric gain is then provided solely 
by the recoiling atoms, which due to their slow velocity remain in the con- 
densate volume long enough to influence the direction of subsequent photon 
scattering. This influence occurs due to bosonic stimulation as the probabil- 
ity that subsequent atoms will recoil in a given direction is proportional to 
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n + 1, where n is the number of atoms which have already recoiled in that 
direction. 

The finite size of the BEG implies that it has a finite extent in momentum 
space as well. This means that two final states shifted by different photon 
recoil momenta may in fact have significant overlap if the directions of the 
scattered photons are within a small enough solid angle. Hence, despite there 
being a continuum of final states that the photon can scatter into, the atoms 
can only recoil into a finite number of distinct quantum states. If the number 
of distinct quantum states into which the atoms are likely to recoil can be 
made small compared to total number of scattered atoms, then certain modes 
will undergo a ‘winner-takes-all’ effect, in which those few modes receive all 
of the atoms due to Bose-stimulation. 

This effect was recently demonstrated by the group of Ketterle at MIT 
[21], where highly directional scattering of light was observed when an off- 
resonant laser was shined on a highly asymmetrical BEG. The asymmetry of 
the condensate results in certain final atomic states having a slightly larger 
gain than others. These states, corresponding to the ‘end-fire’ photon scat- 
tering of Dicke [23] , gain enough of an advantage that all other directions are 
squelched by mode competition. 

In the absence of a “seed” signal, the parametric amplification of the side 
mode builds up from quantum density fluctuations, the atom-optical version 
of “vacuum fluctuations”. Recent experiments at MIT and in Tokyo [16,17] 
have gone one step further and demonstrated phase-coherent matter-wave 
amplification. To demonstrate the phase-preserving nature of the amplifica- 
tion, it was necessary to amplify an injected signal with known properties. 
In the experiments just reported, this seed was generated by exposing the 
condensate to a pulsed optical standing wave that transferred atoms into the 
appropriate side mode. The phase of the amplified signal was then determined 
with an atom interferometer, using a second matter wave derived from the 
condensate as the reference beam. 

Since coherent amplification is an essential element of many proposed ap- 
plications of atom optics, just as it is central to electronics and optics, this 
work is likely to have a major impact in the future development of the field. 
Potential applications include sensors, precision measurements and lithog- 
raphy. The combination of atom lasers and coherent matter-wave amplifiers 
will provide exciting new possibilities for atom optics, both pure and applied. 
In addition, these new techniques will allow atom opticians to perform many 
experiments on the fundamentals of quantum theory that currently are only 
possible with photons. 
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Quantum and QED Effects on Reflection 
from an Atomic Mirror 



Bilha Segev 



Summary. I review recent work on the evanescent wave atomic mirror [B. Segev, 
R. Cote, and M.G. Raizen, PRA 56 , R3350 (1997); R. Cote, B. Segev, and M.G. 
Raizen, PRA 58 , 3999 (1998)] in which we demonstrated that reflection of cold 
sodinm atoms from such a mirror is expected to exhibit both quantum and quantum- 
electrodynamic (QED) effects. I then present a new phase-space wave-packet anal- 
ysis of the time dependent reflection process. The time dependent distribution of 
cold atoms reflected from an atomic mirror can be used to probe the effective po- 
tential of the ‘mirror’. 



1 Introduction 

Recent work in atom-optics has emphasized, on the one hand, the need 
to develop elements, like mirrors and lenses, for the coherent manipulation 
of atomic matter waves [1]. On the other hand, the experimental progress 
brought about the ability to cool and launch atoms with extremely low and 
well defined velocities [2-4]. 

The evanescent-wave atomic mirror is a useful tool for reflecting coherent 
matter- waves. By measuring the flux and distribution of the reflected atoms, 
quantum and quantum-electrodynamic (QED) effects would be probed [5,6]. 
Among Dan Walls’ contributions to the field of atom-optics, his seminal 
work on the position measurement of moving atoms should be mentioned 
in this context [7-10]. Definition and previous work on the evanescent-wave 
atomic mirror are presented in Sect. 2. Predictions of QED regarding the 
atom-surface long-range interaction that could be studied with this system, 
are discussed in Sect. 3. Atoms incident on the evanescent- wave atomic mirror 
see an effective potential barrier which is a combination of a light induced re- 
pulsive potential and the attractive atom-wall interaction. The fundamental 
quantum processes of tunneling and above-barrier reflection from this bar- 
rier could be studied. In Sects. 4 and 5 time-independent and time-dependent 
aspects of the quantum reflection are discussed, respectively. Conclusions are 
presented in Sect. 6. 
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2 The Evanescent- Wave Atomic Mirror 

An evanescent-wave atomic mirror is obtained when blue-detuned laser light 
undergoes total internal reflection inside a dielectric prism. The exponentially 
declining evanescent light held outside the surface of the prism creates an 
effective repulsive optical potential for incident cold atoms. The reflecting 
force is the induced atom-laser dipole interaction. For large detuning the 
dipole force dominates the atom-laser interaction and the optical potential 
reduces to a simple form: 

large <5 . 

Fdipole f 4(5 ’ ^ 

with (X I cP where / is the laser intensity and d is the atomic dipole. The 
dipole potential is proportional to the intensity of the laser and inversely 
proportional to detuning. The dipole force can be attractive or repulsive, 
according to the sign of the detuning. For red detuning, <5 < 0, and the 
atom is attracted by high intensity, in accordance with the classical intuition 
for a dipole in a held. However, for blue detuning, <5 > 0, and the atom is 
repelled by high intensity. This repulsion is the reflecting force used in the 
evanescent- wave atomic mirror. 

Such an electromagnetic mirror for neutral atoms was first suggested by 
Cook and Hill in 1982 [11], and realized experimentally by Balykin et al. [12]. 
Normal incidence reflection in the form of an atomic “trampoline” has also 
been demonstrated [13,14]. Experimental applications of the evanescent-wave 
mirror already include a variety of studies. It was recently incorporated into 
an atomic interferometer [15]. The phase-shift of the reflected laser beam 
can be used to detect the passage of a cloud of atoms without destroying the 
coherence of the reflection [16]. Experiments with a time-dependent mirror, 
in which the potential changes rapidly and continuously by controlled modu- 
lation of the intensity of the laser light, were performed [17]. The penetration 
depth and wave vector of the evanescent electromagnetic waves were studied 
using on resonance laser atomic spectroscopy [18]. Atom guiding using evanes- 
cent waves in small hollow optical fibers was demonstrated [19-21], and an 
interferometric approach to the van der Waals interactions in atomic mirrors 
was suggested [22]. Transmission grating diffraction of molecular beams was 
recently used to measure atom-surface van der Waals potentials [23]. Other 
recent related works can be found in [24-29]. 

3 Retardation Effects on the Potential Curves 

The interaction between an atom and a dielectric or conducting wall has 
been investigated theoretically and experimentally [30-42] . Theoretical stud- 
ies have been performed at different levels, from a simple model of a dipole- 
dipole interaction of the atom and its mirror image, to the full QED rela- 
tivistic quantum treatment. 
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The simplest model for the interaction of a ground state atom and a wall 
of dielectric constant considers the interaction between a dipole d and its 
mirror image and gives the Lennard-Jones potential 



Vlj 



/(i^fi) + 2(di)\ _3 ^ 

+ 1 J y 647 T£o J ^ 



(2) 



where 2 ; is the distance between the atom and the surface, (d^|) and {d“]_) are 
the expectation values of the squared dipole parallel and perpendicular to the 
surface, and n is the index of refraction of the dielectric [30]. This expression 
for the potential is approximately valid for constant n and small z. 

Taking into account retardation effects, the Casimir-Polder potential is 
obtained where the finite propagation time between the dipole and its image 
results in a different asymptotic behavior: lim^-^oo Vcp{z) oc [31]. 

The complete QED treatment gives 

3 poo poo 

VQED(^) = -^y^ dpe-'^^^P°‘({p,n^) , (3) 

where 

rtp, ^ n _ - "’y (4) 

\/n^ — 1 + + p — 1 + + nPp 

and d(i^) is the dynamic dipole polarizability function [32]. 

Reflection from an atomic mirror in the classical regime was used to mea- 
sure the van der Waals force between a dielectric surface and an atom in its 
ground state [39] . We have shown that retardation effects on the atom surface 
potential could be observed by measuring the reflection flux while gradually 
changing the intensity of the laser, provided the atoms are cold enough and 
the mirror is homogeneous enough [5,6]. 

The exponentially decaying optical potential and the attractive atom- 
wall interaction add up to generate an effective potential barrier. It is given 
by one of the following two formulas, which, respectively, neglect retardation 
effects or take them into account. 



cm 

Koret(-2) = Coexp( 2kz) ^ , 


( 5 ) 


Cexact(2:) = Cq exp(-2Kz) Eqed(^) , 


( 6 ) 



where Co and k depend on the parameters of the mirror. 

By calculating and comparing reflection probabilities from the two bar- 
riers, we have shown that the long range (Casimir) interactions due to re- 
tardation have in this case an observable effect on the quantum reflection 
probabilities and that the classically-forbidden above-barrier reflection is 
particularly sensitive to details of the atom-surface potential. If measured, 
this would constitute a low energy experimental signature of QED effects, 
and would supplement recent different measurements of the Casimir forces. 
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4 Above Barrier Reflection 



Cote, Raizen, and I have shown that cold atoms incident on an evanescent- 
wave atomic mirror with sufficiently small velocities, (e.g. 10 cm/s for sodium 
atoms), will exhibit quantum dynamics: tunneling and over-barrier reflection 
[5,6]. We predicted an S'-shaped probability curve, which is typical of quan- 
tum behavior, for the fraction of reflected atoms as a function of the logarithm 
of the laser intensity, and suggested a way to measure it by minimizing the 
variation of the intensity across the atomic mirror. 

Unlike reflection in the classical domain, quantum reflection depends on 
the details of the potential, both at short and large distances. This sensitivity 
and the ability to control the optical potential is what enables to probe the 
atom-wall interaction, including the retardation effects, as discussed in the 
previous section. 

Traditionally, one compares the de Broglie wave length of the particle, 
XdB = 2Trh/mv, with some scale in the potential, say the width of the po- 
tential barrier, to determine if substantial quantum behavior should be ex- 
pected. One can define “badlands” at the regions of space where the Wentzel- 
Kramers-Brillouin (WKB) approximation breaks down [43]. WKB applies 
where the de Broglie wave length varies sufficiently slowly, i.e. 




ca 

dx 



= h 



m dV 
dx 



(7) 



The badlands, are therefore defined as regions of space where this condi- 
tion breaks. According to our analysis, while the under-barrier transmission 
is mostly sensitive to the width and height of the barrier, the over-barrier 
reflection is determined by regions of the potential where the semiclassical 
treatment fails. We have shown that for under barrier energies the badlands 
are centered around the turning points, their height extending to infinity. 
For above barrier energies there are no turning points, but two badlands can 
still be recognized. In this respect the concept of the badlands includes the 
concept of turning points but is more general. Note that close enough to the 
dielectric- vacuum interface there is no badland and WKB applies. It is gen- 
erally true that the quantum reflection effect is enhanced by rapid changes 
in the potential. Thus, by measuring quantum reflection one is probing the 
most rapidly changing region of the potential. In the case of atomic mirrors 
the significant region is in the inner side of the barrier. 

Quantum effects may be used for very sensitive measurements. In the 
classical regime, for example, reflection yields can only be used to identify 
thresholds. In the semiclassical regime, the yields are also sensitive to the 
curvature near the top of the barrier. Quantum reflection probabilities are 
determined by the complete potential curve. 
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5 Reflected Wave Packets 



In the experimental setting of reflection of cold atoms from an evanescent 
wave mirror, it may become possible to measure the time dependence of the 
reflection process in line with the ideas and methods developed by Dan Walls 
and his collaborators [7-10]. 

In a previous research on the problem of time dependence in barrier pen- 
etration [44-46], scattering was considered in phase space, using the Wigner 
representation of quantum mechanics, [47,48] . The insufficiency of semiclassi- 
cal methods (such as WKB) for time-dependent evaluation of classically for- 
bidden processes was demonstrated. Analytic results were obtained for the 
probability distribution of the transmitted particles, and a solution to the 
long lasting controversy regarding the definition, calculation, and measure- 
ment of the tunneling time, emphasizing the effect of causality on the particle 
propagation, was obtained. The mathematical methods, and the physical in- 
sight into quantum dynamics that was gained, are applicable more generally, 
and will be applied here to the reflected wave packet. 

The asymptotic solution to the stationary Schrodinger equation for a par- 
ticle with mass m and momentum k, e.g. a sodium atom, incident on a one 
dimensional potential barrier, is given in terms of the transmission and re- 
flection amplitudes, A{k) and B{k) respectively, 

4)k{q) = A{k) e'^'^ for q — >• -|-oo (8) 

= B{k) -k e*'=« for q ^ -oo . 

We assume reflection from a symmetric barrier. The generalization to non- 
symmetric barriers is straightforward. 

The Wigner representation of quantum mechanics can then be used in 
order to obtain the time dependent evolution of the atoms. The Wigner 
phase-space representation of quantum mechanics, has several advantages. 
Both coordinate and momentum are considered at once without violating 
Heisenberg uncertainty relations. Both pure and mixed initial states can be 
considered, and analogies to classical distributions can be used to empha- 
size purely quantum effects. The particle initial state at t = 0 is given in 
phase space by its Wigner quasi-distribution go{q,p) with the initial coordi- 
nate and momentum expectation values, {Qo, Pq), and the initial dispersions, 
(Aqo,Apo). 

When there is no potential the particle state at a latter time t is given by 
the free propagation of its initial state: 

g{{q,p) = Qo{q-tp/m,p) . (9) 

The time-dependent coordinate probability distribution of the free particle 
is given by: 

/ OO 

dp g({q,p) , 

-OO 



( 10 ) 
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and the first momentum moment of the free particle quasi-distribution pro- 
jected into coordinate space is given by: 

1 

M{{q)=-J dp{p- Po)g{{q,p) . (11) 

The probability of finding a reflected particle at the time t at the coordi- 
nate q can be expressed in terms of the following transform over the initial 
phase-space quasi-distribution go{q,p) and the complex reflection coefficient 
B{k): 

1 PCX) PCX) PCX) 

'PP{q) = 7 ^ / dp / dr daexp[iar/h] (12) 

Zirri J _QQ J _oo J —cx) 

xB{p - a/2)B{-p - a/2)go{-q + tp/m + r, -p) , 



where the time t was assumed large enough for the reflected and transmitted 
wave packets not to overlap [45], and use was made of the identity B{p) = 
B{—p) [44]. A similar expression was used to obtain the transmitted wave 
packets coordinate distribution [46]. 

The time dependent transmitted and reflected coordinate distributions are 
sensitive to the phase shifts of the respective amplitudes. Yet, the definition 
of the phase of the reflection amplitude is ambiguous. It is different for differ- 
ent choices of the point <7 = 0. Under the translation V{q) — >■ V{q — d), the 
reflection amplitude changes its phase Bo{p) — >■ Bd{p) = Bo{p) exp{—2ipd) . 
Physical observables, while sometimes sensitive to the phase, must be in- 
variant to this translation. One can verify that the coordinate probability 
distribution is indeed invariant to translations by re-defining the integration 
variable r. 






dp 



dr / dcrexp[iar//i] 



xBq{p - a/2)Bo{-p - a/2)go{-q + tp/m + r, -p) 

^ PCX) PCX) PCX) 

= —— / dp dr dcrexp[i(Tr//i] 

2Trn J-oo J-oo 

xBd{p - a/2)Bd{-p - a/2)go{2d - q + tp/m + r, -p) . 



(13) 

(14) 



The coordinate probability distribution does not depend on the choice of the 
point <7 = 0. For different choices the amplitude would have different phases 
but the coordinate reflection in the argument of the quasi-distribution would 
be with respect to different reflection points. Bd{k) is the reflection amplitude 
with the correct phase shift for the reflection point at d. V^{q) is invariant to 
the choice of d because one can not distinguish reflection from a given point 
with a given phase shift from reflection from another point with a different 
phase shift. 
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Expanding go{2d — q + tp/m + r, —p) in powers of r around r = 0 and 
using the definition of the Dirac 6 function and its derivatives, 



1 

<5(")(cr) = — — / drexp[iar/h](ir/h) 
27tR 

one gets 

(in)" 



rf(q) = ^ 



dp 



— ) go(2d-q + tp/m, -p) 



/ OO 

da5^"\a)Bd(p - a/2)Ba(-p - ct/2) 

-OO 

/ OO 

dp |Sd(-p)p go(2d -q + tp/m, -p) 

-OO 

/ OO 

dp |Bd(-p)p 

-OO 



daigBd(p) d 
dp dq 



(15) 



(16) 



(17) 



go(2d- q + tp/m,-p) 



Higher order terms involve higher coordinate-derivatives of the initial quasi- 
distribution and higher momentum-derivatives of the amplitude. Assuming 
that the initial state had a well defined momentum, with a small dispersion, 
one gets to first order in Apo/Po, 

/ OO 

dp go(2d- q + tp/m,-p) (18) 

-OO 

, d\B(Po)\^ r ^ / 

H ^ / dp (p- Po) go(2d- q + tp/m,-p) 

C'-ro J-ao 

+ n |Hd(-Po)P ^ ® + tp/m, -p) . 



The third term vanishes for the choice d = D where D is defined by: 

3.rgBo(Po) ^ ^ 
dPo 

Thus, the coordinate distribution of reflected atoms is given, for a narrow 
initial momentum distribution and to first order in Ap^/Pg, by 



Pf (g) = |P(Po)P \r{ (2D -q)+ 26 M/ (2D - q) 



(20) 



where 

( 21 ) 

OP'q 

5 is negative if the reflection probability decreases with increasing energies. 
The dispersion term 25M( (2D — q) is the leading-order correction to mirror- 
like reflection. The phase shift is taken into account by choosing the effective 
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reflection point D, 

9arg Bq{Po) 
dPo 



2D = h 



(22) 



Note that the expansion of go around r = 0 is only appropriate when 
the reflection is a direct process and there are no resonances or recurrences. 
This is consistent with the assumption of perfect sticking for atoms that have 
crossed the barrier. 

In the specific case of a Gaussian initial quasi-distribution, 



00(9 ,^) = (27tZ\po^9o) ^exp 



(23) 



{p-PoY {q-Qo? - 
2{ApoY 2{AqoY _ 

ApoAqo > h/2, and the peak of the reflected wave packet is at the time t at: 

2s Aq 



Qmax = 2D -Qo- tPo/m + 



Aq+ a/(2s) 2 -h {AqY ’ 



(24) 



where Aq is the width of the freely propagating coordinate distribution and 
s is proportional to the time, 



Aq = a / {AqoY + {tApo/mY , 

_ fYApoY' 

For short propagation times, s < Aq 
Qmax ^ 2D -Qo + tPR/m , 
and the velocity of the peak is shifted: 
2 ain|B(Po)|" 



dPo 



Pr = -Po - (^Po) 

For s > Aq, 

Qmax ~2D-Qo- tPo/m + Aq . 



(25) 

(26) 

(27) 

(28) 
(29) 



The shift in the peak is bounded by the width of the freely propagating wave 
packet. The propagation of any other initial wave packet can be studied in a 
similar way. 



6 Conclusions 

Some theoretical fundamental aspects of the atom-mirror and future molecule- 
mirror interaction remain to be studied. 

The theoretical analysis usually employed is divided into two steps. First, 
the effective potential is found, and second, the time evolution of the particle 
in this potential is analyzed. Note the apparent contradiction between the 




134 Bilha Segev 



two steps. The internal structure of the atom is essential for the evaluation 
of the potential curves in the first step. In general, an effective potential for 
an atom or a molecule is the result of changes to its internal structure. In the 
second step, however, after a potential curve has been determined, one solves 
for the dynamics i.e. for the time evolution of the particle in the given poten- 
tial, treating the atom as a pointlike structureless particle. The disregard of 
the internal structure of the atom, at the second step of the calculation is jus- 
tified by the assumption that actual changes to this internal structure can be 
neglected, while the space dependence of the effective potentials is the result 
of virtual, not actual, transitions. For optical potentials, for example, this 
amounts to neglecting spontaneous emission. This approximation is mean- 
ingful only in the large detuning regime. Recent experiments demonstrate 
and emphasize the entanglement between internal and external degrees of 
freedom in atom optics. Observed effects that go beyond the two level model 
include state-selective properties of the reflection [12,49], cooling during the 
reflection through a spontaneous Raman transition between two hyperfine 
levels [21], and in general, an interplay between internal state transitions and 
the center of mass motion [50]. 

It is not trivial to find observables that explicitly exhibit QED effects. 
We have shown that the long range (Casimir) interactions due to retardation 
may have an observable effect on the quantum reflection probabilities from 
evanescent waves atomic mirrors, as the above-barrier, classically forbidden 
reflection is particularly sensitive to details of the atom-surface potential 
[5,6]. Identifying and using parameters in the quantum regime, i.e. looking 
for experiments that cannot be described by semiclassical approximations, is a 
promising new way to study long-range and short-range atom-surface inter- 
actions. Casimir and retardation potential for a cold atom or a cold molecule 
and dielectric surfaces of different geometries, multilayered dielectrics, metal- 
lic surfaces, and temperature effects on the potentials, remains to be studied. 

Finally, a phase-space approach for analyzing the time-dependence of 
reflected wave packets was considered. Some specific properties of this phase- 
space wave packet approach, such as the proper inclusion of dispersion and 
the insensitivity to the choice of an initial state, could make it particularly 
useful for analyzing present and future atom-optics experiments. 
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Atom Wave Lithography 

via Adiabatic Passage in Multilevel Systems 



Yuri Rozhdestvensky and Lev Plimak 



1 Introduction 

Atom optics [1] seeks to study phenomena associated with the wave nature 
of matter. In recent years, several versions of atom interferometers have been 
demonstrated [2-4], and a variety of precision measurements utilising atom- 
interferometry techniques have been performed [5,6]. In a search for an ef- 
ficient robust wide-angle atomic beam-splitter, a number of schemes based 
on the well-known effect of coherent population transfer (aka adiabatic pas- 
sage, aka STIRAP) have been implemented [7,8], following the proposal by 
Marte and Zoller [3]. (For a general discussion of STIRAP see [9].) Chu and 
co-authors [4] demonstrated that employing experimental techniques based 
on STIRAP, the initial momentum splitting can be scaled up orders of mag- 
nitude. 

Atom interferometry may have an important technological application 
as atom lithography [5], which consists of depositing an atomic interference 
pattern on a substrate to create a periodical structure. To this end, one should 
prepare a wave packet consisting of two coherent momentum components of 
the same internal atomic state. As to our knowledge, this problem has so 
far not had a satisfactory solution. Methods like scattering cold atoms on a 
periodic microfabricated structure [5] convert only a small fraction of atoms 
in the superposition state sought, and hence require additional atomic-state 
selection. Atomic beam splitters (e.g. that demonstrated by Bergmann in Ref. 
[8]) typically produce atoms in a coherent superposition of different internal 
atomic states which does not yield a spatial interference pattern. 

To utilize experimental advances of atom interferometry in atom-wave 
lithography, a coherent superposition of momentum components of different 
states should be converted into that within a single atomic state. The idea 
we are exploring in this paper is to use an adiabatic-passage sequence which 
is in a certain sense inverted compared to that leading to the superposition 
of different states. This naive idea does not work exactly as expected: First, 
atoms end in a superposition of different internal states, with two momen- 
tum components in each; interference patterns due to different states cancel 
each other. Second, the process we observe (via numerical simulations) is not 
STIRAP proper; in particular, substantial population of the excited state 
is created. The good news, however, is that by fine-tuning the amplitudes 
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of laser pulses, the fraction of atoms ending in the excited states can be 
reduced to less than one and a half percent. Furthermore, interference pat- 
terns coming from different internal states move relative to each other. Then, 
by simply allowing the atomic wave packet to propagate freely, a revival of 
interference is achieved. As a result, a quality spatial interference pattern 
may be obtained without atomic-state selection, by just properly locating 
the substrate. This simplicity might outweigh drawbacks connected with the 
intermediate population in excited states. 

To be specific, we imply a Gedanken experiment which follows, as close as 
possible, experimental conditions in the work by Bergmann and co-authors 
[8]. In that paper, adiabatic passage was shown to coherently split popula- 
tion between a number of lower atomic states coupled to a common excited 
state (a “tripod” configuration). The reason we have chosen this situation is 
robustness of the tripod scheme, and the fact that the initial splitting may 
be scaled up by applying Chu’s technique to either of the A’s comprising 
the tripod (see Fig. 1). At the same time the idea we are exploring is quite 
general and is not confined to the experimental conditions of Ref. [8] . 

2 Adiabatic Passage in an M Confignration 

In the experiment [8], a beam of metastable Ne atoms in the (2p^3s) 
state propagating along x axis was incident on a combination of three laser 
beams: A pair of cr'*' and CT“-polarized beams counter-propagating along z 
axis, and a 7r-polarized beam propagating along y axis. The 7r-polarised beam 
was tuned to the (2p^3s) ^Po~{2p^3p) ^Pi transition, while the cr-polarised 
beams were tuned to the (2p^3s) ^ P2~{2p^3p) ^P\ transition, see Fig. 1. As 
illustrated in this Figure, selection rules confine the set of interacting mag- 
netic sublevels to a tripod configuration. Further, the interaction of an atom 
with the TT-polarized beam was delayed by shifting the latter along the x 
axis. An atom thus saw a synchronous pair of cr-polarised pulses overlapping 
with a delayed rr-polarised pulse. This pulse sequence put an atom into a 
coherent combination of the ^P 2 ^ M = -|-1, and ^P 2 , M = —1, Zeeman states, 
with a momentum splitting of 2hk„. and denote the wave vectors of, 
respectively, the a and rr-polarised optical fields.) In this paper, we consider 
an M configuration with 3 lower states (1,2 and 3) and two excited states (4 
and 5), shown schematically in Fig. 2. Figure 1 illustrates how the schematic 
level diagram, Fig. 2, may be implemented as the actual M configuration of 
magnetic sublevels. Namely, the cr-polarised beams should be tuned to the 
^Pq-^Pi transition, and the rr-polarised beam — to the ^P 2 ~^Pi transition. 
Note that this leaves freedom in the direction of propagation of the laser 
beams, and hence freedom in momenta passed to atoms. 

In the M configuration, the same splitting effect may be achieved as in the 
tripod configuration, if the cr-polarised pulses acting on the ‘inner’ transitions 
1-4 and 1-5 are delayed relative to the rr-polarised pulse (or pulses) acting 
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Fig. 1. The M scheme re- 
alised on magnetic sublevels of 

Q 

Pg Ne. The corresponding transi- 
tions are drawn in solid lines. 
Dashed lines show transitions 
^P^ comprising Bergmann’s tri- 
pod scheme [8]. 
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Fig. 2. Schematic diagram of 
the M configuration 



on the ‘outer’ transitions 2-4 and 3-5. So we consider, for simplicity, the M 
configuration on both splitting and combining stages. Assume, to start with, 
that the incident atomic beam has a zero transverse momentum component 
(Pj_ = 0). After interaction with the optical pulses, the coherent components 
in states 2 and 3 will have transverse momenta, p± = ?i(— fc,r ± k^)- Swap- 
ping the time order of the pulses acting on the ‘inner’ and ‘outer’ transitions, 
this combination can be transferred back into state 1 with transverse momen- 
tum zero. This is the general property of reversibility of adiabatic passage. 
However, consider what happens if on the top of swapping the time order, 
one also swaps polarizations of the a-polarized beams. The aforementioned 
components in the states 2 and 3 are then ‘routed’ into two coherent mo- 
mentum components of the state 1, with p± = i:2hk„ (we stress similarity 
between this point and Chu’s techniques [4]). That is, the final atomic state 
should contain a coherent combination of two momentum components of the 
same internal state 1. 

Following these initial considerations, the system in Fig. 2 was simulated 
numerically in the Raman-Nath approximation. Interaction of atoms with the 
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optical fields was treated in a dipole approximation. Spontaneous processes 
were neglected. The laser beams were regarded as running plain waves, on 
resonance for atoms with p± = 0. Time dependence of the Rabi frequencies 
of the optical fields was as follows, (cf also Fig. 5) 

( 1 ) 

(2) 

(3) 

= (4) 

Here, and are, respectively, pulses of the first sequence (split- 

ting 1 — >• 2 -h 3) and of the second sequence (combining 2 -h 3 — >■ 1). The 
times and determine overall positioning of the first and second pulse 
sequences in time, Td is the time delay within a sequence, and f2o and At are 
the Rabi frequency and duration of an individual pulse. In our simulations we 
assumed that ^2^) = 200, and the time parameters were as follows: At = 0.075, 
Td = .1, and = .45, cf Fig. 5. Note that in the Raman-Nath ap- 

proximation the presence of the y component (brought in by the 7r-polarised 
pulses) is irrelevant. Our simulations could therefore be confined to ID. The 
initial wave function of state 1 was assumed to be, '4’i{p) oc e“^ , where 

Ap = 0.2hk and p = Pz is the 2 component of the atomic momentum (brought 
in by the cr-polarised pulses). 

Results of the simulation with this set of parameters are shown in Figs. 3- 
5. We see that approximately 50% of the total population is indeed transferred 
into a coherent superposition of momentum components of state 1 centred 
at Pz = ±2hk. At the same time, the ‘combining’ stage is very far from the 
adiabatic passage proper. What is observed is pronounced Rabi oscillations 
between the levels, with substantial intermediate population of excited atomic 
states. Even worse, a large fraction (another 50%) of atoms end in the excited 
states. 

As to the final excited-state population, below it is shown that a sim- 
ple cure exists for this problem. Then, intermediate excited-state population 
may be taken care of by confining optical pulse durations to a nanosecond 
region, which does not appear a fundamental problem. Importantly, the loss 
of spectral resolution associated with short pulses is of no concern, because 
the magnetic sublevels comprising the M configuration (cf Fig. 1) are resolved 
based solely on selection rules. 

It is worthy of stressing that no population in excited states exists on the 
splitting stage and between the splitting and combining stages. That is, the 
splitting stage may in principle follow the experimental design of Ref. [8], 
and only the combining stage should be based on optical-pulse techniques. 
However, we do not try to design a real experiment utilising pulsed optical 
fields, leaving this point open to discussion. 
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Fig. 3. Results of the numerical simulation assuming all pulse amplitudes are equal: 
time dependence of the level populations Uk, k = Solid line: ni; dashed 

line: U 2 + ns; dash-dotted line: ri 4 -|- ns; dotted line: ni -|- n .2 -f ns -I- U 4 -|- ns 




Fig. 4. Results of the numerical simulation assuming all pulse amplitudes are equal: 
the final distribution over the « component of the atomic momentum, normalised 
to a unity maximum of the initial distribution. Note that a momentum component 
at pz = —3hk exists in two states, 2 and 4. To show them separately, we repeat the 
abscissa region [-3.5 -2.5] twice, each time marking its centre as -3. Other momentum 
components are shown in a similar way. The states to which they correspond are 
shown on the top of the graph 
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Fig. 5. Time dependence of the atomic momentum distribution, assuming all pulse 
amplitudes are equal. Refer to Fig. 4 to attribute different momentum components 
to the levels. Synchronisation of the laser pulses is shown on the axes box wall as 
a guide to the eye. The initial distribution was arbitrarily normalized to a unity 
maximum, and only values of n(p) > 10“® were retained 



3 Optimisation of Pulse Amplitudes 

As was already noted, on the combining stage the system undergoes Rabi 
oscillations (cf Figs. 3 and 5). The final distribution of atoms over levels 
should strongly depend on the frequency of these oscillations and hence on 
pulse amplitudes. This led us into the idea to ‘tune’ the amplitudes so as 
to minimise the fraction of atoms transferred into the excited states. The 
amplitude of the second 7r-polarised pulse in the sequence (1-4) was made a 
variable parameter, 

(5) 

Simulations were then run repeatedly looking for a minimum in the final pop- 
ulation of excited states. For k < 1, this minimum was achieved at k « 0.238. 
It corresponds to approximately 1.4% of the total population transferred into 
the excited states. Results of the simulation with the optimised set of param- 
eters may be seen in Figs. 6 and 7. We see that the fraction of atoms ending 
in the state sought remains close to 50%. An approximately equal fraction of 
atoms end in states 2 and 3. 
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Fig. 6. Resnlts of the numerical simulation with optimised pulse amplitudes: time 
dependence of the level populations n^, k = Solid line: ni; dashed line: 

ri 2 + ns; dash-dotted line: n 4 + ns; dotted line: ni -\- n 2 + nz -\- n^ -\- ns- 




Fig. 7. Results of the numerical simulation with optimised pulse amplitudes: the 
final distribution over the « component of the atomic momentum, normalised to a 
unity maximum of the initial distribution. Note that a momentum component at 
Pz = —2>hk exists in two states, 2 and 4. To show them separately, we repeat the 
abscissa region [-3.5 -2.5] twice, each time marking its centre as -3. Other momentum 
components are shown in a similar way. The states to which they correspond are 
shown on the top of the graph. 
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4 Revival of Interference 



Consider in more detail the momentum structure of the atomic wave packet 
obtained via the ‘optimised’ pulse sequence. Neglecting the minor fraction 
of atoms ending in excited states, each of the states 1, 2 and 3 has two 
momentum components. They are centered, respectively, at p± = ±2hk„, 
p± = ±2hk„ — h{kT^ + kcr), and p± = ±2hk„ — h{kT^ — k„). Each state 
thus produces an interference pattern with a period (along z) of A/4, where 
A = 27 r/k is the optical wavelength. However the components of state 1 
are in phase, whereas those of states 2 and 3 — in counterphase. As a result, 
interference patterns coming from state 1 and from states 2 and 3 are tt out 
of phase and cancel each other (Fig. 8). 

Nevertheless, consider what happens if the atom wave packet were simply 
allowed to propagate freely. Atoms in state 1 have an average transverse 
velocity equal to zero. The interference pattern due to state 1 thus stays in 
place (relative to the atomic beam axis) . Atoms in states 2 and 3 have average 
transverse velocities in the z direction equal to ±ur, where wr = hk/m 
is the recoil velocity and m is the atomic mass. The interference patterns 
due to states 2 and 3 thus slide along the z axis with velocities ±ur. After 
trev = A/(8 ur), all three interference patterns turn out to be in phase, and a 
revival of interference is observed. How complete this revival is, depends on 
the initial collimation of the atomic beam. For a perfect revival, the spatial 
separation of the momentum components of each state, duRtrev, should stay 
small compared to the transverse coherence length of the wave packet, h/ Ap, 
where Ap is the transverse momentum spread. This yields. 



Ap < 



hk 

7T 



(6) 



In [8], Ap ~ OAhk, which is fairly close to the collimation needed. 

Figure 8 shows the revival of the interference pattern calculated with 
Ap = 0.2hk, assuming values as for the ^P 2 -^P\ transition in Ne employed in 
[8]: R= hk"^ /2m-f « 3-10“^ and trev = Tr/(8i?7) « 2.5 psec, where 7 « 5x 
sec is the lifetime of the exited atomic state. It is evident from the Figure 
that the collimation of 0.2hk suffices for purposes of initial demonstration. 



5 Conclusion 

Although the ‘first-split-then-combine’ optical pulse sequence in the M scheme 
does not exactly lead to a coherent superposition of momentum components 
of a single internal state, the resulting atomic state has all the necessary 
properties for atom-wave lithography. A high-visibility spatial interference 
pattern, utilising nearly 100% of the initial atomic-beam intensity, may be 
created by purely optical means, without the need to separate atoms in dif- 
ferent internal states. Among drawbacks of the scheme, the major one is a 
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Fig. 8. Spatial distribution along z axis of the atomic density (arbitrary units) at 
t = 0, showing no interference (solid line), and revival of interference after free 
propagation time t = trev (dashed line), for Ap = 0.2hk and other conditions as in 
Ref. [8] 



substantial intermediate population of the optically excited states, forcing one 
to opt for nanosecond pulse durations. Further improvement of the scheme 
may be sought by fine tuning pulse shapes as well as amplitudes, employing 
the optimal control theory [10]. One could, e.g., try to reduce population of 
the excited states on the combining stage. This will be subject to further 
investigation. 
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Qudit Entanglement 



P. Rungta, W.J. Munro, K. Nemoto, P. Deuar, G.J. Milburn, and 
C.M. Caves 



Summary. We consider the separability of various joint states of D-dimensional 
quantum systems, which we call “qudits.” We derive two main results: (i) the 
separability condition for a two-qudit state that is a mixture of the maximally 
mixed state and a maximally entangled state; (ii) lower and upper bounds on the 
size of the neighborhood of separable states surrounding the maximally mixed state 
for N qudits. 



1 Introduction 

One of the distinguishing features of quantum mechanics, not found in clas- 
sical physics, is the possibility of entanglement between subsystems. It lies 
at the core of many applications in the emerging field of quantum informa- 
tion science [1], such as quantum teleportation [2] and quantum error cor- 
rection [3,4]. Entanglement is a distinctly quantum-mechanical correlation 
between subsystems, which cannot be created by actions on each subsystem 
separately; moreover, correlations between subsystem measurements on an 
entangled composite system cannot be explained in terms of correlations be- 
tween local classical properties inherent in the subsystems. Thus one often 
says that an entangled composite system is nonseparable. Formally, the state 
of a composite system, pure or mixed, is separable if the state has an en- 
semble decomposition in terms of product states. A separable state has no 
quantum entanglement, and a nonseparable state is entangled. Though the 
nonclassical nature of quantum entanglement has been recognized for many 
years [5,6], only recently has considerable attention been focused on trying 
to understand and characterize its properties precisely. 

This paper focuses on the question of whether various joint quantum 
states of D-dimensional quantum systems are entangled. For convenience, we 
call a D-dimensional quantum system a “qudit,” by analogy with the name 
“qubit” for D = 2 and “qutrit” for D = 3. We now have a general method for 
quantifying the degree of entanglement of a pair of qubits [7], and we have 
a criterion, the partial transposition condition of Peres [8] , which determines 
whether a general state of two qubits is entangled and whether a general state 
of a qubit and a qutrit is entangled [9]. The partial-transposition condition 
fails, however, to provide a criterion for entanglement in other cases, where 
the constituents have higher Hilbert-space dimensions [10,11] or where there 
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are more than two constituents. Indeed, at present there is no general criterion 
for determining whether the joint state of N qudits is entangled, nor is there 
any general way to quantify the degree of entanglement if such a state is 
known to be entangled. 

In Sect. 2 we review an operator representation of qudit states, which is 
applied in Sect. 3, where we consider states of two qudits that are a mixture 
of the maximally mixed state and a maximally entangled state. We show 
that such states are separable if and only if the probability for the maximally 
entangled state in the mixture does not exceed 1/(1 + Z?). A more general 
result, of which ours is a special case, was first obtained by Vidal and Tarrach 
[12]. In Sect. 4 we consider the separability of mixed states of N qudits near 
the maximally mixed state. We find both lower and upper bounds on the size 
of the neighborhood of separable states around the maximally mixed state. 
Our results generalize and extend the results obtained by Braunstein et al. 
for qubits [13] and by Caves and Milburn for qutrits [14]. Before tackling 
the upper and lower bounds, we present, in Sect. 4.1, various mathematical 
results which are used to obtain the lower bound, but which might prove 
useful in other contexts as well. 



2 Operator Representation of Qudit States 



In this section we review an operator representation of qudit states, analogous 
to the Pauli, or Bloch-sphere, representation for qubits. We begin with the set 
of Hermitian generators of S\J{D); the generators, denoted by Xj, are labeled 
by a Roman index taken from the middle of the alphabet, which takes on 
values j = 1, . . . , — 1. We represent the generators in an orthonormal basis 

|a), labeled by a Roman letter taken from the beginning of the alphabet, 
which takes on values a = 1,. . . ,D. With these conventions the generators 
are given by 




(3) 
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In (2) and (3), the Roman index j stands for the pair of Roman indices, 
ab, whereas in (1), it stands for a single Roman index a. The generators are 
traceless and satisfy 

AjAfc = jj^jk + djkiXi + ■ (4) 

Here and wherever it is convenient throughout this paper, we use the summa- 
tion convention to indicate a sum on repeated indices. The coefficients fjki, 
the structure constants of the Lie group SU(Zl), are given by the commuta- 
tors of the generators and are completely antisymmetric in the three indices. 
The coefficients djki are given by the anti-commutators of the generators and 
are completely symmetric. 

By supplementing the — 1 generators with the operator 

Ao = , (5) 

where I is the unit operator, we obtain a Hermitian operator basis for the 
space of linear operators in the qudit Hilbert space. This is an orthonormal 
basis, satisfying 



tr(AaA/3) = Sa0 ■ (6) 

Here the Greek indices take on the values 0, . . . , — 1; throughout this 

paper, Greek indices take on or more values. Using this orthonormality 
relation, we can invert (l)-(3) to give 



I V/ I ^ 1 

V a(a — 1) 



1 



Any qudit density operator 



<-) 



-(a-i)r,+ ^ rA , 

b—a-\-l / 

, 1 < a < & < n , 

, 1 < a <h < D . 

can be expanded uniquely as 



Q CcK Ack , 



( 7 ) 

( 8 ) 

(9) 



( 10 ) 



where the (real) expansion coefficients are given by 

Ca = Dtr(gXa) . ( 11 ) 

Normalization implies that Cq = VD, so the density operator takes the form 






G^i) — 7^(7 + c • A) . 



D 



( 12 ) 



Here c = cjEj can be regarded as a vector in a — l)-dimensional real 
vector space, spanned by the orthonormal basis ej, and A = Xj£j is an 
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operator-valued vector. If g = |'0)('*/'l is a pure qudit state, then tr(p^) = 1, 
from which it follows that 

|cp = c-c = L»(D-l) . (13) 

We could represent a pure state by a unit vector n = cj D{D — 1) on the 
unit sphere in — 1 dimensions, but in contrast to the situation with the 
Bloch sphere {D = 2), most vectors on this unit sphere do not represent a 
pure state or, indeed, any state at all. 



3 Mixtures of Maximally Mixed 
and Maximally Entangled States 

In this section we deal with two qudits, labeled A and B. We consider a 
class of two-qudit states, specifically mixtures of the maximally mixed state, 
Md 2 = 7(g)//Z)^, with a maximally entangled state, which we can choose to 
be 



1 '^) = ® 1 “^ ■ 

^ a—1 

Such mixtures have the form 
ge = {l-s)MD2+e\^){^\ 
where 0 < e < 1. 



D 



(14) 



(15) 



In analogy to (10), any state g of two qudits can be expanded uniquely 



as 






(16) 



where the expansion coefficients are given by 

Ca/3 = D‘^tr{gXa 0 A/?) , (17) 

with Coo = D determined by normalization. Using (17) or (7)-(9), we can 
find the operator expansion for the maximally entangled state (14): 

/ 

1 






+ D 



n 

a<.b 



r. 



(+) 



ab 



p{+) _ pi-} ^ p(-) 
^ ab ^ ab ^ ^ ab 



(18) 



from which we can read off the expansion coefficients for the state g^ of (15): 



Cjk 



3 = 0, 




(19) 


0, 


j ^ k, 




De , 


j = k=l,...,{D + 2){D-l)/2. 


(20) 


—De , 


j = k = D{D + 2)/2, . . . , - 1. 
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A state of the two qudits is separable if it can be written as an ensemble of 
product states. In this section we show that the mixed state (15) is separable 
if and only if 



£ < 



1 

l + D ■ 



( 21 ) 



Our method is to prove the necessity of the condition (21) by considering the 
restrictions that separability places on the correlation coefficients (20) and 
then to construct an explicit product ensemble when e < 1/(1 + D). Vidal 
and Tarrach [12] found the separability boundary for a mixture of Mjj 2 with 
any pure state by using the partial transpose condition [8] to show that any 
state with e outside the boundary is nonseparable and by constructing an 
explicit product ensemble for states with e within the separability boundary. 
The reason for presenting our more limited proof in this section is, first, 
that our proof of necessity has a nice physical interpretation in terms of the 
correlation coefficients (20) and, second, that the product ensemble we use is 
different from the one used by Vidal and Tarrach. 

The product pure states for two qudits, \\Pa){'>Pa\®\'iI’b){'iPb\^ constitute 
an overcomplete operator basis. Thus we can expand any two-qudit density 
operator in terms of them. 



Q = 



dVAdVBw{iljA,ipB) IV'a)(V'a|®|^b)('0b| ■ 



( 22 ) 



Here the integral for each system runs over all of projective Hilbert space, 
i.e., the space of Hilbert-space rays, and the volume elements dVA and dVs 
are the unitarily invariant integration measures on projective Hilbert space. 
Because of overcompleteness of the pure-state projectors, the expansion func- 
tion w{iPa,'4’b) is not unique. Notice that the expansion coefficients Cap of 
(17) can be written as integrals over the expansion function, 

Cap = j dVAdVs w(^a,V'b) (cA)a(cs)/3 , (23) 

where (ca)q = D {4’ A\^a\4 ’ a) and {cB)a = D{4’B\^a\'4’B) are the expansion 
coefficients for the pure states \'>P)a and |V’)b, satisfying ca-ca = D{D—1) = 
Cb ■ Cb- 

A two-qudit state is separable if and only if there exists an expansion 
function w{iPa,4’b) that is everywhere nonnegative. In this case w{'iPa,'4’b) 
can be thought of as a normalized classical probability distribution for the 
pure states ip a and ipB, and the integral for Cap in (23) can be interpreted 
as a classical expectation value of the product of the random variables (ca)o 
and {cb)p, i.e.. 

Cap = E[{cA)a{cB)p\ ■ (24) 



If the state is separable, we have from (20) that for each value of j. 



De=\cjj\ = 



EUcaUcb^] < -(A[(ca),^]+A[(cb)|]) 



(25) 




(26) 
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Adding over the — 1 value of j gives 

D{D^ - l)e < i (^e[ca • c^] + E[cb ■ cb]) = D{D - 1) . 

We conclude that if is separable, then e < 1/(1 + D). 

To prove the converse, we construct an explicit product ensemble for the 
state Qs with £ = 1/(1 + I?) . We define a vector 2 ; = {zi, . . . , zd) whose 
components Za take on the values ±1 and ±f, so that 

= = 0 - = ( 27 ) 

Zj Zj Zj 

Associated with each vector z is a, pure state 

= ( 28 ) 

^ a—1 

There are 4^ vectors and thus that many states <Pz, although only of 

these states are distinct in that they differ by more than a global phase. Now 
we define a product state for the two-qudit system: 



Qz = \^z){^z\ 0 \^z-){^z 



(29) 



The ensemble consisting of all 4^ of these states, each contributing with the 
same probability, produces the density operator 



iE^-=TbW E \ Y.^<^^bZ>A\a){b\®\c){d\. 



a,b,c,d \ z 



4 D 

Since 

E ZaZlz*Zd = ‘i^iSabScd + SacSbd ~ SabScdSac) , 

Z 

it follows that 



4 D 



Multiplying by D/(D + 1) and rearranging yields 
D 1 



1 + H 1 

D 1 



\E){E\ 



l + DA^ 



E 



Qz 



1 1 
i + h(d 






(30) 



(31) 



(32) 



(33) 



The left-hand side of (33) is the state (15) with £ = 1/(1 -|- D), and the 
right-hand side is an explicit product ensemble for the state. This concludes 
the proof that g^ is separable if and only if£< 1/(1-|-Z1). 
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4 Separability of States 

Near the Maximally Mixed State 



This section deals with A^-qudit states of the form 



Qe — {1 — e)MjjN + egx 



(34) 



where Mjjn = I ® ■■■ ® I / \s the maximally mixed state for N qudits and 
Qi is any fV-qudit density operator. We establish lower and upper bounds on 
the size of the neighborhood of separable states surrounding the maximally 
mixed state. In particular, we show, first, that for 



1 

l + i^2AT-l ’ 



(35) 



all states of the form (34) are separable and, second, that for 
1 



(36) 



there are states of the form (34) that are not separable (i.e., they are entan- 
gled). These results generalize and extend the work of Braunstein et al. for 
qubits [13] and of Caves and Milburn for qutrits [14]. 



4.1 Mathematical Preliminaries 

Before turning to the lower and upper bounds, it is useful to develop some 
mathematical apparatus that will be used in deriving the bounds. 



Superoperator Formalism 

We begin by reviewing a formalism for handling superoperators, introduced 
by Caves [15] and used by Schack and Caves [16] to generate product ensem- 
bles for separable Wqubit states. 

The space of linear operators acting on a H-dimensional complex vector 
space is a D^-dimensional complex vector space. In this space we introduce 
operator “kets” \A) = A and “bras” (4| =4.1, distinguished from vector kets 
and bras by the use of smooth brackets. The natural operator inner product 
can be written as {A\B) = tx{A"^B). An orthonormal basis |a) induces an 
orthonormal operator basis, 

|c)(a| = Tco = Ta , (37) 

where the Greek index a is an abbreviation for the pair of Roman indices, 
ca. Not all orthonormal operator bases are of this outer-product form. 

The space of superoperators, i.e., linear maps on operators, is a D'^- 
dimensional complex vector space. Any superoperator S is specified by its 
“matrix elements” 



5ea.db = (c|5(|a)(6|)|d) 



(38) 
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for the superoperator can be written in terms of its matrix elements as 

5 = ^ Sca,db\c){a\ 0 |6)(d| 

c,a,d,b 

— ^ ^ ^ca,db '^ca O 

c,a,d,b 

= '^Sa0\Ta)(T0\ . (39) 

0.^(3 

The tensor product here is an ordinary operator tensor product, but we 
use the symbol 0 to distinguish it from a tensor product between objects 
associated with different systems, which is denoted by 0. In the final form of 
(39), the tensor product is written as an operator outer product, with a = ca 
and /3 = db. 

The ordinary action of S on an operator A, used to generate the ma- 
trix elements, is obtained by dropping an operator A into the center of the 
representation of 5, in place of the tensor-product sign. 



S(A) = Sap TaAr^^ . (40) 

o/.,f3 

There is clearly another way that S can act on A, the left-right action, 

‘^1^) = '^Sap\Ta){Tp\A) , (41) 

0.^(3 

in terms of which the matrix elements are 

Sap = (Ta\S\Tp) = {Tca\ S\tm) = (c| 5( |o) (6| ) | d) . (42) 

This expression provides the fundamental connection between the two actions 
of a superoperator. We can define an operation, called sharp, that exchanges 
the ordinary and left-right actions: 

5#(A)=5|A). (43) 

Equation (42) implies that 

Sfa,db = (c| 5#(|a)(&|)|d) = (r,d|5|r,,) = S,d,ab (44) 

or, equivalently, that 

^ 5ea,di,|c)(d|0|&)(a| . (45) 

c,a,d,b 



With respect to the left-right action, a superoperator works just like an 
operator. Multiplication of superoperators TZ and S is given by 

7^5= ^ 'R.a'rS'fp\Ta){Tp\ , 

Q;,/5,7 



(46) 
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and the adjoint is defined by 

(A|5t|i?) = (B|5|^r ^ = J2s;M(r0\- (47) 

a,j3 

With respect to the ordinary action, superoperator multiplication, denoted 
as a composition TZo S,\s given by 

O 5 = ^ Tl-ysSa^ TjTa © T^t] . (48) 

a,/3,7,(5 

The adjoint with respect to the ordinary action, denoted by , is defined 

by 

tr([57S)]^^)=tr(i?t5(A)) ^ ^ 5^^ 4 0 . (49) 

ct,/3 

The identity superoperator with respect to the left-right action can be 
written as 

I = XI l^“)(^“l = XI • (^®) 

O' c,a 

When sharped, I becomes the identity superoperator with respect to the 
ordinary action, denoted by I: 

I* = Y.\c){c\Q\a){a\=lQl = I . (51) 

c,a 

The final ingredient we need is the superoperator trace relative to the left- 
right action, defined by 

Tr(5) = X(^“l‘^l^“) = X(^l ‘^(l“)(“l)|c) = tr(‘5(7)) . (52) 

a c,a 

Notice that !(/) = DI and I{I) = I, which give Tr(I) = and Tr(I) = D. 

Now suppose the operators \Na) constitute a complete or overcomplete 
operator basis; i.e., let the operator kets \Na) span the vector space of oper- 
ators. It follows that the superoperator Q defined by 

0 = ^|fV„)(iV„| = (53) 

O' 

is invertible with respect to the left-right action. The operators 

\Qc) = G~^\N^) (54) 

form a dual basis, which gives rise to the following expressions for the identity 
superoperator: 

1 = XiQ“)(^“i = Xi^“)(^“i ■ 



O' 



O' 



( 55 ) 
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An arbitrary operator A can be expanded in terms of the original basis or 
the dual basis: 

A = J2l^o.)(Qa.lA) = J2^MQU), (56) 

(X Oc 

A = J2\Qc){N^\A) = J2QMnIA) . (57) 

(X (X 

These expansions are unique if and only if the operators |-/V„) are linearly 
independent. Later in this section we apply expansions of this sort to density 
operators. 

Pure States and Their Dual Basis 

The set of all pure-state projectors in a D-dimensional Hilbert space, 

= |V')(V'| , (58) 

forms an overcomplete operator basis. To develop operator expansions in 
terms of the pure-state projectors, we follow the discussion in the preceding 
subsection and consider the superoperator 

g = J dV\P^){P^\ = I dV|V’)(V'l © , (59) 

where dV is the unitarily invariant integration measure on projective Hilbert 
space. 

The only Hilbert-space integrals we need to calculate explicitly are those 
for which the integrand is a function only of an angle 9 defined by cos 9 = 
|(e|^/>)|, where |e) is some particular unit vector (pure state). The angle 9, 
which runs over the range 0 < 0 < tt/2, can be thought of as a “polar 
angle” relative to the “polar axis” defined by |e). For integrals of this sort, a 
convenient form of the integration measure is [17] 

dV = (sin 9Y^~^ cos 9 d9 dS 2 D -3 , (60) 

where dS 2 D -3 is the standard integration measure on a (2D — 3)-dimensional 
unit sphere. Thus the total volume of D-dimensional projective Hilbert space 
is [17] 

V = 52d-3^ d9 {sin 9f°-^ cos 9 d9 = = (D-1)! ’ 

where S 2 D -3 = j{D — 2)1 is the volume of a {2D — 3)-dimensional unit 

sphere. 

To use the expansions (56) and (57), we need the dual basis |Q^), and for 
that purpose, we need to invert Q. Since g is Hermitian relative to the left- 
right action, we can invert it by diagonalizing it with respect to the left-right 
action. Given an orthonormal basis |a), we can write t/ as in (39), 

= X! Sca,db\c){a\ © \b){d\ = ^ Gca,db\Tca){Tdb\ , 



(62) 
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where the matrix elements are given by (38): 

Gca,db = {c\G{\a){b\)\d) = J dV {c\ip){ip\a){b\tp){'ilj\d) . (63) 

The unitary invariance of the integration measure places stringent con- 
straints on the matrix elements (63). Since the integral in (63) remains un- 
changed under a change in the sign of the amplitude {a\ijj) corresponding 
to a particular basis vector |a), the matrix elements vanish except when 
{i)a = b^c = dora = c^b = dor (ii) a = b = c = d. Furthermore, 
unitary invariance implies that for each of these cases, all the matrix elements 
have the same value. Gathering these conclusions together, we have 

{ a , a = by^c=d or a = Cy^b = d, 

7. a = b = c = d, (64) 

0 , otherwise. 

We get a relation between a and 7 by noting that 

D 

D{D -l)a + Dj= Sca,ca = V , (65) 

c,a—l 

where the second equality follows from doing the sum within the integral in 
(63). We need one more relation, which we get by evaluating explicitly the 
integral for 7: 



7 = y dV\{a\i;)\* 

= 52Z3-3 y de (sin 0)2^-3(cos ef = . 

It follows that a = K. As a result, we have 

G = \Taa){Taa\ + ^ (\Tab){Tab\ + |Toa)(m|^ j 

\ a,b / 

a^b 

= K{l + I) . 

This result gives us immediately that [17] 

/ dvm^\ = G{i) = ^i . 



(66) 

(67) 

(68) 



The operators Aq, introduced in Sect. 2 constitute a complete, orthonormal 
operator basis, so we can write I as 

I = ^|A„)(A„| = ffl+r, (69) 

O' 




160 P. Rungta et al. 



where 

r = (70) 

j 

is the superoperator that projects onto the subspace of traceless operators. 
Plugging (69) into (67) gives the diagonal form of Q: 

g = K(^{D+l)^-^ + T^ . (71) 



Orthonormal eigenoperators of t/ are Aq = with eigenvalue 77(77+1) = 
V/D and the traceless operators Xj, which are degenerate with eigenvalue 
K = V/D{D+1). 

We are now prepared to write the inverse of G with respect to the left-right 
action as 






1 ( 1 |/)(/| 

K\D + 1 D 





(72) 



Thus the dual operators of (54) are given by 

|Q^) = c;-i|P^) = l(^|P^)-^^ =^((77 + l)P^-/) . (73) 



Alternative Diagonalization of G 

In this subsection we rederive (71) using the special properties of the su- 
peroperator G- These properties are evident from the integral form of G in 
(59). 

• The superoperator G is Hermitian relative to the left-right action, which 
implies that it has a complete, orthonormal set of eigenoperators rja, 
a = 1, . . . , with real eigenvalues qa'- 

G = G^ =+ G ^^qa\Va)iVa\ =^qaVaQvi ■ (74) 

a ct 

• The superoperator G is Hermitian relative to the ordinary action, 

(75) 

O' Q: 

which implies that if rja is an eigenoperator of G, then r]\ is also an 
eigenoperator with the same eigenvalue. This means that we can choose 
all the eigenoperators to be Hermitian. 

• The superoperator G is unitarily invariant, i.e., 

G = UQU^ oGoU^ QU = q^Uii^U^ 0 Ur]iU^ , (76) 

O: 

for any unitary operator U, which implies that if rja is an eigenoperator 
of G, then UrjaU^ is also an eigenoperator with the same eigenvalue. 
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The upshot of these three properties is that the eigensubspaces of Q are 
invariant under Hermitian conjugation and under all unitary transformations. 
It is not hard to show that the only such operator subspaces are the subspace 
of traceless operators and its orthocomplement, the one-dimensional subspace 
spanned by the unit operator. The result is that Q must have the form 

e = + =i^(l+^l) , (77) 

where K is the eigenvalue of any traceless operator and Kfj, is the eigenvalue 
of Ao = I/'/d. Now we use the final property to evaluate 

• The superoperator Q is invariant under exchange of the two kinds of 
action: 

g^g# = k(i+^^1^ . (78) 

This implies that fx = D + 1, thus bringing g into the form (67), but with 
K not yet determined. 

We find the value of K by evaluating the superoperator trace, first using (59), 
Tr(0) = tr(5(/)) = V , (79) 

and then using (67), 

Tr{g) = x(Tr(I) -k Tr(I)) = KD{D + 1) . (80) 

This gives K = V/D{D + 1), in agreement with (66). 

4.2 Separability Bounds 

We turn now to demonstrating the lower and upper bounds (35) and (36) on 
the size of the neighborhood of separable states surrounding the maximally 
state. 

To establish the lower bound, we use the results of Sect. 4.1 to formulate 
operator expansions in terms of product pure states. For a single qudit, any 



density operator can be expanded as 




6' = y dV \P^){Q^\g) = J dVwg{ip)P^, 


(81) 


where 




WeW = tr(£'Qv>) = ^ (P + l)(V’lfi'IV') ~ l) 


(82) 
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is a quasi-probability distribution, normalized to unity, but possibly having 
negative values. The analogous product representation for an A^-qudit density 
operator is 

g = J dVi--- dVN \Pn) TVi ® ® P- 41 N > (83) 

where 



. . . , iiN) = tr{gQ^^ ®---® . 



(84) 



The A^-qudit quasi-distribution obeys the bound 



. . . ,t^Ar) > 



f smallest eigenvalue of 
y Q'lpN 



D^n-1 



(85) 



This follows from the fact that ^ nondegenerate eigenvalue, D'^jV, 

and a, {D — l)-fold degenerate eigenvalue, —DjV. Thus the most negative 
eigenvalue of the product operator ® ® {—D /V){D‘^ = 

_jj2N-l^yN ^ 

We can use the lower bound (85) to place a similar lower bound on the 
quasi-distribution for the mixed state of (34). Since the quasi-distribution 
for the maximally mixed state, Mj^n, is the uniform distribution 1/V^, we 
have 






1 — £ 



+ ewgi 



> 



l-£(l-f 

yN 



(86) 



We conclude that if£< 1/(1-|- then Wg^ is nonnegative and the 

qudit state g^ is separable. This establishes the lower bound (35) on the size 
of the neighborhood of separable states surrounding the maximally mixed 
state. 

The upper bound (36) on the size of the separable neighborhood can be 
established with the help of an exact separability condition for a particular 
A^-qubit state, obtained by Diir, Cirac, and Tarrach [18] and also by Pittenger 
and Rubin [19]. We consider the fV-qudit state. 



& — (1 ~ e)MjjN + £lSyat)('^cat| 5 (87) 

where 

1 ^ 

I'^cat) = ^ ^ ]a) 0 • • • 0 ]a) , (88) 



is an fV-qudit “cat state.” We call the mixed state (87) an £-cat state. 

Now project each qudit onto the two-dimensional (qubit) subspace spanned 
by ]1) and ]2). The local projection operator on each qudit is 77 = ll)(l] -I- 
]2)(2j, and the normalized iV-qubit state after projection is 

TT®^ n TJ®^ 

= t.{n®^g,) = + ^'l<?cat)(<?cat| , (89) 
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where 



|^>cat) = (|1) 0 . . . 0 |1) + |2) (g) . . . (g) |2)) 



is the cat state for N qubits and 
(2/D)^(l-£)+2e/D ■ 



(90) 



(91) 



Diir, Cirac, and Tarrach [18] and also Pittenger and Rubin [19] have shown 
that the A^-qubit e-cat state (89) is nonseparable (entangled) if and only if 
e' > 1/(1 -I- 2^“^), a condition equivalent to e > 1/(1 -f Since local 

projections on each qudit cannot create entanglement, we can conclude that 
the A^-qudit e-cat state (87) is nonseparable under the same condition. This 
establishes the upper bound (36) on the size of the separable neighborhood 
around the maximally mixed state. 

Pittenger and Rubin [20] have recently extended the result of Diir, Cirac, 
and Tarrach [18] for the A^-qubit e-cat state. They have shown directly that 
the A^-qudit e-cat state (87) is nonseparable if e > 1/(1 -f and they 

have also shown that the same condition is a necessary and sufficient condition 
for entanglement when D is prime. Their argument is akin to the correlation- 
coefficient argument we give in Sect. 3. 
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Grover’s Algorithm for Multiobject Search 
in Quantum Computing 



Goong Chen, Stephen A. Fulling, Hwang Lee, and Marian O. Scully 



Summary. L.K. Grover’s search algorithm in quantum computing gives an op- 
timal, square-root speedup in the search for a single object in a large unsorted 
database. In this paper, we expound Grover’s algorithm in a Hilbert-space frame- 
work that isolates its geometrical essence, and we generalize it to the case where 
more than one object satisfies the search criterion. 



1 Introduction 

A quantum computer (QC) is envisaged as a collection of 2-state “quantum 
bits”, or qubits (e.g., spin 1/2 particles). Quantum computation does calcula- 
tions on data densely coded in the entangled states that are the hallmark of 
quantum mechanics, potentially yielding unprecedented parallelism in com- 
putation, as P. Shor’s work on factorization [10, 11] proved in 1994. Two years 
later, L. K. Grover [6] showed that for an unsorted database with N items 
in storage, it takes an average number of 0{'/N) searches to locate a single 
desired object by his quantum search algorithm. If V is a very large number, 
this is a significant square-root speedup over the exhaustive search algorithm 
in a classical computer, which requires an average number of searches. 
Even though Grover’s algorithm is not logarithmically fast (as Shor’s is), 
it has been argued that the wide range of its applicability compensates for 
this [4]. Furthermore, the quantum speedup of the search algorithm is indis- 
putable, whereas for factoring the nonexistence of competitively fast classical 
algorithms has not yet been proved [1, 2]. 

Grover’s original papers [6, 7] deal with search for a single object. In 
practical applications, typically more than one item will satisfy the criterion 
used for searching. In the simplest generalization of Grover’s algorithm, the 
number of “good” items is known in advance (and greater than 1). Here 
we expound this generalization, along the lines of a treatment of the single- 
object case by Farhi and Gutmann [5, Appendix] that makes the Hilbert- 
space geometry of the situation very clear. 

The success of Grover’s algorithm and its multiobject generalization is 
attributable to two main sources: 
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(i) the notion of amplitude amplication; and 

(ii) the dramatic reduction to invariant subspaces of low dimension for the 

unitary operators involved. 

Indeed, the second of these can be said to be responsible for the first: A 
proper geometrical formulation of the process shows that all the “action” 
takes place within a two-dimensional, real subspace of the Hilbert space of 
quantum states. Since the state vectors are normalized, the state is confined 
to a one-dimensional unit circle and (if moved at all) initially has nowhere 
to go except toward the place where the amplitude for the sought-for state 
is maximized. This accounts for the robustness of Grover’s algorithm — that 
is, the fact that Grover’s original choice of initial state and of the Walsh- 
Hadamard transformation can be replaced by (almost) any initial state and 
(almost) any unitary transformation [8, 9, 4]. 

The notion of amplitude amplification was emphasized in the original 
works [6, 7, 8] of Grover himself and in those of Boyer, Brassard, Hpyer 
and Tapp [3] and Brassard, Hpyer and Tapp [4]. (See also [1, 2].) Dimen- 
sional reduction is prominent in the papers by Farhi and Gutmann [5] and 
Jozsa [9]. We applied dimensional reduction to multiobject search indepen- 
dently of references [3] and [4] and later learned that the same conclusions 
about multiobject search (and more) had been obtained there in a different 
framework. (We modestly suggest that our framework is clearer.) 

The rest of the paper is divided into two parts. In §2, we reformulate 
the original Grover algorithm, and in §3, a multiobject search algorithm is 
studied. 

2 Introduction to Grover’s Algorithm 

In this section, we review Grover’s algorithm for searching a single element 
in an unsorted database containing N ^ 1 items, following [5]. This proof is 
presented in a way that makes possible the generalization of the algorithm 
to perform multiobject search in an unstructured database. 

Grover treated the following abstract problem: We are given a Boolean 
function /(a), a = 1, 2, . . ., A^, which is known to be zero for all a except 
at a single point, say a,t a = w, where f(w) = 1. The problem is to find the 
value w. (The function is an “oracle” or “black box”: all we know about it is 
its output for any input we care to insert.) On a classical computer we have 
to evaluate the function times on average to find the answer to this 
problem. In contrast, Grover’s quantum algorithm finds w in 0{'/N) steps. 

The quantum-mechanical statement of the problem is that given an or- 
thonormal basis { I a) : a = 1, 2, ... , N} we want to single out the basis ele- 
ment I w) for which f{w) = 1. (More concretely, each | a) is to be an eigenstate 
of the qubits making up the QG. If A = 2”, then n qubits will be needed.) 
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At f = 0, we prepare the state of the system | ■(/;) in a superposition of the 
states { I a)}, each with the same probability: 

1 ^ 

= (1) 

By the Gram-Schmidt construction we extend | w) to an orthonormal 
basis for the subspace spanned by | w) and | s) . That is, we introduce a 
normalized vector | r) orthogonal to | tc), 

= P) 

a^w 

and find that the initial state has the representation 



, . In — 1 , . 1 , . . . 

\s) = ^ — \r) + ^\w). (3) 

Following Grover, we now define the unitary operator of inversion about 
averagej 

Is = I-2\s){s\. (4) 



Notice that the only action of this operator is to flip the sign of the state | s); 
that is, Is\s) = — I s) but /„! w) = | u) if (s|u) = 0. Using (3) we write G as 



In other words, with respect to the orthonormal basis the operator A is 
represented by the orthogonal (real unitary) matrix 




N 



2,yvyii 

N 




Similarly, the operator is defined by 



Iw = I-2\w){w\ (6) 

and satisfies Iw\w) = ~| li')- The crucial fact is that in terms of the oracle 
function /, 

/„|a) = (-l)^(“)|a) (7) 

for each | a ) in the original basis for the full state space of the QC. Therefore, 
to execute the operation I^j one does not need to know w; one only needs to 
know /. (And conversely, being able to execute Iw does not mean that one 
can immediately determine w, '/N steps will be needed.) 
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A “Grover iteration” is the unitary operator U = —Islw ■ This product 
can be calculated easily in either the bra-ket or the matrix formalism. In 
particular, for the transition element (rc 1 17 | s) we obtain 



(ru I [/ I s) = {w\ 






2//V^ 

N 



(|w)(r| - \ r){w\) 



= 1-^ 



Nj y]v 



+ 2 1 -- 



N J ^/n 



(8) 



= ^ 

VnVn 



The fact that the matrix element (w 1 17 | s) is nonzero can be used to 
reinforce the probability amplitude of the unknown state | w) . If we use U as 
our unitary search operation, then after m ^ 1 trials the value {w \ C/'" | s) 
can be evaluated as follows: 



Hc/”|s) = [i 0] 



= [1 0 ] 



2 VfV- 1 

1 2 • T 

N N 



- 2 - 



N 



1 - 



= [1 0] 



cos a sin y 
— sin 9 cos 9 



cos m9 sin m9 
— sin m9 cos m9 



N 
1 

Vn 

N-l 

N 

1 

Vn 



- m 


1 




Vn 




IN-I 




[y N J 



9 = sin 



2\/iV^ 



N 



N-l 

N 



= —= cos m9 + 

Vn 



N-l 



N 



sin m9 



or 



(wlir^ls) = cos{m9 — a), a = cos ^ 



Vn ■ 



(9) 



Setting cos^ (jn9 — a) = 1, we can maximize the amplitude of l/^js) in \w); 
thus 



m9 — a = 0 , 

m=f. (10) 

(If no integer satisfies this equation exactly, take the closest one.) When N 
is large, 9 « a « f , from (10) we obtain 
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Therefore, after m = 0{'/N) trials the state | w) will be projected out, which 
is precisely Grover’s result. By observing the qubits, we will learn w. By con- 
structive interference, we have constructed \ w)\ (Since m only approximately 
satisfies (10), there is a small chance of getting a “bad” w. But because eval- 
uating f{w) is easy, in that case one will recognize the mistake and start 
over.) 



3 Generalization of Grover’s Algorithm 
to Multiobject Search 



Here we generalize Grover’s search algorithm in its original form [6, 7] to 
the situation where the number of objects satisfying the search criterion is 
greater than 1. 

Let a database {wi \ i = 1,2, ...,7V}, with corresponding orthonormal 
eigenstates {|wi) : z = 1, 2, . . . , TV} in the QG, be given. Let / be an oracle 
function such that 



l,i = l,2,...,^ 

0 j = i+l4 + 2,...,N 



Here the ^ elements {wj | 1 < J < ^} are the desired objects of search. (To 
avoid introducing another layer of subscripts, we pretend in this theoretical 
discussion that these good objects are the first £ items in the list. In a real 
search application they would appear in the list in random order; in other 
words, all TV items Wi are subjected to some unknown permutation, which 
we do not indicate explicitly.) Let % be the Hilbert space generated by the 
orthonormal basis B = {|zuj) | j = 1, . . . , TV}. Let L = span{|z<;j) | 1 < J < ^} 
be the subspace of % spanned by the vectors of the good objects. 

Define a linear operation in terms of the oracle function / as follows: 

= , j = l,2,...,TV. (12) 

Then since A is linear, the extension of II to the entire space % is unique, 
with an “explicit” representation 



e 

Il = I -2'^\wj){wj\ , (13) 

i=i 

where I is the identity operator on "H. Il is the operator of rotation (by t:) 
of the phase of the subspace L. Note again that the explicitness of (13) is 
misleading because explicit knowledge of {|zcj) | 1 < j < f} in (13) is not 
available. Nevertheless, (13) is a well-defined (and unitary) operator on TL 
because of (12). (Unitarity is a requirement for all operations in a QG.) 

We now again define |s) as 



N 






TV-. 

TV 



\r) , 



(14) 
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where now 

k) = ! — I k) — 1 = I'Ji'i) I • 

x/i-Wiv) V } 

As before, we use 

A = J-2|s)(s|. (15) 

Note that A in (15) is unitary and hence quantum- mechanically admissi- 
ble. Is is explicitly known, constructible with the so-called Walsh-Hadamard 
transformation . 



Lemma 1 Let L = span(L U {|r)}). Then {\wi),\r) \ i = 1,2, forms 

an orthonormal basis of L. The orthogonal direct sum "H = L © L-*- is an or- 
thogonal invariant decomposition for both operators and Ig- Furthermore, 

(i) The restriction of Is to L admits this real unitary matrix representation 
with respect to the orthonormal basis {|wi), |w 2 ), . . . , \wi), |r)}.' 






2 
N 

2yW^£ 



c © 

AT J 



N 

2 _£_ 

N 



,i = £+lovj = £+l,i^ /16) 
i = j = £ -\- 1 ■ 



(a) The restriction of Ig of is Pi±, the orthogonal projection operator 
onto L-*-. Consequently, Is\z-l = where Iz± is the identity operator 
on L-*-. 



Proof. We have, from (14) and (15), 
1 



T= I -2 









i=l 



N-£ 

N 



r) 



1 



\w,){w^) + |r)(r| +P 



L-L 



,i=l 



1=1 
e e 



^/N 



N-£ 

N 



(r| 



2y/W^£ 



N 



y](|w*)(r| + |r)(wi|) 



N 

+ 2 






1=1 



i=i 1=1 

N -£ 



N 



|r)(r| 



e e 



i=i j=i 



2 £ 






2y/W^£ 

N 



y](ki)(r| + |r)(w*|) 






(17) 



The conclusion follows. 
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The generalized “Grover search engine” for multiobject search is now 
constructed as 



U = -IJl . 



(18) 



Lemma 2 The orthogonal direct sum TL = L® is an invariant decompo- 
sition for the unitary operator U , such that the following holds: 

(1) With respect to the orthonormal basis {|tt>i), . . . , \wi), |r)} of L, U admits 
the real unitary matrix representation 



u\z 



Uij 



[Uij](l+l)x(l+l) , 

2 



AT ’ 

2^/W^£ 

N 

1-^ 

N ’ 






b.^+i 



Sz,e+i) ,i = £-\-lorj = i-\-l,i^j (19) 

i = j = i -\- 1 , 



(2) The restriction of U to L-^ is ■ 



Proof. Substituting (13) and (17) into (18) and simplifying, we obtain 
U = —IsIl = ■ ■ ■ (simplification) 

= - |r)(wi|) 

+ (i- k)(^l-Pzx . 

The lemma follows. 

Lemmas 1 and 2 above effect a reduction of the problem to an invariant 
subspace L. However, L is an {£ + l)-dimensional subspace where I may 
also be fairly large. Another reduction of dimensionality is needed to further 
simplify the operator U. 

Proposition 3 Define V by 

V = / |w) G L : |u) = a ^ |wi) + b\r) ; a,b G 

[ i=i 

Then V is an invariant two-dimensional subspace of U such that 

(1) r, s G V ; 

(2) U{V) = V . 
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Proof. Straightforward verification. 

^ l _ 

Let \w) = \ ^ \wi). Then {|w), |r)} forms an orthonormal basis of V. 

i—1 

We have the second reduction, to dimensionality 2. 



Theorem 4 With respect to the orthonormal basis {|ic), |r)} in the invariant 
subspace V, U admits the real unitary matrix representation 



u = 


N-2i 

N 


2^l(N-l) ■ 
N 

N-2i 


= 


cos 9 
— sin 9 


sin 9 
cos 9 




L N 


N J 












Proof. Use the matrix representation (19) and the definition of |w) 
Since |s) G V, we can calculate lT^\s) efficiently using (20): 









Vn ■ 



N-. 

N 



r) 



(by (14)) 



= [/” 






N-i, 



N 



cos 9 sin 9 

— sin 9 cos 9 

cos{m9 — a) 

— sin(m0 — a)] 



- m 


1 

1 


- 


N-t 

L V -1 



a = cos ^ 



= cos(to6* — a) ■ I'ui) — sin(m6* — a) ■ |r) . 

Thus, the probability of reaching the state |{c) after m iterations is 
Ptti = cos^(m0 — a) . 



( 21 ) 



(22) 



If f <C iV, then a is close to tt/ 2 and, therefore, (22) is an increasing function 
of m initially. This again manifests the notion of amplitude amplification. 
This probability Pm is maximized if m9 — 0 = 0, implying 



m = 



a 



= the integral part of — . 

0 



When ^/N is small, we have 



= sm 



N 
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sin M 2\/ — 






= 2^+0{{l/Nf/^), 



-1 ^ 7T 

“ = Viv = 2 - 






Therefore 






2./|+0((£/iV)3/2) 



7T N 

4 V T 






(23) 



Corollary 5 The generalized Grover algorithm for multiohject search with 
operator U given by (18) has success probability Pm = cos^{mO — a) of reach- 
ing the state I'ul) € L after m iterations. For £/N small, after m = j\/Nli 
iterations, the probability of reaching Iw) is close to 1. □ 



The result (23) is consistent with Grover’s original algorithm for single 
object search with £ = 1, which has m « cf. (11). 

Theorem 6 (Boyer, Brassard, H0yer and Tapp [3]). Assume thati/N 
is small. Then any search algorithm for I objects, in the form of 



UpUp—i . . . Ui\wj') , 

where each Uj, j = 1,2, ... ,p, is a unitary operator and Itc/) is an arbitrary 
superposition state, takes in average p = iterations in order to 

reach the subspace L with a positive probability P > ^ independent of N and 
£. Therefore, the generalized Grover algorithm in Gorollary 5 is of optimal 
order. 



Proof. This is the major theorem in [3]; see Section 7 and particularly The- 
orem 8 therein. Note also the work of Zalka [12]. 

Unfortunately, if the number £ of good items is not known in advance, 
Corollary 5 does not tell us when to stop the iteration. This problem was 
addressed in [3], and in another way in [4]. In a related context an equation 
arose that was not fully solved in [3]. We consider it in the final segment 
of this paper. As in [3, §3], consider stopping the Grover process after j 
iterations, and, if a good object is not obtained, starting it over again from 
the beginning. From Corollary 5, the probability of success after j iterations is 
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cos^ {jO— a). By a well-known theorem of probability theory, if the probability 
of success in one “trial” is p, then the expected number of trials before success 
is achieved will be 1/p. (The probability that success is achieved on the fcth 
trial is p{l — p)^~^. Therefore, the expected number of trials is 



Y^kpii-p)'^-^ 



fc=l ^ 



= -p 



d 1 — p 
dp p 



(24) 



which is 1/p.) In our case, each trial consists of j Grover iterations, so the 
expected number of iterations before success is 



E{j) = j ■ sec^{j0 - a) . 



The optimal number of iterations j is obtained by setting the derivative E'(j) 
equal to zero: 

0 = E'{j) = sec^{j9 — a) -I- 2j9sec‘^{j9 — a) tan(j0 — a), 

2j9 = -cot{{j9-a)) . (25) 

(In [3, §3], this equation is derived in the form Adj = tan((2j -|- 1)1?), which 
is seen to be equivalent to (25) by noting that d = | = f — a. Those authors 
then note that they have not solved the equation Adj = tan((2j -|- I)-!?) but 
proceed to use an ad hoc equation z = tan(z/2) with z = Edj instead.) Let 
us now approximate the solution j of (25) iteratively as follows. From (25), 

2j0sin(j6* — a) -I- cos{j9 — a) = 0 , 

= {i29j + 1) /{i29j - 1) , (26) 



and by taking the logarithm of both sides, we obtain 



2i{9j — a) = 2mn + i arg 



i29j + 1 



- In 



i29j + 1 



i29j - 1 



(27) 



for any integer n. Assume that ^/N is small so that j is large, but we are 
looking for the smallest such positive j. Note that the logarithmic term in 
(27) vanishes, and 



arg 



i29j + 1 
i29j - 1 



= —2 tan 



-1 



1 



= 2 



E 

. 9=0 



29j 
‘Iq + 1 



2 ^) 



29+1' 



= -^ + Wj)-^); 

by taking n = 0 in (27), we obtain 



J = 



1 

m 
1 ^ 
9 



2ia-i-^ + 0{{9j)-^) 



Oj 



1 






( 28 ) 
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The first order approximation j\ for j is obtained by solving 



3i = 



1 



ji = ^(a+ \/q;2 - 2) . 



(29) 



Higher order approximations jn+i for n = 1,2,..., may be obtained by suc- 
cessive iterations 

based on (25). This process will yield a convergent solution j to (25). 
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New Tests of Macroscopic Local Realism 



M.D. Reid 



Summary. We show that quantum mechanics predicts an Einstein-Podolsky-Rosen 
paradox (EPR), and also a contradiction with local hidden variable theories, for 
photon number measurements which have limited resolving power, to the point of 
imposing an uncertainty in the photon number result which is macroscopic in abso- 
lute terms. We show how this can be interpreted as a failure of a new, very strong 
premise, called macroscopic local realism. We link this premise to the Schrodinger- 
cat paradox. Our proposed experiments ensure all fields incident on each measure- 
ment apparatus are macroscopic. We show that an alternative measurement scheme 
corresponds to balanced homodyne detection of quadrature phase amplitudes. The 
implication is that where either EPR correlations or failure of local realism is pre- 
dicted for quadrature phase amplitude measurements, one can potentially perform 
a modified experiment which would lead to conclusions about the much stronger 
premise of macroscopic local realism. 



1 Introduction 

In 1935 Einstein, Podolsky and Rosen [1] (EPR) formulated an argument, 
now experimentally realised [2], in an attempt to show that quantum me- 
chanics is an incomplete theory. The EPR argument is based on the premise 
of local realism. Bell [3] in 1966 showed that the premise of local realism 
(local hidden variable theories) was incompatible quantum mechanics. “Lo- 
cal realism” has now been essentially disproved by experiments [4] based on 
Bell’s theorem or those of Greenberger, Horne and Zeilinger (GHZ) [3]. 

To date the EPR and Bell theorems and experimental efforts focus on 
measurements intrinsically microscopic, in that one requires to clearly dis- 
tinguish between results (eigenvalues of the appropriate quantum operator) 
which are microscopically distinct. Previous results [5] have indicated failure 
of local realism for macroscopic systems, but the violations are still appar- 
ently only indicated where measurements must resolve microscopically dif- 
ferent results, such as adjacent photon number or spin values. It is not clear 
whether one is testing a premise different to that tested in the microscopic 
experiments. 

We propose a strategy for testing local realism at a macroscopic level, 
in the sense emphasised by Schrodinger [6,7] in his famous “cat” paradox 
and also by Leggett and Garg [8], where one considers macroscopically dis- 
tinct outcomes. We define in section 2 the premise of “macroscopic local 
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realism” [9], in such a way that it relates to the Schrodinger-cat example of 
macroscopically distinct states. 

In section 3 we present an EPR argument based on the validity of “macro- 
scopic local realism”, which has not yet been questioned. We suggest that 
modifications to an experiment already performed by Ou et al [2] would re- 
alise this macroscopic EPR argument and would leave no logical alternative 
except to deny the validity of macroscopic local realism or else to accept the 
incompleteness of quantum mechanics, in the sense proposed by EPR. 

In section 4 we present a quantum state which allows a violation of a Bell- 
inequality even where all uncertainties in measurements are macroscopic, and 
show how this implies a predicted failure of macroscopic local realism. 

2 Definition of Macroscopic Local Realism 

In 1935 Einstein, Podolsky and Rosen [1] defined “local realism”. “Realism” 
implies that if one can predict with certainty the result of a measurement of 
a physical quantity at A, without disturbing the system A, then the results 
of the measurement were predetermined. One has an “element of reality” 
corresponding to this physical quantity. The element of reality is a variable 
which assumes one of a set of values which are the predicted results of the 
measurement. This value gives the result of the measurement, should it be 
performed. Locality states that events at A cannot, instantaneously, disturb 
a second system at B spatially separated from A. Taken together “local 
realism” implies that, if one can predict the result of a measurement of a 
physical quantity at A, by making a simultaneous measurement at B, then 
the result of the measurement at A is described by an element of reality. 

EPR assumed quantum mechanics to be correct in predicting the exis- 
tence of two spatially separated particles with correlated positions, and also 
correlated momenta. The key quantity in establishing the EPR argument is 
the precision (call the associated error A) to which the result of the poten- 
tial position measurement at A can be inferred by the measurement at B. 
This specifies an associated indeterminacy (error A) in the “element of re- 
ality” X. In the original EPR gedanken example, A is zero. “Local realism” 
establishes two “elements of reality”, x and p which simultaneously exist to 
give precisely the result of a potential position or momentum measurement, 
respectively. No description of this nature exists within quantum mechanics, 
since any quantum wavefunction gives an indeterminacy Ax and Ap in posi- 
tion and momentum respectively, in accordance with the uncertainty relation 
AxAp > h/2. In this way, the EPR argument, based on the validity of “local 
realism”, allows one to conclude that quantum mechanics is incomplete. 

Macroscopic local realism [9] is defined as a premise stating the following. 
If one can predict the result of a measurement at A by performing a simulta- 
neous measurement on a spatially separated system B, then the result of the 
measurement at A is predetermined but described by an element of reality 
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which has an indeterminacy in each of its possible values, so that only values 
macroscopically different to those predicted are excluded. 

Macroscopic local realism is based on a “macroscopic locality”, which 
states that measurements at a location B cannot instantaneously induce 
macroscopic changes (for example the dead to alive state of a cat, or a change 
between macroscopically different photon numbers) in a second system A 
spatially separated from B. Macroscopic local realism also incorporates a 
“macroscopic realism”, since it implies elements of reality with (up to) a 
macroscopic indeterminacy. Suppose our “Schrodinger’s cat [6]” is correlated 
with a second spatially separated system, for example a gun used to kill the 
cat. The strength of macroscopic local realism is understood when one re- 
alises that its rejection in this example means we cannot think of the cat as 
being either dead or alive, even though we can predict the dead or alive result 
of “measuring” the cat, without disturbing the cat, by measurement on the 
correlated spatially-separated second system. 

3 An EPR Argument Based on Macroscopic 
Local Realism 

We consider a new EPR situation, depicted in Figure 1, where uncertainties 
in “elements of reality” become macroscopic. The and b± are boson op- 
erators for four fields, described by the quantum state If/'). Fields a± and b± 
propagate towards the spatially separated locations A and B respectively. 
We measure simultaneously at A and B the Schwinger spin operators 

cos 6 + Sy sin 6 

= (a|^a_ exp(— 10 ) -|- a+a|L exp(i0))/2 (1) 

and 

cos (/> + sin 4> 

= (S^_S_ exp(— i(/>) -I- b^b[_ exp{i(j}))/2 (2) 

respectively, where = (a)^_a_ -I- a^_a+) /2, Sy = (a)^a_ — a^_a^)/2i and 
= (a^_a+ — a|La-)/2, and similarly for the modes at B. 

We propose to measure, at A, or Sy, by selecting 0 = 0 or 0 = tt/ 2. 
At B the measurement is either S^ or Sy . In Figure 1 the measurement at A 
is performed by first mixing a± using phase shifts and beam splitters to give 
two new fields d_ = (a_ — a_|_)/ \f2 and a_|_ = i (a_ -I- a+)/ -\/2. Similarly b± are 
mixed to give outputs . The fields a+ , 6+ are coherent states of large ampli- 
tude. The mixing is incorporated so that both fields, say at A, incident on 
the measuring apparatus are macroscopic. The final measurements are made 
with the transformations (using polarisers or beam splitters with variable 
transmission) c+ = a_|_ cos 0/2 -|- d_ sin 0/2 and c_ = d^ sin 0/2 — d_ cos 0/2, 
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Fig. 1. Schematic diagram of the experimental arrangement used to give the two 
different tests, described in sections 3 and 4, of macroscopic local realism. The a+ 
and 6+ represent strong coherent states. For the macroscopic EPR experiment of 
section 3, the quantum state is chosen to ensure that the output fields a_,&_ are 
EPR correlated with respect to quadrature phase amplitudes 



at A, and = 6^ cos 0/2 + 6_ sin 0/2 and d_ = 6^ sin 0/2 — &_ cos 0/2, 

at B, followed by photodetection to give = (c^c+ — ^_cS)j2 and = 
— d^_d-)l2. The measurement is one of photon number, and we define 
fi'g = 2S^ = C+C+ — cLc_ and = 2S^ = — d^_d-. 

In Figure 2 we demonstrate how the measurement can be performed 
using an alternative arrangement, by introducing a relative phase shift 9 and 
mixing with a 50/50 beam splitter to produce Cj_ = (a+ ± a_ exp(— f6*)) /V2, 

followed by photodetection to give Sf = (c+c+ — c/[c_)/2. It is to be clari- 
fied below that this measurement scheme corresponds to homodyne measure- 
ment [10] (used [2,11] to detect subshot noise, or “squeezed”, radiation) of 
the quadrature phase amplitudes of a_ and 6_. 




Fig. 2. An alternative arrangement used to measure nf and n®. Fields a+,b+ 
are in coherent states of large amplitude a = f3 = E. This measurement scheme 
corresponds to balanced homodyne detection of the quadrature phase amplitudes 
and (defined in section 4), the a+,b+ being “local oscillator” fields 



For certain systems the results for and , and also Sy and Sy , 
are predicted by quantum mechanics to be correlated, so that elements of 
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reality may be deduced for the physical quantities and Sy respectively. 
We consider the relevant uncertainty relation for and Sy [12]. 

AS^AS^ > |(^.^)| /2 = (a^a+ - ala.) /A (3) 

Fields a+ and &+ are coherent states |a > and |/3 > respectively with a = 
[3 = E real and large, so that a+ is replaced by c-number E giving 

= E (a_ + aL) /2 = EX^/2 

= E(a.~ at_) /2* = EX^,J2 (4) 

where X^ = a. +al and X:^^2 ~ (a~ ~ a[L^ ji are quadrature phase ampli- 
tudes. We denote the indeterminacy in the “element of reality” by A^, and 
in the “element of reality” Sy by Ay. In order to exclude the possibility that 
the “elements of reality” cannot be described by a quantum wavefunction, it 
is sufficient to establish (here ^a[^a_|_^ >> (^_a^) 

A,Ay<\l^S^^\l2 = E^l3 (5) 

The new feature of this EPR situation is the macroscopic nature of the 
minimum uncertainty product: 2 is a macroscopic (photon) 

number. The implication is that one need only use the premise of “macro- 
scopic local realism” , rather than local realism in its entirety, to arrive at the 
conclusion that quantum mechanics is incomplete. With “macroscopic local 
realism” , one can only exclude the possibility of macroscopic changes to the 
system at A, as a result of measurements made at B. One can predict with 
some error (Z\i and Z \2 say for the x and y spin components respectively) the 
result of the spin measurement at A. By macroscopic local realism, the spin 
is predetermined, but only to a precision which excludes values macroscop- 
ically different to those in the range predicted. The “element of reality” for 
the X component of spin has a range of possible values, given by EAx where 
Ax = Ai + S and S is microscopic or mesoscopic. The “element of reality” for 
the y component has an indeterminacy EAy where Ay = Z \2 -I- 6. This can 
still be sufficient to imply the EPR criterion (5) since the uncertainty limit 
E^ is a macroscopic number. We only require for example the differences 
Ej2 — A\ and E/2 — A^ to be macroscopic numbers and we satisfy (5). 

To meet the situation of a macroscopic EPR experiment, where macro- 
scopic local realism is used in the EPR conclusions, one needs A 1 A 2 < 

/2 = E^/4 satisfied, but where 2 = E'^, and 2{E/2 — Ai) 

and 2{E/2 — A 2 ) are macroscopic photon numbers. From the point of view of 
performing an experiment which is convincingly macroscopic, the preference 
would be to satisfy these criteria where measurement errors, and therefore 
also Z\i and Z\ 2 , are also large (photon) numbers. 
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So far we have assumed the existence of the required correlations for the 
spin operators. Such correlated fields are predicted when a_, 5_ are fields with 
“EPR correlations” for quadrature phase amplitudes, and a+,b+ are strong 
coherent fields. EPR correlations for quadrature phase amplitudes were de- 
fined in [12], and have received much interest as fields enabling quantum 
teleportation for continuous variables [13]. EPR fields may be generated by 
the parametric interaction H = ihn — a_S_j, where here k represents 

the strength of nonlinear interaction. This represents the logical choice for 
the quantum state \(j)) in Figure 1. It is also possible to generate the required 
EPR correlations from a single-mode squeezed state passed through a 50 /50 
beam splitter [12,13]. 

Using the parametric example, we consider the quadrature phase ampli- 
tudes Xq, X^!^, and X^ , where Xq =b-+b[_ and X^^^ = (i- — b[_^ ji. 
With vacuum inputs, the output solutions after a time t, for Act — >■ oo, 
satisfy Xq (t) = Xq (t) and X;^^^ (t) = —X^^^ (t) , indicating a maximum 

correlation!^^! between the results of measurements X^ (t) and Xq (t), and 
also X ^/2 (^) (t) . The a_|_, 6_(. fields are coherent states [a) and \(3) of 

large intensity so that = aX^(t)/2, = /3X(f (t)/2, Sy = aX^^^(t)l2 

and S;^ = /3Xf/2? (t) /2, and we have the required correlations. The reader is 
referred to articles [2,12,9] for information on the evaluation of Z\i and Z\ 2 . 

The macroscopic EPR experiment performed with results in accordance 
with quantum mechanics would logically lead to the conclusion that: either 
macroscopic local realism is invalid; or that quantum mechanics is incom- 
plete. EPR experiments have not widely been considered important in their 
own right, since previously they have been based on local realism, a premise 
dismissed by Bell inequality experiments. In our macroscopic example this is 
not correct. The validity of macroscopic local realism has not been tested. 

The macroscopic EPR experiment has been performed in a partly satis- 
factory way by Ou et al [2], with the arrangement of Figure 2. For a conclusive 
result the arrangement of Figure 1 is preferred. The experimental scheme of 
Ou et al suffers the disadvantage that fields a_ , b_ are microscopic. This is 
irrelevant in that the quantity measured, and to which the elements of real- 
ity relate, is not X^ but S^. Nevertheless, the microscopic nature of a-,b- 
incident on the measurement apparatus gives the impression of a microscopic 
experiment. The scheme of Figure 1 where both fields incident on the mea- 
surement apparatus are macroscopic is more transparent, making it clear that 
the “local oscillator” fields a+ , &+ form part of the system. It is also essential 
to ensure measurement events (the selection of 9 or <j>) at A and B causally 
separated, as in delayed-choice Bell inequality experiments [4]. Since a wide 
variety of squeezing experiments have been performed, including squeezing in 
pulsed fields, an experimental realisation of the macroscopic EPR experiment 
would seem very feasible. 
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4 A Direct Test of Macroscopic Local Realism: 

Bell Inequalities Based on Macroscopic 
Local Realism 

We prove that for coarse measurements with macroscopic uncertainties, Bell 
inequalities can be derived using only the premise of macroscopic local real- 
ism [14]. Our proposed experiment is again depicted in Figure 1, except that 
the quantum state \(j) > will be chosen differently. The parametric interaction 
used as a source for EPR correlations in the Ou et al experiment is not di- 
rectly suitable for this experiment, as in this case a positive Wigner function 
exists. This positive Wigner function can act as a local hidden variable the- 
ory to describe the quantum predictions [3], and thus prevent a violation of 
a Bell inequality as we derive here. With an appropriate choice of quantum 
state then, we measure simultaneously at A and B the Schwinger operators 

and S^. The result for the photon number differences and is of the 
form n+noise, where n is the result in the absence of the noise. We introduce 
a random noise function (Gaussian distribution of standard deviation a) at 
each of A and B, and define probabilities such as P^{noise > x), that the 
noise at A is greater than or equal to the value x. 

The results of measurements are classified as -1-1 if the photon number 
difference is positive or zero, and —1 otherwise. We determine the following 
probability distributions: P^{6) for obtaining -|- at A; (</>) for obtaining 
-I- at B; and (6*, </>) the joint probability of -I- at both A and B. 

We define the probability (p) for obtaining results i and j respec- 

tively upon joint measurement of nf at A, and at B, in the absence of 
the applied noise a. With noise present, measured probabilities become 

OO 

P++{0,<p) = ^ P^:^^ {9 , (p)P'^ {noise > —i)P^ {noise > —j) (6) 

Local realism as defined by Einstein-Podolsky-Rosen, Bell and Clauser- 
Horne [1] implies the well known expression. 

p°-^^{9,^) = J p{\) pf{e,X)pf{<P,X) dX (7) 

Local realism implies a set of elements of reality, or hidden variables A (with 
probability distribution p{X)), not specified by quantum theory. For our ex- 
periment, a precise prediction of hf is not possible given a measurement at 
B, for any choice </> at B. The elements of reality then do not take on defi- 
nite values and local realism is only sufficient to imply a probability pf{9, A) 
for the result i of the measurement iif, for a given A. The independence of 
pf{9, A) on (j) is based on the locality assumption. 

With macroscopic local realism the locality condition is relaxed, but only 
up to the level of M photons, where M is not macroscopic, by maintaining 
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that the measurement at B cannot instantaneously change the result at A by 
an amount exceeding M photons. Where our predicted result at A is i using 
local realism, macroscopic local realism allows the result to be i t + tua 
where mA can be any number not macroscopic. Importantly, while i is not 
dependent on the choice (j> at B, the value mA which is not macroscopic 
can be. The macroscopic local realism assumption is that the conditional 
probability pf{9,\) in equation (7) is expressible as the convolution: 

+ M 

mA — — M 

The original local probability A) can be convolved with a microscopic 
nonlocal probability function the only restriction being that 

the nonlocal distribution does not provide macroscopic perturbations, so 
that the probability of getting a nonlocal change outside the range mA = 
—M , ..., +M is zero. Equivalently we must have 

M 

XI = 1- (9) 

mA — — M 

We substitute the macroscopic locality assumption (8) into (7) to obtain 
the prediction for the measured probabilities (6). Recalling i = i' + mA, 
j = f + ms we change the i, j summation to one over i', f to get 

OO « 

Pt+{6,4>)= X J pWp^{0,X) 

i' ,j'——oo 

r M 

'mA — — M 

M 

X > -(/ + tob)) 

We assume that the noise function noise is slowly varying over the micro- 
scopic (or mesoscopic) range —mA, ■■ + mA for which nonlocal perturbations 
are possible according to macroscopic local realism: 

M 

X ^ -ii' + m a)) 

mA — — M 

M 

^ {noise > -i') X (^1) 

mA — — M 

This is only valid if cr is macroscopic. Using (11), one simplifies to get 
the final form P^f{0,(j)) = J2i' j' f p{^)Pi^{(^, ^)Pf{4>, ^)dX x P^{noise > 




dX (10) 
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—i')P^ {noise > —f). This prediction of the hidden variable theory is now 
given in a (local) form like that of (7), from which Bell- Clauser-Horne in- 
equalities [3] follow, for example: 

, (0, 4 >) - </>') + P)"f 4 >) + P^f ( 0 ', 00 / , 

p^^(0') + Pf(0) 

Violation of Bell inequalities (12) with macroscopic noise terms {a macro- 
scopic) is evidence of a failure of macroscopic local realism. We propose a 
quantum state with this property (/q is a modified Bessel function, rg = 1.1). 

10) = [/o( 2 rg)]-i/ 2 |^ 1 ^ I ^ >a_ |n >6_ j . (13) 

\n=0 ) 



\a >a+ and \j3 >t,^ are coherent states with a, (3 real and large. \n >k is a 
Fock state for field k. The fields a_ and 6_ are microscopic and are generated 
in a pair-coherent state [15]. The quantum prediction for (13) is shown in 
Figure 3. Violations of the Bell inequality (12) in the absence of noise are 
shown in curve (a). Violations are still possible (curve (b)) in the presence 
of increasingly larger absolute noise a, simply by increasing a = (3 = E. 
This violation of the Bell inequality (12) with macroscopic noise a implies 
the failure of macroscopic local realism. 




Fig. 3. (a) S versus a = (3, lor 9 = 
Q,(f> = — rr/4:, 9' = tt/ 2, (f)' = — 37t/ 4 for the 
quantum state (13) with no noise present, 
(b) Maximum noise o still giving a viola- 
tion of the Bell inequality (12), versus a 



The large a, (3 limit is crucial in determining whether the violation of 
macroscopic local realism will occur. We see from (1) and (2) that (letting 
a = f3 = E) = EX^j2 and = EX^ /2, where Xf- = d-exp{—i9) + 

d^_exp{i9) and X^ = b-exp{—i4>) + b'Lexp{i(j)) are the quadrature phase am- 
plitudes of fields d- and b- . Violations of Bell inequalities for measurements 
X^, X^ on state (13) have recently been predicted [16], confirming Figure 
3(a). It is always the case that such violations of a Bell inequality will vanish 
when Gaussian noise of sufficiently large standard deviation ag is added to 
the measurements Xf,X^. With a = E sufficiently large, this corresponds 
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to a macroscopic noise value of E<jq in the photon number measurement h'g. 
Therefore any state \ip) which shows a failure of local realism for measure- 
ments and will also indicate a violation of macroscopic local realism, 
provided a, (3 are large. This is relevant since other such states have been 
recently predicted [17], such as an odd or even coherent state passed through 
a beam splitter and parametric interaction [16]. 

This Bell inequality test is logically more straightforward than the EPR 
test, and is stronger, potentially leading to the rejection of macroscopic lo- 
cal realism outright. Appropriate states however are likely to be difficult 
to prepare. Unlike the EPR test it becomes strictly necessary to ensure the 
measurement uncertainty in photon number is macroscopic in absolute terms, 
because of assumption (11). 
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Teleportation Criteria: Form and Significance 



T.C. Ralph 



Summary. Our criteria for continuous variable quantum teleportation [T.C. Ralph 
and P.K. Lam, Phys. Rev. Lett. 81 , 5668 (1998)] take the form of sums, rather than 
products, of conjugate quadrature measurements of the signal transfer coefficients 
and the covariances between the input and output states. We discuss why they have 
this form. We also discuss the physical significance of the covariance inequality. 



Recently we have proposed criteria for the characterization of continuous vari- 
able quantum teleportation [1]. It was shown that for any classical teleporta- 
tion scheme (i.e. where no entanglement is shared) the following inequalities 
cannot be violated for minimum uncertainty Gaussian input states: 



Tt = T+ + T~ <1 


(1) 


Vt = + c;) > 1 


(2) 


Here (T^ ) are the amplitude (phase) quadrature signal transfer functions 

from the input to output fields of the teleporter defined by 


, _ SNR± , 
" SNR± 


(3) 


where the SNR are the signal to noise ratios of small classical test signals. 
The RF frequency test signals are placed on each quadrature of the input 
beam. The conditional variances between the input and output for each of 
the quadrature amplitudes are defined by 




(4) 


where are 

amplitude (5-^'*') and phase {SX~ 
state assessed at some RF frequency 
by 


the standard spectral variances for the 
) quadrature fluctuations of the output 
u!. The correlation function, C, is defined 


in out 


(5) 



and is directly related to the SNR’s via [2] when cross-coupling 

between the quadratures can be ignored [3]. The criteria in (1) and (2) are 
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semi-independent. Violation of either inequality indicates entanglement is 
present. A strong test of teleportation would require both inequalities be 
violated simultaneously. 

Although there is no question of the validity of the inequalities in (1) and 
(2) there has been some discussion about their significance [4]. In particular, 
it has been queried as to why sums are formed of the conjugate quadra- 
ture measurements instead of the “usual” procedure of forming products (cf: 
Heisenberg uncertainty principle). In the following we justify the form of Tt 
and Vt by deriving them from more fundamental expressions. 

Suppose the quantum fluctuations of our input field are described in the 
usual way by the zero-mean annihilation operator Sain whilst our output field 
is described by i5aout- The amplitude and phase quadrature fluctuations of the 
input held are defined respectively by and <5 Air = — 

Suin)- The quadrature fluctuations of the output held can be described by 

<5A± t + Z^SX^ (6) 

where and Z~^ are c-numbers and SX^ includes all added noise sources. 
Here again we will assume there is no cross coupling between the amplitude 
and phase quadratures of the input and output [2], [3]. Then 

= + (7) 



and 



Tf 






(8) 



Because the information used to produce the output held traveled through 
a classical channel the added noise terms must be sufficient to ensure the 
generalized uncertainty principle is maintained for the photo-currents in the 
classical channels [2], [5], this implies 



| r +|2 ^ | v -|2 






(9) 



For a minimum uncertainty input state (Vjn using (8) the in- 

equality in (9) reduces to that of (1). Thus we see that the origin of the signal 
transfer inequality is, in fact, the standard product uncertainty. In quantum 
teleportation the shared entanglement acts as a “quantum key” that enables 
the inaccessible (because of the added noise) quantum information on the 
classical channel to be retrieved [1,6]. The noise on the output held can then 
be less than the minimum required for the classical channel thus allowing the 
inequality to be violated. 

We now consider how one might generalize the conditional variance used 
in QND [2,7] to teleportation. In QND one is only interested in how well 
the properties of one quadrature are preserved. In teleportation we wish to 
quantify how well the entire state is preserved. As we are working in the 
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Heisenberg picture, in which it is the operators which evolve in time, this is 
equivalent to quantifying how well the field operator, a, is preserved. Caves 
[8] defined the variance of the field operator as 

Vf = -{Sa^ Sa + 6aSa^) (10) 

Following the standard procedure for constructing a conditional variance we 
are thus motivated to consider the field correlation 

^ _ lg(^QLt^Qjn + + ^0- out Sal + out) I fll) 

out + (5aout'5aLt)(^«!n'^ain + (5ai„5af„) 

If the fields are identical, i.e. Join = then Cf = 1. If the fields are 

completely independent, i.e. [aout,ain] = [^injolut] = 0, then Cf = 0. We 
then construct the field conditional variance as 

Vcvf = (Sal^^Soout + (5aout<5a^ut)(l “ C*/) (12) 

Using Sa = \{5X^ + iSX~), we can rewrite (12) as 

Vcvf = 2(.'^out + hout y-- ) 

^in ^in 

1, (</T.*KX + '/T.-v„vcy‘ 

— ^OUt y-^y- ) 

^in ^in 

For independent fields Vcvf > 1. If we assume that F+ = Y~ , i.e. the tele- 
porter acts symmetrically on the two quadratures of the input field, then it 
is straightforward to show that in fact 

Vcvf = V (14) 



Thus the inability of classical teleportation schemes to violate the inequality 
of (2) can be seen as showing that in a certain sense the input and output 
remain independent fields. The sum form of the inequality is seen to have its 
origin in the structure of the field operator as a sum of the two quadrature 
components. For asymmetric manipulations of the input quadratures (U“'" 
Y~) we find Vcvf ^ Vf. Our analysis suggests that Vcvf may be the more 
appropriate measure when quantifying such asymmetric schemes. 

We now discuss the physical significance of violating the field covariance 
inequality (2). It has been argued by some that our criteria are too stringent 
because the presence of entanglement in the teleporter can be demonstrated 
without exceeding our inequalities. For example the field covariance of a loss- 
less, symmetric teleportation scheme which has an entanglement resource 
Vent (Vent = 1 represents no entanglement whilst Vent — >■ 0 represents maxi- 
mal entanglement) and a gain of A (assumed real) is given by [1,9] 



^cvf — x(l + A)^V).„t -I- -(1 - A)^— — 

^ ^ vent 



(15) 
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Consider the case of unity gain (A = 1). Without entanglement {Vent = 1) 
we find Vcvf = 2. Only by introducing entanglement {Vent < 1) can we 
obtain Vcvf < 2. However it is not till we have introduced more than 50% 
entanglement {Vent < -5) that we can obtain Vcvf < 1 as per (2). Indeed it is 
in this intermediate region, where 2 > Vcvf > !> that the only experimental 
demonstration of continuous variable teleportation presently lies [10]. One 
may ask if there is any qualitative difference between the types of correlation 
that can be observed when 2 > Vcvf > 1 and those that can be observed 
when 1 > Vcvf > 0. If qualitative differences exists then the more stringent 
definition of teleportation may be justified. We now give brief examples which 
illustrate that such differences do exist. 

Entanglement Requirements. Firstly, it should be pointed out that true 
EPR entanglement is not required to reach the intermediate region. A single- 
mode squeezed beam, split on a 50:50 beamsplitter, is a sufficient resource 
[11]. Although entangled [12], the beams so produced will exhibit non-classical 
correlations on only one quadrature with classical correlations on the conju- 
gate quadrature. The signature of true EPR entanglement is non-classical 
correlations on both quadratures. The field covariance for a beam teleported 
with such a resource is given by [13] 

Vcvf = |(1 + A)^(l -I- 14) -I- |(1 - A)^(l -I- — ) (16) 

where 14 is the level of single-mode squeezing in the resource. The value of 
Eq.(16) can never fall below 1 for any level of the squeezing or gain. Only 
when non-classical correlations can be observed on both quadratures can the 
field covariance fall below 1. Thus only with true EPR entanglement can we 
observe Vwf < 1. 

Preservation of Non-classical Statistics. It is clearly of interest to ask un- 
der what conditions can teleportation of states with a non-classical character 
result in output states which retain that non-classical character. Suppose our 
input state is squeezed along the amplitude quadrature. We may ask under 
what conditions will the output still be squeezed. For symmetric, lossless tele- 
portation the spectral variance of the output amplitude quadrature is given 

by [1] 

Kit = 9(1 + A)^ 14 „t + x(l - ^)^^7 1" 

^ ^ y ent 

= Vcvf + A^p+ (17) 

It is immediately clear from Eq.(17) that it is impossible for squeezing to 
appear on the output unless Vcvf < 1 is satisfied. In the limit of very strong 
squeezing (I 4 + — >■ 0) squeezing on the output is guaranteed when the field 
covariance is less than 1, however in general a field covariance less than 1 is 
a necessary but not sufficient condition for squeezing to be preserved. 

Preservation of Entanglement. Of even greater importance for quantum 
information applications is to ask under what conditions entanglement be- 
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tween two systems, of which one has been teleported, is preserved. We have 
recently quantified this question by looking at the violation of a Bell-type 
inequality [14]. In particular we looked at the value of the Clauser-Horne 
variable [15,16], S, between entangled photon beams when one of the beams 
is teleported using a continuous variable method. Local realistic hidden vari- 
able theories place the following restriction on the value of S'; S' < 1. Quantum 
mechanical states allow S to violate this inequality. The maximum violation 
occurs for non-maximally entangled states [17] and has the value; S = 1.5 
[18]. Our result (in the limit of no loss) can be written 



i(W./-l) + A2(S, + i) 

{Vcvf - 1) + 2A2 



(18) 



where Si is the value of S which would be obtained between the beams 
before teleportation. Eq.(18) shows that if Vcvf < 1 and Sj = 1.5 then S > 1. 
That is, provided that the entangled beams show a maximum violation of 
S before teleportation, then some violation of local realism is guaranteed 
after teleportation if the field covariance falls below 1. As for squeezing this 
condition is necessary, but not sufficient if Si does not have its maximum 
value. 

We have derived the criteria for continuous variable teleportation from 
more fundamental arguments. We have shown by example that the properties 
that can be exhibited by the teleported system when the strong inequality 
Vcvf < 1 is satisfied are qualitatively more “quantum mechanical” than in 
the region 2 < Vcvf < 1- We have also noted that the strong inequality can 
only be satisfied by using true EPR entanglement in the teleporter. 
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Quantum Information Processing 
Based on Cavity QED 
with Mesoscopic Systems* 



Mikhail Lukin, Michael Fleischhauer, and Atac Imamoglu 



1 Introduction 

Recent developments in quantum communication and computing [1-3] stim- 
ulated an intensive search for physical systems that can be used for coherent 
processing of quantum information. It is generally believed that quantum en- 
tanglement of distinguishable quantum bits (qubits) is at the heart of quan- 
tum information processing. Significant efforts have been directed towards 
the design of elementary logic gates, which perform certain unitary processes 
on pairs of qubits. These gates must be capable of generating specific, in 
general entangled, superpositions of the two qubits and thus require a strong 
qubit-qubit interaction. Using a sequence of single and two-bit operations, 
an arbitrary quantum computation can be performed [2]. 

Over the past few years many systems have been identified for potential 
implementations of logic gates and several interesting experiments have been 
performed. Proposals for strong qubit-qubit interaction involve e.g. the vi- 
brational coupling of cooled trapped ions [4], near dipole-dipole or spin-spin 
interactions such as in nuclear magnetic resonance [5], collisional interac- 
tions of confined cooled atoms [6] or radiative interactions between atoms in 
cavity QED [7]. The possibility of simple preparation and measurement of 
qubit states as well as their relative insensitivity to a thermal environment 
makes the latter schemes particularly interesting for quantum information 
processing. 

Most theoretical proposals on cavity-QED systems focus on fundamental 
systems involving a small number of atoms and few photons. These sys- 
tems are sufficiently simple to allow for a first-principle description. Their 
experimental implementation is however quite challenging. For example, ex- 
tremely high-Q micro-cavities are needed to preserve coherence during all 
atom-photon interactions. Furthermore, single atoms have to be confined in- 
side the cavities for a sufficiently long time. This requires developments of 
novel cooling and trapping techniques, which is in itself a fascinating direction 
of current research. Despite these technical obstacles, a remarkable progress 
has been made in this area: quantum processors consisting of several coupled 
qubits now appear to be feasible. 

* This work is dedicated to the memory of Professor Dan Walls 
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On the other hand, some of the above difficulties are related to the mi- 
croscopic nature of the system and may be avoided if mesoscopic systems 
are used. Proposals based on mesoscopic systems are also very attractive for 
possible large-scale implementation in the (presumably distant) future. Here 
collective (i.e. many-particle) excitations can be used as qubits, but it is in 
general difficult to control the coupling between them. 

Motivated by this we here consider an approach that combines elements 
of cavity QED with mesoscopic systems. Specifically, we consider an A^-atom 
system coupled to a few-photon cavity field. We investigate the conditions 
under which quantum entanglement can be created and manipulated in this 
mesoscopic system. Although entanglement manipulation involves collective 
rather than single-particle excitations, the system is still sufficiently simple 
to allow for a first principle description. 

The central feature of our approach is the ability to manipulate collective 
excitations of light and matter by coherent control of the atom-field interac- 
tion using atomic dark resonances [8]. The present work demonstrates that 
the essential elements of QED-based quantum information processing can be 
implemented and that some of them can be considerably improved in a meso- 
scopic system. We show in particular that (t) quantum information contained 
in polarization states of single photons can be stored in collective atomic ex- 
citations; (ii) simple two-bit operations can be performed; (iii) entanglement 
can easily be transfered and distributed among collective excitations of dis- 
tant atomic ensembles. 

2 Collective Excitations as Qubits 

A convenient way of encoding quantum information in optics is via the anal- 
ogy between spin-1/2 systems and polarization states of light waves. We 
therefore begin by associating qubits with polarization states of single pho- 
tons, and show that the states of these qubits can be mapped onto collective 
excitations of ensembles of atoms. We are here interested in single-photon 
excitations of cavity modes described by a superposition of right (|1+)) and 
left (|1-)) circularly polarized components 

Wi) = Cn\li^ + ) + (ii\li-), (1) 

with |aip-|-|/3ip = 1. In the following we focus on the case that involves a pair 
of such single-photons states, i.e. i = 1,2. For simplicity let us assume that 
the two photons occupy different frequency bands and hence are associated 
with different cavity modes. 

In order to manipulate quantum information stored in such qubits we 
consider optical cavities filled with N identical multilevel atoms. The fre- 
quency of a particular pair of transitions is assumed to be close to resonance 
frequencies of the cavity. The corresponding coupling strengths of the atoms 
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to the two cavity modes oi+ and ai_ are assumed to be equal and are de- 
noted by g (see Fig. la). In addition some time-dependent classical fields with 
Rabi-frequencies couple the lower (meta-stable) states |c±i) of these 

atoms to the excited states |a±i) as shown. The excited states decay with 
(equal) decay rate 7 and all atoms are initially prepared in a certain hyperfine 
sub-level, i.e. in a pure state. 




(b) 




Fig. 1. (a) Schematic of the system for storing photon qubits in collective atomic 
excitations, (b) Quantum communication system based on photon trapping and 
release 



The basic Hamiltonian of the cavity -I- atom system can be written in 
terms of collective operators Saj,b = ^aj,b ^^d as 

V = hgcLjSaj,b + + h.c., (2) 

3 



where j = 1±, and = \fj,)u{h'\ is the flip operator of the ith atom between 
states l/i) and \v). Here and below we work in a frame rotating with the 
optical frequencies. 

Of special interest are certain superposition states of light and collec- 
tive states of matter that do not interact with the optical fields. These so- 
called dark-states [8] correspond to elementary excitations of bosonic quasi- 
particles, so-called dark-state polaritons [9] . They are defined by the following 
canonical transformation 



dj = cos 9j dj — sin 0j , 



tan 9j (t) = gVN / f2j (t) 



(3) 



In the limit of small excitation the operators d,- and fulfill Bose commu- 
tation relations. The dj’s create a family of dark states which do not have 
an excited-state component and are decoupled from both optical fields: 

\D,,..,n„h...) = ^^(d;)”(d7)"...|0)|6)i...|&)AT, (4) 

V\Dji^ ,rij,ki...) = 0. These states are composed of cavity field states and 
symmetric Dicke-like atomic states |c”cf^..) containing n atoms in level \cj), 
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k atoms in level \ci) etc, and all others in the ground state |6): 

^ -1 

\h) = \b)i...\b)N, \cj) = '^^\b)i...\cj)i...\b)N, (5) 

^ 1 

|c2) = Y, ^2N{N - 1) (6) 

We here assumed that the number of atoms is much larger than the number 
of photons in the light field. 

The essence of the present approach is that a quantum bit stored in 
photo states can be transfered to collective atomic excitations (and vice versa) 
by adiabatic passage in dark-polariton states. Specifically single-mode dark 
states (4) have the following asymptotic behavior in the two limiting cases: 

\Dj,nj) — >■ |nj) |b), when Q ^ gy/N , (7) 

\Dj,rij) |0) |c”), when Q gy/N . (8) 

It is most important that by varying the strength of the driving field 17(f), 
the state of the combined atom-|-cavity system can be changed from cavity- 
like (in which excitation is mostly of photon nature) to atom-like (in which 
excitations are shared among the atoms). In the latter case the lifetime of 
excitations will not be sensitive to cavity decay; it will be limited solely by the 
decay of the meta-stable atomic states. In this process qubit states encoded in 
the photon field are mapped onto symmetric collective excitations of atomic 
ensembles. Since all dark states are orthogonal to each other, copying of all 
states can proceed in parallel. 

It is known that adiabatic following takes place in the stimulated Raman 
process considered here, if the characteristic time scale T exceeds the ratio 
of the optical decay rate 7 to the square of the characteristic Rabi-frequency. 
For the present system this condition translates into g'^N/jT ^ 1. One rec- 
ognizes that using a mesoscopic system with N ^ 1 considerably improves 
the adiabaticity condition as compared to the single-atom case. This is a 
result of the well-known enhancement of the single-atom coupling by a fac- 
tor '/N due to the collective nature of the interaction [10,11]. It should be 
noted that as long as the atom density is much lower than 1/A^ there is no 
corresponding (superradiant) enhancement of the radiative decay rate 7. 



3 Quantum Entanglement of Collective Excitations 

A pair of qubits stored in collective excitations can be entangled using a 
number of different processes. Here we consider the resonantly enhanced Kerr 
effect [12] in combination with a cavity-QED setup to construct an elementary 
logic gate. The resonantly enhanced Kerr interaction in a 4-level configuration 
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is the basis for the so-called “photon blockade” in a cavity configuration [13] 
and results in extremely strong photon-photon interactions of pulses [14]. 

To implement a two-bit gate we consider a pair of photons resonant with 
different transitions of the same multi-state atom. We use a level configuration 
and optical fields as indicated in Fig. 2. 





Fig. 2. Schematic of the system for an entanglement operation in atomic Rb. Only 
the conpling to the relevant transitions is shown 



In order to entangle qubit states the following sequence of operations can 
be used. In the first step [15], the photon state |li) = ai|li_|_) -I- /3i|li_) is 
transfered to collective atomic states composed of ]ci±) with the adiabatic 
technique described above. This operation corresponds to: 

^crijli-i-) + /3i|li-)) |t>) — >■ ]0i) ^Q!i|ci+) -I- /3i|ci_)^ . (9) 

In the next step, the state of the second photon II 2 ) is mapped onto the 
different atomic sub- levels ]c 2 ±): 

^a2|l2-|-) + /32|l2-)^ ^oi|ci + ) -I- /3i]ci_)^ — >■ IO 2 ) X (10) 

(aia2\ci+C2+) + ai/?2|ci+C2_) -h /3ia2|ci_C2+) -h /3i/32|ci_C2_)^ . 

We now want to generate a conditional phase shift on only one of the 
collective states, say |ci_C 2 ^). For this we first apply a weak magnetic field 
in such a way that the transition ]ci_) — |b) becomes close to the frequency 
of some cavity mode (different from the one used for trapping of the photon 
|li)). Note that this mode also couples off-resonantly (with detuning A) the 
transition ]c 2 +) — >■ |e 2 ,M;’ = 0), where |e) denotes the excited state. The 
shift of the atomic energy levels will also result in undesired different phase 
shifts for the components of the collective atomic states. These phase shifts 
can be compensated however (e.g. by reversing the direction of the field for 
an appropriate time) and shall not be considered here. 
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By applying a classical field of appropriate frequency we can transfer one 
component of the collective state |ci_) back into the photonic mode: 

|0) |Ci_C 2 +) -)> |li_) |C 2 +), |0) |Ci_C 2 _) -1 |li_)|c 2 _). (11) 

At this point the energies of the states |li-) |c2+) and |li-) |c2-) differ in 
a nontrivial way. Namely the state |li_) |c2+) exhibits an AC-Stark shift 
S = g'^jA, since it is coupled by the off-resonant cavity mode containing one 
photon. In order to avoid decoherence associated with two-photon absorption, 
A should exceed the optical decay rate 7. By simply letting the system evolve 
for a time r a conditional phase (p = 6t is accumulated. By transferring the 
photonic components |li_) back to the atoms and reversing the magnetic field 
for a time appropriate to eliminate the single-bit phase shifts, the following 
state is obtained: 

aia2|ci+C2+) -k ai/32|ci+C2_) -k e*‘*’/3ia2|ci_C2+) -k /3i/32|ci_C2_). (12) 

In the language of quantum information, this operation corresponds to a 
universal logic gate (a so-called phase gate) [1]. It is clear that by selecting a 
proper value of the conditional phase <P and by performing independent single 
bit rotations, arbitrary entangled states of two qubits can be generated. This 
can be achieved however only if the system preserves coherence during the 
characteristic time required to accumulate a large phase shift. Hence, in the 
present approach g^r/Z\ ~ 1 is required to achieve arbitrary entanglement of 
collective states. Thus while transfer operations as discussed in the previous 
section do not require a strong-coupling regime, two-bit operations still do. 

4 Effects of Decoherence 

In this section we discuss the effect of decoherence on the manipulation of 
collective atomic excitations. In general, decoherence mechanisms depend on 
the particular implementation. In order to be specific we consider an ensemble 
of laser-cooled Rb atoms in a magneto-optic trap (MOT). The main sources 
of decoherence and dissipation are then (z) spontaneous emission from the 
excited states (with the rate 7), (zz) the finite lifetimes of hyperfine and 
Zeeman coherences within the ground state (corresponding decay rate is 7^) 
and, (zzz) the photon decay of the optical cavity with rate 7c. 

For the present problem dephasing of the collective states is of interest. 
One finds that the states corresponding to single collective excitations are 
dephased at the same rate as the average coherences corresponding to indi- 
vidual atoms. For instance 

d d 1 ^ 

— (b|p|a,) = = -7(b|p|ai). (13) 

By the same argument, coherences between hyperfine and Zeeman sub-levels 
decay at a rate jg. The states containing a single photon in a cavity mode 
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will decay with an additional rate 7 c- In the following we assume that 7 g is 
small on the time scales of interest and can be neglected. 

Both processes considered in the previous sections are affected by decoher- 
ence, but in a different way. In the case of quantum state transfer, decoherence 
due to spontaneous emission can be avoided if the transfer time T is suffi- 
ciently long such that the adiabatic following condition is fulfilled. However, 
in order to avoid decoherence due to cavity decay the transfer time T should 
be short compared to 7 c. Hence, ideal quantum state transfer between cavity 
mode and collective excitations is only possible if 

g^N » 7 c 7 . (14) 

In the case of two-bit operations, spontaneous emission causes two-photon 
absorption at a rate ^ j Here, two-photon absorption can be avoided 
when the detuning A (see Fig. 2) is sufficiently large Z\ 7 . At the same 
time, the entanglement generation should be fast compared to the cavity 
decay rye 1. Hence, in order to accumulate a large conditional phase 
without dissipation it is necessary that 

g^ > 7c^ > 7c7- (15) 

The main conclusion of this section is that in principle increasing the number 
of atoms does not make it harder to create quantum entanglement. Other op- 
erations such as the reliable quantum state transfer between light and matter 
become much easier. The reason for this behavior is that the basic decoher- 
ence mechanisms are not enhanced as the number of atoms is increased. At 
the same time the coupling of the cavity mode to the ground state is enhanced 
by a factor '/N. 

We note that in practice decoherence mechanisms exist that do scale with 
the number of atoms. For instance, off-resonant scattering of the external 
coherent fields on the transition from the ground \b) to the excited states 
|e*) will result in dephasing of the collective states which is clearly enhanced: 
7 = . Here A is the (large) detuning of the coupling field from the 

\b) — >■ |e*) transition frequency. Therefore, in experiments extra care should 
be taken to avoid these decoherence mechanisms. 

5 Entanglement Distribntion 

One of the most intriguing aspects of quantum information is the use of 
entanglement as information resource for purposes such as super-dense infor- 
mation transfer [16], quantum teleportation [17] and secure communication 
[18]. In this section we show that the quantum state of collective atomic ex- 
citations including possible entanglements can be transferred form a given 
cavity system to other systems under much improved conditions as com- 
pared to single-atom QED systems. The technique is based on the possibility 
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to map quantum correlations from traveling-wave light fields to collective 
atomic states and vice versa with nearly 100% efficiency [19,20]. 

The basic mechanism is again the adiabatic procedure discussed in section 
2 with the additional ingredient of a coupling to a continuum of free-space 
modes. We will outline the basic features for a single traveling-wave quantum 
field. In a suitable system, this operation can proceed in parallel for several 
field components and the corresponding generalization is straightforward. 

We consider a cavity with N identical multi-level atoms as before. In ad- 
dition we include the coupling of the cavity mode to a 1-D continuum of 
free-space modes with creation operators b\, described by the effective Hamil- 
tonian V = + h.c.; K being the coupling constant. We assume 

that initially all atoms are in the ground state \b) and that there is no pho- 
ton in the cavity. Thus the combined cavity-atom system is initially in the 
dark-state |H,0) (see (4)). The initial state of the free field is taken to be 
l^'in) = Efe^fcllfc) + + - • K is Convenient to work with 

correlation amplitudes, i.e. Fourier transforms of f 

= (0|^(ti)...S(t,)|<F), (16) 

where E{t) = LI{2 ttc) f dojk exp(ioJki)bk, and L is the quantization length. 
E.g. d>i describes the envelope of a single-photon wave packet, d >2 is the 
coincidence amplitude etc. We now consider a broad class of pulsed fields 
that are characterized by a single common envelope function h(t) such that 

= aj^/j'.h{ti)h{t2)-.h{tj)- (17) 

Any pure state or mixture of such pulses can be described by a single-mode 

density matrix pnm = The corresponding mode function is a super- 

position of plane waves proportional to h^zjc) = f dwfc 

Due to the interaction of the cavity mode with the environment, the dark 
states of the cavity -I- atoms system are coupled to the continuum states. 
When only single-photon pulses are involved the evolution equations of the 
corresponding state amplitudes are [19]: 

bi{t) = in cos 0{t)'^^k{t), (18) 

k 

ik{t) = -iAk^k{t) + iKCOs0{t) D{t). (19) 

Di{t) denotes here the amplitude of the dark-state \D,1) and 9{t) = 6i{t) 
is defined in (3). We proceed by formally integrating (19), substituting the 
result into (18) and invoking a Markov approximation. Assuming that no 
photons arrive to the cavity before to we find for the dark state amplitude 
Di{t) = —iaiD{t) with 

D(t) = dr cos 0(t) /i(t) X exp | — J dr' cos^ 6*(r')| . (20) 
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Here we have introduced the empty-cavity decay rate 7 c = k^L/c. Substitut- 
ing this result back into (19) one finds that the outgoing field is described by 
the common envelope function hout{t) = ~ \/lcL/cD{t). 

In order to trap photons we require that the envelope of the outgoing 
field and its first derivative vanish identically. I.e. /lout(f) = ^out(f) = 0. 
Differentiating the above relation for hout{t) yields 

— ^In cos 9{t) + ^ In h{t) = cos^ 6{t). (21) 

CJ. L 'JLL 

If f2{t) is chosen such that 6{t) obeys this equation with the asymptotic 
condition cos 0 — >■ 0 the output field remains zero and the incoming light 
pulse is completely transferred to the atomic system. 

The above condition corresponds to a quantum or dynamical impedance 
matching [19]. The term on the r.h.s. of (21) is the effective cavity decay rate 
reduced due to intracavity electromagnetically induced transparency (EIT) 
[21]. The first term on the l.h.s. describes internal “losses” due to coherent 
Raman adiabatic passage and the second term is due to the time-dependence 
of the input field. As in the case of classical impedance matching [22], (21) 
reflects the condition for complete destructive interference resulting in a van- 
ishing outgoing wave. Solving (21) yields 



cos^ 9{t) 



Icfl^dTh^T)' 



(22) 



which corresponds to D(t — >■ -|-oo) — >■ 1. Hence, by suitable variation of the 
classical driving field any single-photon pulse can be trapped ideally, if its 
pulse length is longer than the bare-cavity decay time. 

Generalizations of the above considerations to multi-photon states can 
proceed along the same lines, but involve more tedious algebra. In particular, 
for the two-photon states one finds D 2 {t) = —a 2 D{tY, and in general 

Du{t) = {-ifaud{tf (23) 



can be proved. Under conditions of quantum impedance matching Dk(t — >■ 
oo) — >■ {—i)^ak for arbitrary k. Hence pulsed fields in a generalized single 
mode with arbitrary quantum state can be mapped onto the atomic ensemble. 

Releasing the stored quantum state into a pulse of desired shape can be 
accomplished in a straightforward way. A simple reversal of the time depen- 
dence of the control field at a later time td leads to a perfect mirror-image of 
the initial pulse. This can be verified directly from (20). 

Before concluding we note that the quantum transfer protocol described 
here is based solely on the adiabatic rotation of the dark state described in 
Section 2. Hence, this operation can be nearly ideal whenever inequality (14) 
is fulfilled [19]. Therefore, perfect quantum communication can be achieved 
in the present system without invoking the strong coupling regime of cavity 
QED. 
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6 Conclusions 

In conclusion, we have shown that quantum information stored in collective 
excitations of an 7V-atom system can be coherently processed using cavity 
QED techniques. The use of a many-atom system will simplify practical im- 
plementations of cavity-QED systems as it eliminates the problem of trapping 
exactly one atom inside the resonator. We showed that certain network oper- 
ations such as the transfer of excitation between atomic and photonic degrees 
of freedom and entanglement distribution can be performed without invoking 
the strong coupling condition of cavity QED . This will allow much faster net- 
work operations as in single-atom based schemes. However other operations, 
such as two-bit rotations resulting in quantum entanglement still require a 
strong coupling. Studies of possible ways to alleviate these requirements, and 
to avoid the strong coupling regime altogether are currently under way. This 
includes, for instance, resonant nonlinearities in a traveling wave geometry, 
so-called photon-exchange interactions or cold collisions. 
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Quantum State Protection 
Using All-Optical Feedback 



Paolo Tombesi, Vittorio Giovannetti, and David Vitali 



Summary. An all-optical feedback scheme in which the output of a cavity mode 
is used to influence the dynamics of another cavity mode is considered. We show 
that under ideal conditions, perfect preservation against decoherence of a generic 
quantum state of the source mode can be achieved. 



1 Introduction 

Electromagnetic fields in cavities have already been used for quantum infor- 
mation processing. For example, one of the first experimental demonstration 
of a quantum gate has been implemented using two cavity modes character- 
ized by a nonlinear dispersive interaction mediated by a beam of Cs atoms 
[1]. In particular, quantum information can be stored in high-Q electromag- 
netic cavities, and with this respect it is important to develop schemes able 
to increase the quantum information storage time as much as possible, and 
provide therefore a good quantum state protection against the effects of the 
decoherence due to cavity leakage. 

We have developed schemes for the preservation of generic quantum states 
in cavities based on feedback loops originating from homodyne measurements 
[2,3], or associated with direct photodetection supplemented with the in- 
jection of an appropriately prepared atom [4,5]. These schemes provide a 
significative increase of the decoherence time of an initially prepared quan- 
tum state, but are both characterized by some limitations. In the case of 
homodyne-mediated feedback, the scheme is “anisotropic” in phase-space [2] , 
that is, it does not protect all the quantum states in the same way. This is 
due to the fact that the dynamics in the presence of feedback has a priv- 
ileged direction, coinciding with that of the measured quadrature. In the 
case of photodetection-mediated feedback, the scheme is isotropic but it is 
affected by phase diffusion, which, although very slowly, leads to destruction 
of quantum phases [5]. 

The schemes considered in [2~5] employ the usual implementation of op- 
tical feedback, i.e., electro-optical feedback, in which the light exiting the 
cavity enters a detector and the photocurrent produced is used to control the 
cavity dynamics by some electro-optical device. Here we show that a promis- 
ing way to obtain perfect quantum state protection, that is, the preservation 
of an initially prepared quantum state for an arbitrarily large time, can be 
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obtained by using an all- optical feedback scheme. In these schemes, the output 
light is not detected, but it is reflected around a feedback loop and sent into 
another cavity (the driven cavity) which is coupled to the first in some way. 
This scheme is an actual feedback scheme if the loop is one-way, i.e., it goes 
from the source to the driven cavity and it cannot go backward. This can be 
achieved by inserting in the loop a system analogous to a Faraday isolator. 
With this respect, all-optical feedback schemes are an example of cascaded 
quantum systems, introduced and described by Gardiner [6] and Carmichael 
[7]. In these systems, the output from a source mode is used as an input for a 
second mode. The new feature introduced by feedback is the presence of an 
interaction term between the two modes, so that the source mode dynamics 
is affected by the driven mode. 

All-optical feedback schemes have been already studied by Wiseman and 
Milburn in [8]. However they focus their attention to the adiabatic regime, 
where the linewidth of the driven cavity is much larger than that of the source 
mode, so that the driven mode can be adiabatically eliminated. In this case, 
an all-optical feedback scheme reduces to an analogous electro-optical feed- 
back scheme whenever the interaction between driven and source mode has 
a quantum non demolition (QND)-like form, that is, it is a product of source 
and driven mode operators. In this case, in fact, the role of the driven mode 
is completely equivalent to that of a detection apparatus [8] . On the contrary, 
all-optical feedback cannot be reduced to an electro-optical analogous in the 
case of a non-factorized form of interaction Hamiltonian. This is the most in- 
teresting case and in this work we shall only consider this case, which can be 
experimentally realized, for example, using a simple set up involving a single 
cavity. In this case, one polarization mode plays the role of the source mode 
and an orthogonal polarization mode plays the role of the driven system. 
The unidirectional coupling is provided by an optically active element sup- 
plemented with two polarized beam splitter and a polarizer. We shall see that 
the scheme is able to provide an “isotropic”, i.e. phase-independent, quantum 
state protection for the source mode. More interestingly, we show that in the 
ideal limit of unit efficiency of the feedback loop, feedback parameters can 
be chosen so to achieve perfect state protection, i.e., perfect freezing of the 
source mode dynamics. 



2 The All-Optical Feedback Scheme 

Let us briefly recall the theory of cascaded quantum systems developed by 
Gardiner and Garmichael in [6,7] and reconsidered by Wiseman and Milburn 
in [8]. This theory describes two systems, the source system and the driven 
system, which are unidirectionally coupled. This broken symmetry can be 
naturally obtained in optical systems when the coupling is realized by a 
reservoir of electromagnetic waves traveling in one direction. Experimentally 
this one-way isolation can be obtained using a Faraday rotator. This means 
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that the source emits photons influencing the dynamics of the driven system, 
while the radiation emitted by the driven system does not affect the source. 
The source and the driven system can be generic quantum system, but here 
we shall consider the case of two optical cavities. If we denote with ai and 7^ 
the annihilation operator and the decay rate of the source cavity mode, and 
with 02 and 72 the corresponding quantities for the driven cavity mode, the 
dynamics of a generic operator c{t) can be obtained using the input-output 
theory [9] , yielding the following quantum Langevin equation [6] : 



'y' 

c{t) = [c(t),H] - |^c(t),ol(t)J I yfliW + 

+ [c(i),aiW] 

c{t),al(t) I y 02(f) -b - t ) + - t) 

+ j y 4(^) + - t ) + \fiia\jyt - r)| [c(f), 02(f)] . 



( 1 ) 



We have considered the presence of a total system Hamiltonian then ain{t) 
is the input noise at the source cavity, with [oi„(f), Oi„(f')] = S{t — t'), and t 
is such that cr is the distance between the two cavities. When H = Hi + H2 
is the sum of a source Hamiltonian H\ and a driven mode Hamiltonian i?2, 
we have a cascaded system and the meaning of (1) is evident. The equation of 
an operator of the source cavity does not involve the last two lines of (1), and 
one has the usual quantum Langevin for the source cavity, since the driven 
cavity has no effect on it. On the contrary, in the case of a driven cavity 
operator, the second and third term of the right hand side of (1) is zero and 
one has the usual quantum Langevin equation but with an input held equal to 
the output held from the source cavity, delayed by r. In the case of cascaded 
systems, the delay r is an arbitrary constant, which is essentially irrelevant 
for the physics of the problem. In fact, the results for a given value of the 
delay r can be obtained from those with another value for r with simple, 
appropriate, adjustments. It is evident that the easiest case is the limiting 
case of a vanishingly small delay r — >■ 0, which involves the input noise at time 
f, Oi„(f), only, and this explains why the zero delay case is usually considered. 

The delay r becomes an important physical parameter in the presence of 
some feedback process, i.e., when the driven mode can affect in some way 
the source mode dynamics. This could be done, for example, simply by re- 
moving the Faraday isolation, i.e., restoring the inversion symmetry, but this 
simply means going back to the trivial case of two interacting systems. A 
more interesting situation is obtained when the unidirectional coupling is left 
unchanged, and feedback from the driven to the source system is obtained 
through a coupling Hamiltonian term. This means that the Langevin equa- 
tion (1) is still valid, but with a non-decomposable total system Hamiltonian 
H = Hi + H2 + Hint, so that the two cavity modes are no more real cas- 
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caded systems. The presence of the interaction term Hint implies that the 
two cavities have to overlap spatially, at least partially. In this case one es- 
sentially realizes an all- optical feedback scheme, because in this way one tries 
to implement a control of the source mode dynamics through an optical loop 
involving the driven cavity and its interaction with the source mode. In this 
case, the delay r acquires the meaning of a feedback loop transit time and 
the T yf 0 case now corresponds to a truly non-Markovian dynamics [3] . The 
Markovian limiting case r —>■ 0 becomes now a well specified physical assump- 
tion, which is justified only in the case when the feedback delay r is much 
smaller than the typical timescale of the dynamics of the system of interest, 
i.e., of the source mode. Since we are concerned with the preservation of a 
generic quantum state generated in the source cavity, the relevant timescale 
here is the decoherence time, which is given by ~ (Yih)~^, where h is 
the mean number of photons [10]. The feedback loop delay time is instead of 
the order of a single cavity transit time r ~ 2T/c {L is the cavity length) and 
since l/y^ = 2L/cT, where T is the cavity mirror transmittivity, it is evident 
that for good cavities, the Markovian limit r —>■ 0 can be safely assumed even 
for quantum states of the source mode with a quite large number of photons. 

In the Markovian limit r — >■ 0, the quantum Langevin equation (1) be- 
comes equivalent to a master equation for the joint density matrix -D(t) of 
the source and driven modes. We consider the most common case of a vac- 
uum reservoir, that is, (ai„(t)aJn(t)} = S(t — t') (the case of more general 
input white noises is considered in [8]). Moreover we generalize to the realis- 
tic situation in which the losses in each cavity are not due only to coupling 
with the vacuum electromagnetic modes responsible for the unidirectional 
coupling between the source and the driven mode (with rates 7'), but also 
to the coupling with some other unwanted modes (absorption and diffraction 
losses) , with rates rji . The general master equation for all-optical feedback in 
the r — >■ 0 limit is therefore 



b = - '^-[H,D]+ {2aiDa\ - a\aiD - Da\ai'^ 

_l_7gjbj72 ^2u2Dal — a\a2D — 



a\D,a\ + 02 ,Da\ | 



(2) 



In this work we apply this master equation to a set up which could be real- 
ized experimentally in a quite straightforward way and which is schematically 
shown in Fig. 1. The source and the driven cavity coincide and the two anni- 
hilation operators oi and 02 describe two frequency degenerate, orthogonally 
polarized modes of the cavity. As discussed in detail in [8], in order to have 
a feedback scheme with no electro-optical analog, one has to choose an in- 
teraction Hamiltonian Hint which cannot be factorized into a source and a 
driven term. We choose the simplest case, a mode conversion term, which can 
be realized even without a nonlinear medium, but with a simple half-wave 
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plate, i.e., a polarization rotator. In the frame rotating at the frequency of 
the modes, one has 

o- / t t ^ /o^ 

U = in ^ — a2®ij > 

where we have defined the coupling in terms of the dimensionless constant g. 
In this case the unidirectional coupling can be simply realized using two po- 
larized beam splitters, a Faraday rotator and an half-wave plate (see Fig. 1). 




Fig. 1. Scheme of the proposed all-optical feedback loop. The source mode (full 
line) and the driven mode (dashed line) are, respectively, horizontally and vertically 
polarized and are coupled within the cavity by the half-wave plate A. The source 
mode passes through an optically active element F.R. and the half-wave plate B, 
both rotating its polarization by 7 t/4 radians, so that it finally drives the driven 
mode in the cavity. The output from the driven mode cannot come back into the 
cavity because of the action of the optically active element and of the polarized 
beam splitter 



3 The Dynamics of the System 

Before studying the dynamics of the two coupled cavity modes, it is con- 
venient to consider the adiabatic regime where the driven mode bandwidth 
72 = 72 + is much larger than that of the source mode. This limit will 
show in which way the optical feedback loop is able to inhibit the decohering 
effects of photon leakage. When 72 is much larger than the other parameters, 
the driven mode can be adiabatically eliminated so to get a master equation 
for the reduced density matrix of the source mode alone g. The driven mode 
will always be very close to the vacuum state, so that we can expand the 
total density matrix D as 

D = wo'Si |0)(0| -I- 0 |1)(0| -I- ® |0)(1| 

+w'^ ® |1)(1| +W2^ |2)(0| + 0 |0)(2| , (4) 

where |n), n = 0, 1,2, are the lowest driven mode Fock states. Inserting this 
expression in the master equation (2), one gets a set of coupled equations for 
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Wi, which, at lowest order in 72 yields the following master equation for 
the source mode reduced density matrix g = wg + w'2 

l + ff (2 + 5')^^ ( 2 aiga\ - a\aiQ - ga\a-^ , ( 5 ) 

where 71 = 7^ + 71 is the total decay rate of the source mode. Equa- 
tion ( 5 ) shows that, in the adiabatic limit, the dynamics of the source mode 
in the presence of the optical feedback loop is still described by the stan- 
dard vacuum optical master equation, but with a renormalized decay rate 
+ g {2 + g)rf'^^^ where we have defined the feedback efficiency 
V = 1/7172/7172 (a decay rate renormalization in the adiabatic limit is al- 
ready predicted in [8]). It is easy to see that the feedback is optimal, i.e., the 
effective decay rate 7i'^^ is minimized, when the dimensionless mode conver- 
sion coupling g = — 1 , and in this case 7/'^ = 71 [l — 7^] . Therefore in the 
ideal limit of perfect feedback 7 = 1 (i.e., no light is lost in the loop due 
to diffraction or absorption), when g = —1 and 72 71, all-optical feed- 

back completely freezes the source mode dynamics, that is, it realizes perfect 
preservation of an initial quantum state. In this ideal case, the whole source 
mode output is collected and converted by the all-optical loop into driven 
mode light, which is then efficiently converted again within the cavity into 
source mode light. No source mode photon is lost in the loop, and more im- 
portantly, when g = — 1 , optical feedback acts in phase, yielding a complete 
suppression of photon leakage. This phase-sensitive aspect of all-optical feed- 
back cannot be achieved with electro-optical feedback. For example in [ 5 ], 
we have studied a direct-photodetection based electro-optical feedback loop, 
feeding back a photon in the cavity through atomic injection, whenever a 
photon is lost and detected. In this case, perfect state preservation is not 
achieved even in the ideal limit of unit feedback efficiency, because the fed 
back photon has no phase relationship with those in the cavity, and one is 
left with an unavoidable, even though slow, phase diffusion. This study of 
the adiabatic limit 71/72 «C 1 shows that, with all-optical feedback, perfect 
state preservation is in principle possible using the scheme of Fig. 1 . We now 
study the exact dynamics of the two coupled modes by solving the master 
equation (2) in order to see the performance of the scheme as a function of 
the feedback efficiency t] and of the adiabaticity parameter 71/72. We shall 
consider a factorized initial condition D{ 0 ) = gi( 0 ) 0 ^?2(0)• K is convenient 
to expand the initial conditions using the R representation [ 9 ] 

^ ^ J \Pj){aj\ ^ (6) 

where \aj) and \fij) are coherent states and 

= moMWi) ( 7 ) 

is the R function, analytic in the two complex variables aj and fd*. We are 
interested in the dynamics of the source mode only and, even though we do 
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not adiabatically eliminate the driven mode, we shall always consider it more 
damped than the source mode. It is therefore reasonable to assume an initial 
vacuum state for the driven mode 02(0) = |0)(0|) which means i?2(/32>Q^2) = 
1. Moreover we shall trace over the driven mode and focus on the reduced 
Wigner function of the source mode W\{a,a* ,t) = f d? (iW{a,a* , ( 3 , ( 3 * ,t). 
The time evolution of this reduced Wigner function can be determined exactly 
in terms of the R representation of the source mode initial condition, and after 
some Gaussian integrations one gets 



Wi(a,a*,t) 




X exp 






(8) 



where 



m 



Tfl 72 ^ 7l T 72 — m)t/4 

2m 2m 



(9) 



and m = \/ (71 — 72)^ — 47i72?7^(2 + g)g. It is interesting to notice that the 
exact dynamics of the source mode is completely characterized by the function 
T{t) of (9) only. It can be shown that T{t) is always a nonincreasing function 
of time. In particular, in the absence of feedback {g = 0) one has T{t) = 
exp(— 7it/2), since the source mode is not affected by the driven mode. In 
the adiabatic limit, one can see from (9) that, at first order in 71/72, one has 
T{t) = exp (-71 (1 + if {2 + g)g) t/ 2 ), implying (see also section 2), that in 
the ideal case 7=1 and g = —1, it is R{t) = 1 and therefore the source mode 
dynamics is completely frozen. 

It is instructive to apply the general expression of the time evolved Wigner 
function of (8) to some specific initial states of the source mode. The paradigm 
case for decoherence studies is the Schrodinger cat case, £)i(0) = |'0(O))('i/'(O)|, 
with 



IV'(o)) 



1 

a/2(1 + cos ip) 



(|ao) + 






(10) 



applying (8) one gets that the corresponding time evolution of the Wigner 
function is 



Wi{x,t) = 



7 t (1 + cos ip) 



^g-2|a5-ao^(t)P _|_ g-2|a;+ao^(t)l^ 



+ 2g-2(l-P-|«o^(‘)P + |ao|^) ^'4(3, A ao) • z , (11) 



where x = (Re{a}, Im{a}, 0), olq = (Re{ao}, 0) and z = (0,0,1). 
From (11) one can see the isotropic properties of the all-optical feedback 
scheme studied here, since the state of the source mode depends upon the 
angle between x and olq only. The time evolution of a Schrodinger cat state 
with «o = 2i and = 0 is displayed in Fig. 2: in (a) the initial condition is 
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shown, while in (b) and in (c) the state evolved in the presence of feedback 
after two decoherence times t^ec = l/(27i|aoP) and 20taec are respectively 
shown. In (d) the state evolved after 2tdec in the absence of feedback is instead 
shown. What is relevant is that, with achievable feedback parameters g = — 1, 
77 = 0.95, and 71/72 = 10“^, one gets a very good preservation of the initial 
mesoscopic Schrodinger cat state (h = 4) after two decoherence times. With 
all-optical feedback, one has a decohered cat state similar to that obtained 
in the absence of feedback after 2tdec, only after 20 decoherence times. 




Fig. 2. Time evolution of the source mode Wigner function of the cat state of 
equation (10) with oo = 2i, = 0. (a) Initial Wigner function; (b) state after two 

decoherence times tduc in the presence of feedback; (c) state after t = 20tdec in the 
presence of feedback. Parameter values are g = —1, g = 0.95, and 71/72 = 10~®. 
(d) shows the state after t = 2tdec in the absence of feedback {g = 0) 



Similar qualitative results are obtained with a different initial pure quan- 
tum state of the source mode, i.e., the linear superposition of Fock states 
'*/(0)) = (|2) + \/2|4)) /-\/3- The time evolution of the Wigner function is 
shown in Fig. 3, where, again, (a) shows the initial state, (b) and (c) show 
the state evolved in the presence of feedback after 2tdec and after 20tdec 
respectively, and (d) shows the state evolved after 2tdec in the absence of 
feedback. The feedback parameters are the same as in Fig. 2. One has again 
a very good preservation of quantum coherence after two decoherence times. 

A more quantitative characterization of the preservation properties of the 
all-optical feedback scheme is obtained from the study of the fidelity of the 
initial state, F{t) = Tr {771(^)771(0)}. Using (8) it is possible to write the 
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Fig. 3. Time evolution of the source mode Wigner function of the linear superpo- 
sition of Fock states |V’(0)) = (|2) + V^ld)) /-\/3. (a) Initial Wigner function; (b) 
state after two decoherence times tdec in the presence of feedback; (c) state after 
t = 20tdec in the presence of feedback; (d) state after t = 2tdec in the absence of 
feedback. Parameter values are the same as in Fig. 2 



fidelity of a generic initial state in terms of its R representation ( 7 ) and the 
function R{t) as 

F{t) = ^ J d^aid^/Jie-l^il'-l^il' (12) 

The time evolution of the fidelity in the case of the initial Schrodinger cat 
state of ( 10 ) is shown in Fig. 4 . In (a) F{t) is plotted for different values of the 
feedback efficiency t] and with fixed values for the coupling constant g (the 
optimal choice 5 = — 1 is considered) and for the ratio 71/72- As expected, 
the preservation of the quantum state worsens for decreasing efficiencies. In 
(b) the effect of the timescale separation between source and driven mode is 
studied and F{t) is plotted for different values of at fixed values for the 

coupling and the feedback efficiency (the optimal values g = —1 and 77 = 1 
are considered). We notice in particular that the decay rates ratio 71/72 plays 
an important role and that only in the adiabatic limit 71/72 1 one gets a 

fidelity very close to one. Even in the adiabatic regime and in the ideal case 
(see for example the curve corresponding to 71/72 = 10“^), a finite value for 
72 determines an appreciable initial slip from the condition F(t) = 1 at small 
times, before the fidelity saturates to its asymptotic value. 
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Fig. 4. Time evolution of the fidelity F{t) in the case of an initial Schrodinger 
cat state (see (10) with qq = 5 and <p = 0). (a) shows F{t) for different values 
of the feedback efficiency rj, with g = —1 and 71/72 = 10~®. From the top to the 
bottom: g — 1, g = 0.99, g — 0.97, g = 0.95, g = 0.90; the dashed line refers to 
g ~ 0 (absence of feedback), (b) shows F{t) for different values of the decay rates 
ratio gxlg-i with g = —1 and g = 1 kept fixed. From top to bottom: 71/72 = 0, 
71/72 = 10“®, 71/72 = 10“^, 71/72 = 10“^ 



We have studied the behavior of the fidelity for a large class of initial 
states, as for example the linear superposition of Fock states of Fig. 3, and 
we have always found a behavior completely analogous to that shown in 
Fig. 4. 

In conclusion, we have proposed an all-optical feedback scheme involving 
two orthogonally polarized modes in a cavity. The output light from the 
source mode is sent back using a Faraday isolator into the other, driven, 
mode and feedback is achieved by coupling the two modes within the cavity 
via a half-wave plate. In the adiabatic limit in which the driven mode is much 
more damped than the source mode, it is possible to choose the coupling 
constant so that in the ideal case of unit feedback efficiency one has freezing 
of the source mode dynamics, and therefore perfect preservation of quantum 
coherence. We have also shown that the protection capabilities of the scheme 
remain good even in the case of realistic values of the feedback efficiency. 
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Single-Photon Nonlinear Optics 
and Quantum Control* 



Scott Parkins, Dan Walls and Atac Imamoglu 



Summary. Experiments using single atoms coupled strongly to high-finesse op- 
tical resonators are pushing nonlinear optics into a new realm where strong in- 
teractions between single-photon fields can be realized. In combination with sub- 
tle quantum interferences between different atomic transitions, which produce the 
phenomenon of electromagnetically-induced transparency, modifications of these 
experiments should enable such strong interactions to be implemented in an en- 
vironment with minimal dissipation. Such an optical system is ideally suited to 
quantum information processing in a distributed network. 



1 Introduction 

Nonlinear optics is concerned with the interaction of light fields with media in 
which the induced polarization exhibits a nonlinear dependence on the elec- 
tric field. Typically, the nonlinear terms in the polarization, which can give 
rise to effects such as harmonic generation, four-wave mixing and parametric 
down-conversion, are much smaller than the linear terms, and it requires very 
high intensities of the light fields for nonlinear effects to become significant. 
For example, in conventional nonlinear optical systems, the so-called Kerr 
nonlinearity, which gives rise to intensity-dependent phase shifts (associated 
with terms in the polarization of order 3 in the electric field), only yields ef- 
fective field-field interactions at the level of roughly 10^° photons. That is, it 
generally requires powerful laser light sources producing essentially classical 
electromagnetic fields. 

However, a fundamental challenge for nonlinear optics now being con- 
fronted by theorists and experimentalists alike is the realization of nonlinear 
systems able to mediate strong interactions between light fields at the few- 
photon level, or more generally where the quantum nature of the fields is 
manifest, in an environment with minimal dissipation. The possibility to ad- 
dress fundamental issues in physics such as quantum coherence and quantum 
measurement might seem motivation enough for this challenge, but perhaps 

* This article was initiated by Dan Walls shortly before his death. Dan felt strongly 
that this particular area of research holds many exciting prospects for quantum 
optics. We have completed this article in tribute to Dan’s remarkable insight and 
contributions to the advancement of the field. 
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the major force now driving this research is the explosion of interest in quan- 
tum logic and computing and its possible implementation using quantum 
optical systems. 

Remarkably, nonlinear systems operating in this quantum regime have in 
fact been demonstrated in the laboratory [1,2]. These pioneering demonstra- 
tions were based on effects in cavity quantum electrodynamics (cavity QED), 
using single atoms coupled strongly to high finesse microwave or optical cavity 
modes to generate Kerr-type nonlinearities capable of inducing large condi- 
tional phase shifts (on a probe atom or weak probe light field) per photon 
inside the cavity. Further exciting progress in the pursuit of giant optical 
nonlinearities has also been supplied recently, in quite dramatic form, by ex- 
periments using a dense ultracold atomic gas and a fascinating phenomenon 
known as electromagnetically induced transparency (FIT) [3]. FIT amounts 
to a cancellation of absorption associated with optical resonances and is a 
result of destructive quantum interference [4,5]. Surprisingly, and very for- 
tuitously, this cancellation can occur in conjunction with the generation of 
large, resonantly-enhanced optical nonlinearities [6] . The ultracold-gas exper- 
iment demonstrated this possibility emphatically by realizing a perturbative 
Kerr nonlinearity enhanced by many orders of magnitude over conventional 
values. Indeed, the nonlinearity was of a magnitude where single photon ef- 
fects should be significant [7], highlighting the potential of the FIT system, 
as suggested in [6], as a quantum logic device. 

Encouraged by the theoretical and experimental results, a number of 
related proposals have appeared for the realization of, for example, single- 
photon “switches” or “blockades” using an EIT-based Kerr medium [8-14], 
possibly inside a high finesse optical cavity; that is, trying to utilize the 
combined potential of the cavity-QED- and EIT-based approaches to single- 
photon nonlinear optics. Since the energy level diagram of the FIT based 
schemes is generic to all alkali atoms, recent cavity QED experiments with 
single alkali atoms offer great encouragement for such schemes [15-17]. 

As further motivation for the present review, we begin with an overview 
of quantum computation and conditional quantum dynamics, outlining in 
somewhat more detail why quantum optical systems are being considered 
so actively in this context. We then describe briefly the first experimental 
demonstrations of single-photon nonlinear dynamics in cavity QED systems, 
after which we describe the FIT effect and discuss the proposed cavity-EIT 
schemes. 

2 Quantum Computation and Cavity QED 

The superposition principle of quantum mechanics and the phenomenon of 
quantum entanglement offer the possibility of fundamentally new forms of 
computation. While this possibility has been known for some time now, find- 
ing ways to exploit it in a specific and useful fashion has proved very chal- 
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lenging. However, quantum algorithms for the prime factorization of large 
integers and for performing fast searches on databases, recently developed by 
Peter Shor [18] and Lou Grover [19], respectively, have helped to transform 
quantum computation (QC) into a dynamic and rapidly expanding field of re- 
search, on both theoretical and experimental sides [20-22]. A further boost to 
the field has come with the invention of quantum error correction (QEC) and 
fault-tolerant QC, which demonstrates that (inevitable) decoherence need 
not be an obstacle to QC. However, the decoherence rate (normalized to the 
rate at which controlled gate operations can be carried out) has to be below 
an accuracy threshold in order to carry out reliable QC [22] . 

The fundamental variable in a classical computer is the bit, which can 
exist in either of two states, |0) or |1) say. The quantum equivalent, for a 
two-state variable, is known as a qubit, which, in accordance with quantum 
mechanics, can exist in any coherent superposition of |0) or |1); that is, both 
states can contribute to a single qubit, and hence to the behaviour and prop- 
erties of that variable, at the same time. Naturally, a quantum computer 
that consists of n-qubits can, at any given time, be in a superposition of 2" 
distinct states. Due to the linearity of quantum mechanics, the sequence of 
controlled quantum operations (that constitute QC) will be carried out for 
all 2" states in parallel: this is sometimes referred to as quantum parallelism 
and is at the heart of the potential power of quantum computing [22] . 

Quantum logic gates must be able to operate on quantum variables and, 
preserving coherence, themselves generate quantum superpositions and en- 
tanglement in the output variables. The caveat to QC is the immense diffi- 
culty of engineering a sizeable network of quantum logic gates while minimiz- 
ing dissipation, or decoherence, in the system so as to satisfy the accuracy 
threshold. The fragility of quantum superposition and entangled states is al- 
ready well understood and appreciated. The larger and more macroscopic the 
system the more likely it is that quantum information will be distributed to 
uncontrollable degrees of freedom, spoiling the computational process. The 
challenge, therefore, is to engineer microscopic systems in which qubits can 
interact with each other, in sufficient isolation from the surrounding environ- 
ment that repeated operations can be performed. 

In order to achieve QC, we need to be able to modify the state of a quan- 
tum system (qubit), conditioned on another quantum variable: the simplest 
example for such conditional quantum dynamics is the controlled-not gate. 
It is perhaps not surprising that the cavity-QED experiments that we detail 
in the next section provided the first experimental realization of conditional 
dynamics at the quantum level. Over the last 20 years, quantum optics in 
general, and cavity-QED in particular, have proved to be an invaluable tool in 
investigating and understanding quantum phenomena. This is primarily due 
to the fact that the fundamental systems in quantum optics are relatively well 
isolated from their environment, and at the same time, they can be manipu- 
lated with a very high degree of precision using lasers. However, the residual 
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coupling to the electromagnetic environment through both atomic sponta- 
neous emission and cavity losses severely limit the scalability of a quantum 
information processing scheme that is based on cavity-QED. 

Scalability is a major problem arising in practically all of the vastly dif- 
ferent physical implementations of QC: this is true even in schemes, such as 
the ion-trap quantum computer, where decoherence is much less of a problem 
in comparison to conventional cavity-QED schemes. As a result, it has been 
argued that an actual QC architecture is more likely to look like a quan- 
tum network, consisting of quantum information processing units that have 
a relatively small number of qubits, and that communicate with each other 
via quantum channels. All of the quantum communication schemes that have 
been proposed to that end are based on cavity-QED systems which establish 
the link between distant quantum systems via single-photon pulses [23-25]. 
Even though these schemes rely on linear pulse propagation, one can envision 
future schemes where conditional manipulation of single-photon pulses will 
also be important. 

3 First Experimental Steps: Cavity QED 

In quantum optics, cavity QED is concerned with the interaction of one 
or many atoms with a mode of the electromagnetic field supported by a 
resonator, or cavity [26]. In general, this cavity is formed by a pair of high- 
finesse mirrors whose spacing is carefully tuned to resonate with a particular 
transition between two internal states of the atomic species involved. If the 
dipole moment of the atomic transition is sufficiently large and the cavity 
mode volume sufficiently small (maximizing the “electric field per photon”), 
then the single-photon dipole coupling strength between an atom and the 
field mode can in fact exceed dissipative rates in the system due to mirror 
losses (i.e., finite mirror reflectivities) and atomic spontaneous emission; this 
corresponds to the strong-coupling regime of cavity QED. 

Tremendous progress in experimental cavity QED over the past 10-15 
years has pushed research squarely into this regime and opened the door to 
a variety of unique possibilities for investigating coherent quantum dynamics 
in a relatively simple and isolated system at the few-photon level [26]. In 
the present context, more particularly, it has enabled the demonstration of 
conditional quantum dynamics at the single-quantum level. 

The first such demonstration, by Brune et al. [1], involved single Rydberg 
atoms interacting with a microwave field inside a superconducting cavity. Op- 
erating in the so-called dispersive regime, where the cavity mode and atomic 
transition frequencies are somewhat detuned from each other (such that en- 
ergy exchange between the atom and the field is negligible), they effected a 
Kerr-type nonlinearity able to induce phase shifts of the atomic wave function 
at the level of 0.62 radians per photon in the field mode. How such a system 
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might be employed to implement an elementary two-bit quantum logic gate 
has been considered in Refs. [27,28]. 

Complementing this work, but dealing with optical fields and nonlinear 
photon-photon interactions, was the cavity QED experiment of Turchette et 
al. [2]. Their experiment involved a cesium atomic beam crossing a micro- 
scopic cavity mode (mirror separation 56 microns) such that there was, on 
average, one atom in the cavity at any time. Two laser beams, detuned from 
the joint atom-cavity resonance at slightly different frequencies, traversed the 
cavity together through its mirrors. The “pump” beam was either -|- or — 
circularly polarized and its intensity was such that the average photon pop- 
ulation of the cavity mode ranged from less than 0.1 to more than 1. The 
second “probe” beam was linearly polarized and much weaker than the pump 
beam, with an intensity corresponding to approximately 10“"^ photons on av- 
erage in the cavity mode. Prepared in the appropriate internal ground state, 
the cesium atoms could interact appreciably only with -|- circularly polarized 
light, allowing a polarization-dependent Kerr- type nonlinearity (or circular 
birefringence) to be set up in the strongly coupled atom-cavity system. In this 
way, a relative phase shift between -|- and — circular polarization states of the 
probe beam could be induced, conditioned upon the intensity and polariza- 
tion of the pump beam. This shift manifested itself as a polarization rotation 
of the (linearly-polarized) probe beam; from the measured rotation, a non- 
linear phase shift of 0.28 radians per photon pair (if both pump and probe 
photons are -I- circularly polarized) could be inferred from the experiment. 
This is enormous compared to conventional nonlinear optics, dramatically 
illustrating the potential of cavity QED for conditional quantum dynamics. 

Intensity-dependent phase shifts together with minimal absorption of the 
pump and probe beams are features also sought after for quantum non- 
demolition (QND) measurement, another very active subfield of quantum 
optics research aimed at developing strategies for evading the limitations on 
repeated measurements of quantum states imposed by Heisenberg’s uncer- 
tainty principle [29]. Indeed, certain schemes developed recently for QND 
measurements employ effects and configurations similar to the EIT-based 
schemes that we consider below [30,31]. That is, they also make use of quan- 
tum interferences between atomic transitions to minimize loss while allowing 
resonantly-enhanced optical nonlinearities. 



4 Electromagnetically Induced Transparency 

Electromagnetically induced transparency (EIT) is a technique that uses a 
quantum interference effect to eliminate the optical response (polarization) 
of a medium [4,5]. The principal requirement for EIT is the existence of a 
forbidden optical transition with a long dephasing time. Even though such 
transitions are found in a wide range of atomic systems, here we will consider 
the hyperfine transitions of an alkali atom (Fig. 1). To attain transparency 
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for a given optical probe field (of frequency Wa) that couples the ground 
atomic state |1) to an optically allowed excited state |3), one needs to apply 
a second nonperturbative electromagnetic field whose frequency differs from 
the first field by the frequency of the forbidden transition. Provided that the 
two-photon Raman resonance condition is satisfied, the atomic population 
is coherently trapped in a superposition state of the two hyperfine states (|1) 
and 1 2)); that is, there is no amplitude in the excited state |3), and the atomic 
polarizability vanishes. 



Fig. 1. Three-state EIT system. The upper state 
II > linewidth is Is 

motivation for the large body of work on EIT as a tech- 
nique to eliminate resonant absorption have come from the realization that in 
multi-level systems that are subject to quantum interference effects, the line 
shape of emission or nonlinear susceptibilities need not be the same as that 
of absorption [5]. This nonreciprocity opens up the possibility of resonant 
enhancement of nonlinear optical response while keeping linear absorption 
(and phase-shifts) negligible. Even though linear susceptibility vanishes for 
an ideal EIT system (where the dephasing rate of the hyperfine transition is 
zero), the medium still exhibits large dispersion that can exceed that of reso- 
nant atomic transitions: such a loss-free dispersive medium makes it possible 
to attain orders-of-magnitude reduction in the group velocity of the optical 
pulses [5] . When an EIT medium with large dispersion is introduced inside a 
cavity, the cavity response is significantly modified and exhibits ultranarrow 
resonances [32,33]. 

During the last decade, numerous experiments have demonstrated the ex- 
istence and usefulness of EIT, in systems ranging from neutral atom-traps 
to semiconductors. Perhaps the most fascinating of these in the context of 
nonlinear quantum optics is the recent experiment by Hau et al. [3] , in which 
a sodium Bose-Einstein condensate (BEC) was utilized to demonstrate Kerr 
nonlinearities almost 7 orders of magnitude larger than those reported pre- 
viously with conventional cold atomic gases. 

5 EIT and Giant Nonlinearities 

Even though the possibility for resonant enhancement of sum-frequency gen- 
eration and four- wave-mixing using EIT has been known for some time [5], 
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the possibility of using quantum interference effects to enhance the Kerr non- 
linearity was first pointed out by Schmidt and Imamoglu [6]. In their semi- 
classical perturbative analysis, appropriate for weak continuous-wave (cw) 
optical fields in a travelling-wave geometry, it was shown that in addition to 
the elimination of linear loss and phase shifts, the EIT system will, in certain 
limits, have a Kerr nonlinearity that is orders-of-magnitude larger than that 
of conventional resonant three-level systems. 





Fig. 2. Atomic energy level diagrams for the 
implementation of Kerr-type optical nonlinear- 
ities. The frequencies of the fields involved in 
the nonlinear process are cUa and Wb- {Pfc} are 
the linewidths of the excited atomic states, (a) 
Four-level EIT-Kerr scheme of Schmidt and 
Imamoglu. f?c is the Rabi frequency of the 
coupling laser, (b) Conventional cross-phase 
modulation scheme using a three-level atomic 
medium 



Fig. 2(a) shows the energy level diagram of the EIT-Kerr scheme that is 
at the heart of the proposals that follow: the only modification as compared 
to the basic EIT scheme is the introduction of a third electromagnetic field, 
of frequency Wb, that couples state |2) to a higher energy (opposite parity) 
state |4). Solving the coupled amplitude equations in the perturbative regime 
yields the following expression for the real part of the Kerr nonlinearity 

^lMl3n/i24p . , 

2eoh^n^{Auj42) ■ ^ ^ 

Here, N is the atomic density, fiij denotes the dipole matrix element of the 
|z) e-l- \j) transition, I7c is the Rabi frequency of the coupling field, and 
{AUJ 42 ) = to 42 — tOh- This expression is to be compared with the result for a 
conventional Kerr nonlinearity established using the atomic scheme shown in 
Fig. 2(b), 
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The vital difference between the two expressions is that the detuning from 
the intermediate level in the conventional scheme, (Augi), is replaced by the 
Rabi frequency of the coupling laser, 17^) in the EIT scheme. The detuning 
(Z\u;gi) must be large in order to suppress spontaneous emission from the 
intermediate level |i); in particular, one requires (Aujgi) ^ Ti. In contrast, 
the lower limit for the Rabi frequency is given by the condition for EIT, 

> /2.E3, but now He can be much less than provided that I2 — 0, as is 
the case for a metastable level. Hence, as shown by Schmidt and Imamoglu, 
in a four-level system exhibiting EIT one can achieve values for the Kerr 
nonlinearity that are orders of magnitude larger than in conventional systems. 

A further important aspect of the EIT scheme is that it is generic to 
all alkali atoms and alkali-like ions, which in turn implies that it can be 
implemented in practically any cavity-QED set-up with the single addition 
of a non-perturbative coupling field. In addition, when hyperfine-split states 
are utilized, all three optical fields involved can be generated from a single 
source using acousto-optic modulators. 



6 EIT and Cavity QED Combined: Photon “Blockade” 

Suppose that one has a device which, when excited by a single photon, is un- 
able to absorb a second incident photon, causing it to be reflected. In analogy 
with the phenomenon of Coulomb blockade of quantum well electrons, one 
might label such an effect as photon blockade [8]. As a possible realization of 
a photon blockade device, Imamoglu et al. [8] have suggested using a non- 
linear optical cavity (Fig. 3): provided that one can adiabatically eliminate 
the atomic degrees of freedom from the system dynamics, a simple effective 
Hamiltonian for the cavity field mode alone (annihilation operator d) can be 
derived as 

HeS = Swcavo'l'a -|- hx{o^ )'^ (3) 

where y is the photon-photon interaction coefficient. Due to the finite re- 
flectivities of the mirrors, the cavity mode has an inevitable loss rate, or 
linewidth, Tcav If the nonlinearity is large enough that y ^ ^cav is satisfied, 
photon blockade becomes possible via the following mechanism. 

When the cavity mode is in the vacuum state, |n = 0), a photon from an ex- 
ternal driving field tuned to the cavity frequency Wcav will excite the mode to 
the state |n = 1) with a probability determined by the driving field strength. 
However, excitation of the mode by a second photon at that frequency will 
be blocked because, due to the nonlinearity of (3), excitation of the system 
from |n = 1) to |n = 2) requires an additional energy 2fiy, which cannot 
be supplied by the driving field (provided its amplitude and bandwidth are 
smaller than y). Such a situation is depicted in Fig. 4. Hence, only after the 
first photon exits the cavity can a second photon enter. 
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Fig. 3. (a) Nonlinear optical cavity. 
For simplicity, it is assumed that the 
mirror on the right has a smaller re- 
flectivity and provides the dominant 
cavity output channel, (b) Energy 
level scheme of the intracavity atomic 
medium 
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Fig. 4. Lowest three energy levels of the nonlinear optical 
cOcav cavity. Absorption of two photons from the incident laser 

is strongly suppressed due to the uneven spacing of the 
ln=0> energy levels caused by the nonlinearity x 



This behaviour amounts to an effective two-state system, which is of course 
a well-studied problem in quantum optics in the context of resonance fluo- 
rescence from a two-level atom [34] . In analogy with that system, we expect 
the light transmitted through the cavity, as shown in Fig. 3, to exhibit anti- 
bunching. That is, an ideal detector counting photons emitted from the cavity 
should show a very low probability of registering two photons in a time in- 
terval shorter than the cavity mode lifetime. This effect is quantified by the 
normalized second-order coherence function, 

(2)/ , _ (a^(i)a1'(t + T)a(t-br)a(t)) 

^ l(at(t)a(t))p ’ ^ ^ 

with antibunching characterized explicitly by having < 1. Ideal op- 
eration for a photon blockade or switch device requires — 0 and a 

response time, or rise time, of (r) (to a value of the order of one) on the 
order of the cavity lifetime, (perhaps 10-100 ns at optical frequencies). 
Strictly speaking, photon blockade and photon antibunching are closely re- 
lated but distinct properties of a nonlinear atom-cavity system. Nevertheless, 
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when the coupled system behaves like a single two-level system, (/^(O) <C 1 
implies photon blockade [12]. 

Reference [8] suggested that an intracavity EIT-based Kerr medium could 
satisfy the requirements for photon blockade: with the (single) cavity mode 
coupled to both of the transitions |1) O |3) and |2) o |4), one can obtain, 
for the reasons discussed before, a large resonant enhancement in nonlinear- 
ity without creating any single-photon (or any significant two-photon) loss. 
However, more careful examination of the theoretical analysis, and in par- 
ticular the adiabatic elimination procedure used to reach the simple model 
of (3), has shown that the ideal operating regime of the system is more re- 
stricted than originally thought [9,12]. Due to the dispersion properties of 
the atomic medium, elimination of the atomic variables actually requires 
(gi3/l7c)^’T^atom < which in turn implies that y (in the perturbative limit) 
has an upper bound given by 



\ 9 ^? 

Alu 



( 5 ) 



Here, n-atom is the total number of atoms and gij = P-ij 

(Kav is the cavity mode volume). This upper limit simply indicates that the 
photon-photon interaction cannot exceed the ac-Stark shift of atomic level 
| 2 ). 

The breakdown of the adiabatic elimination procedure along with the 
fundamentally nonlinear nature of the problem implies that a fully quantum- 
mechanical analysis is needed in order to test the observability of photon 
blockade in the intracavity EIT system. To this end, Rebic et al. [13] have 
carried out a numerical calculation of the second-order coherence function 
for a single EIT atom inside a cavity, without making any approximations. 
Their results clearly demonstrate that such a system should indeed exhibit 
photon blockade, for parameters close to those of existing optical cavities [15]. 
For example, values of g^^^O) of the order of 10“^ are possible with these 
parameters (see also [14]). 

An analytical calculation based on the exact eigenstates of the atom- 
cavity system [12] reveals that the upper limit for the anharmonicity of the 
cavity-EIT scheme in the nonperturbative limit is 324 - Werner and Imamoglu 
[12] have also shown that this upper limit can be attained for a single atom in 
a cavity, in agreement with the results of Rebic et ah. However, their inves- 
tigations also demonstrate that the anharmonicity and the photon blockade 
effect closely associated with it, could have a very strong dependence on the 
number of atoms participating in the process; more precisely, when the cav- 
ity mode is exactly on resonance with the |1) ^ |3) transition and the atom 
number exceeds unity there is a sharp reduction in y due to the appearance 
of a new eigenstate of the many-atom-cavity system that is decoupled from 
the state |4) and therefore does not experience an energy shift proportional 
to g 24 - This eigenstate at energy 2huicav forces the atom-cavity system to 
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respond harmonically and consequently the photon blockade effect is essen- 
tially lost. For example, addition of a second atom to the numerical model 
mentioned above causes a jump in the simulated value of to approxi- 

mately 0.8 [14]. It is interesting to note that this result implies that for this 
particular detuning Auj^i = W31 — tOcav = 0, the adiabatic elimination of 
atomic variables is not justified even in the limit (|(7i3|/l7c)^'«-atom < 1- 

In contrast, if we choose Alu^i ~ ±gi3 while maintaining exact two-photon 
resonance (i.e., the EIT condition), then the nonlinearity as measured by the 
degree of photon antibunching in the limit of a large number of atoms is 
comparable to that of a single atom [12]. This possibility of observing strong 
photon antibunching and photon blockade in a cavity containing many atoms, 
where the atom number fluctuations become unimportant, opens up new 
possibilities for experimental cavity-QED research. 

Finally, we note that a nonlinear optical cavity mode exhibiting effec- 
tively two-state behaviour can also arise with a single two-level atom coupled 
strongly and resonantly to the cavity mode [35]. The excitation frequencies 
of the lowest resonances of the coupled system (i.e., the vacuum Rabi reso- 
nances) are, as in the EIT scheme, different from all other frequencies in the 
spectrum of the atom-cavity system, allowing a two-state subsystem to be iso- 
lated. However, these lowest excited states have contributions from the atomic 
excited state and are therefore susceptible to atomic spontaneous emission. 
This, and the nature of the spectrum of the excited states for this system, 
result in a less favourable performance than the equivalent single-atom EIT 
scheme [14]. 

7 Summary and Outlook 

The spectacular advances in experimental cavity QED and EIT over the 
past decade look set to usher in a remarkable new era in nonlinear optics 
and quantum control. Kerr nonlinearities such as those discussed above will 
enable the coherent interaction and manipulation of single-photon fields with 
single-photon fields. This represents the ultimate limit in nonlinear optics and 
achieving this goal has taken on particular significance in recent years with 
the tremendous upsurge of interest in the fields of quantum communication 
and quantum computation. 

Beyond initial proof-of-principle demonstrations, the real test of the kinds 
of systems discussed here will lie in their ability to be incorporated into a 
(quantum) network of some kind, as appropriate, for example, to distributed 
quantum computation as discussed in Section II. Interestingly, Lloyd and 
Braunstein [36] have recently elucidated the necessary and sufficient condi- 
tions for constructing a universal quantum computer over continuous vari- 
ables; required elements, for an optical realization (where the relevant vari- 
ables are the quadrature phase amplitudes of the electromagnetic field), are 
simple linear devices such as beam splitters and phase shifters, squeezers 
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such as optical parametric oscillators, and, appropriately, devices supplying 
a strong Kerr effect with minimal losses. Another related, but perhaps more 
immediate application, might be to Bell-state analysis and measurement, in 
particular with regards to the quantum teleportation of the polarization state 
of a photon [37-39] . High-efficiency Bell-state analysis in such a case also re- 
quires a strong nonlinear interaction between single photons (see, e.g., [40] 
and references therein). These potential applications are, of course, fascinat- 
ing in themselves; they serve here to emphasize once again some of the unique 
and special possibilities that single-photon nonlinear devices are likely to offer 
researchers in the near future. 
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Normal-Mode Coupling of Excitons 
and Photons in Laterally Confined 
Nanocavities — Toward the Quantum 
Statistical Limit 



Eun S. Lee, Sahnggi Park, Peter Brick, Claudia Ell, Christine Spiegelberg, 
Hyatt M. Gibbs, Galina Khitrova, Dennis G. Deppe, and Diana L. Huffaker 



Summary. The observation of normal-mode coupling in a linear transmission 
measurement is demonstrated in an oxide-apertured microcavity which is capa- 
ble of confining the light field three-dimensionally. A splitting-to-linewidth ratio of 
4.9 was obtained for an aperture size of 2 /im. We also investigated the bare cavity 
modes for different aperture sizes, showing that lateral confinement is well achieved 
in cavities with high Q values. 



1 Introduction 

Semiconductor Fabry-Perot microcavities have been used not only for some 
applications of enhancing the device performance, but also for fundamental 
studies of light-matter interactions. Since its first observation by Weisbuch 
et al. [1], normal-mode coupling in quantum- well-embedded semiconduc- 
tor microcavities has been studied in the nonperturbative regime by many 
groups [1-4]. All present-day semiconductor microcavities still operate far 
from the strong coupling limit or the quantum statistical limit, i.e. many po- 
tential excitons are collectively involved in the light-matter coupling. How- 
ever, only one single dipole oscillator with a large transition strength inside 
a microcavity of small volume and a high cavity quality factor (Q) can give 
vacuum Rabi splitting in the strong coupling regime. Eventually one hopes 
that this will be achieved with a single quantum dot in a laterally confined 
nanocavity [5] . Since the vacuum-field Rabi splitting is given by the product 
of the dipole moment and the vacuum field and since the dipole moment of 
a quantum dot is only about one order of magnitude larger than that of an 
atom, it is essential to maximize the vacuum field. The latter scales with one 
over the square root of the mode volume. Since the confinement length in 
the normal direction in a semiconductor microcavity is already close to its 
minimum value, lateral confinement of the electromagnetic field to about one 
micron diameter is required. Just focusing of the laser beam will not work, 
because the large angles involved in a tight focus lead to walk-off effects 
and broadening of the microcavity resonance. External lateral confinement is 
therefore necessary. Here we fabricate and test such nanocavities with cavity 
mode diameters ranging from 7 tol /rm. In nonlinear experiments performed 
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on a planar semiconductor microcavity, we found that it takes about 10® 
photons to be absorbed from a 150 fs long laser pulse in a 50 /rm spot to 
reduce the normal-mode-coupling transmission by a factor of two. By ex- 
trapolation, the same absorption should be induced by a single photon if the 
cavity diameter is ever reduced to 158 nm. Clearly, this would be a candidate 
for the quantum limit. For the case of the 3^m diameter achieved here, the 
extrapolation gives 360 photons. 

2 Sample Preparation 

The recent progress in microfabrication techniques involving reactive ion 
etching has allowed a three-dimensional engineering of nanostructures start- 
ing from planar microcavities grown by molecular beam epitaxy [6-10]. Most 
structures are pillar shaped; large parts of the top mirror layers and the spacer 
are etched away all the way down to the bottom DBR mirror. The 3D con- 
finement in this type of nanocavity is due to a large change of the refractive 
index in the lateral direction, thus the cavity quality factor Q is very sensitive 
to the roughness of the side walls [8]. In such structures, nonperturbative 
coupling of photons and excitons has been observed in photoluminescence 
measurements [7]. Other interesting studies involving a reduced number of 
electromagnetic modes have been carried out, for instance, controlling the 
spontaneous lifetime of excitons in quantum wells or dots [6] . 
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A different approach to achieve lateral confinement was demonstrated ear- 
lier by Deppe et al. [9]. They placed a thin dielectric (native oxide) aperture 
layer on top of the spacer to confine the current, and found lateral confine- 
ment as well. The physics of this effect was not clear at first sight. In the 
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meantime, the lateral confinement in this type of nanostructure has been as- 
sociated with cut-off frequencies of a planar waveguide induced by the big 
difference in the refractive indices of the AlAs and the oxide [10]. In this ar- 
ticle, we present experiments performed in the nonperturbative regime using 
such an oxide-aperture nanocavity. The sample under investigation is shown 
in Fig. 1, and it was prepared as follows. The DBR bottom mirror consists 
of 16 periods of GaAs/AlAs and a A/4n layer of Alo.8Gao.2As, a 1-A spacer, 
and one GaAs/Alo.sGao.2As period of the top mirror grown by molecular 
beam epitaxy. The spacer of GaAs and a 25-nm-wide Alo.24Gao.7eAs top 
layer contains one 8.5-nm-wide In0.04Ga0.96As quantum well located in the 
antinode of the electromagnetic field. A 50-nm-wide AlAs layer was grown 
in the Al0.sGa0.2As layer of the top mirror for later oxidization. Photolithog- 
raphy and etching down to .just above the spacer produced several arrays of 
posts with various diameters. The thin AlAs layer of these posts is then grad- 
ually oxidized in hot steam conditions resulting in various sizes of unoxidized 
AlAs apertures ranging from 1 to 7 /xm. As a final step, the entire sample was 
coated with 4 or 5 periods of ZnSe/MgF2 acting as the top mirror. Since the 
lateral spacing between the adjacent apertures is 100 /xm, coupling between 
apertures can be excluded. 

3 Experimental Results 

Transmission experiments were performed using a spectrally broad 100 fs 
pulse from a Ti:saphire laser pumped by a 6 W Ar-ion laser. The sample 
was mounted in an optical cryostat equipped with an x-y-z stage. To make 
the probe spot size small enough to be comparable with an aperture size, a 
microscope objective with a numerical aperture of 0.3 was used as a focusing 
lens. The transmitted light was dispersed and detected by a monochromator 
and an optical multichannel analyzer. 

First, we investigated the behavior of bare cavity modes for various aper- 
ture sizes. The layer thickness changes of our sample across the wafer allow 
us to measure at an energy of about 1.415 eV, far off-resonance from the 
exciton transition at 1.485 eV; this avoids the coupling of the optical mode 
to the quantum well exciton. Fig. 2 shows the transmission spectra of the 
modes for various aperture diameters. The data were taken at a solid angle 
of 30°. As expected, one clearly sees a number of transverse modes due to 
the lateral confinement of the cavity mode. 

The first quantized mode shifts to higher energies with respect to the 
two-dimensional (2D) reference. As 2D reference we use a large aperture size 
of 25 /xm, where we do not expect any significant lateral confinement effects. 
The smaller the aperture size, the stronger is the confinement of the cavity 
mode, the larger is the blue shift of the ground state photon energy, and the 
larger is the splitting of the higher transverse modes. To verify the three- 
dimensional confinement further, angular transmission measurements have 
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been performed by tilting the sample about 10° from normal incidence; see 
Fig. 3. For the 2D reference, a blue shift of the cavity peak of about 0.6 nm 
was observed. In contrast, the spectral position of each transverse mode in 
the confining aperture did not change, verifying the lack of lateral disper- 
sion of the quantized modes. However, with increased angle of observation, 
the intensities of the individual modes redistribute toward the higher energy 
states. 

Linewidth measurements of the first quantized cavity mode were per- 
formed with high resolution, and the cavity quality factor Q = AX/X, was 
estimated for each aperture size as shown in Fig. 4. 
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Fig. 4. Cavity Q versus aperture 
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We found a decrease of the Q value for smaller aperture diameters. The Q 
reduction is much less pronounced compared to the pillar shaped nanocavities 
reported previously [8]. We believe this is due to an already lower quality 
factor in our unconfined samples. We have deliberately made the reflection of 
the bottom mirror low to make sure that lateral losses would not dominate 
the cavity behavior at all diameters. We expect to get an even higher Q value 
after improving the fabrication and processing of the sample. In a recently 
processed sample we already obtained a little higher Q of ~ 2000 for 2 ^m 
by just adding one more period to the top mirror. Together with our high- 
quality quantum well exciton of ~ 0.6 meV FWHM absorption linewidth 
these Q values are high enough to show normal mode coupling with small 
apertures. 

To find the resonance condition of the exciton and the photon mode 
for normal mode coupling, we used both possibilities: Taking advantage of 
the varying sample thickness in growth direction and scanning the probe 
spot keeping the same aperture size, and varying the temperature using the 
stronger dependence of the exciton transition energy to tune through the 
cavity resonances. We see a well-resolved normal-mode coupling and an an- 
ticrossing behavior by both approaches, although the discrete spacing of ad- 
jacent apertures and some aperture-size fluctuations made the temperature 
approach preferable. Figure 5 shows the normal-mode-coupling behavior of 
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Fig. 5. Transmission spec- 
tra of a 2 fj.m oxide-aperture 
nanocavity for various tem- 
peratures 



a 2 oxide-aperture cavity measured in transmission. Since the second 
transverse mode for this small aperture barely shows up in our near-normal- 
incidence experimental setup as can be seen in Fig. 2, we did not see coupling 
of the exciton resonance to higher transverse modes; see Fig. 5. 

Figure 6 shows the anti-crossing curve and the energy splitting across the 
resonance for this 2 /rm oxide-aperture nanocavity. 

The coupling of the quantum well and the first cavity mode results in a 
minimum splitting (vacuum-field Rabi splitting) of 3.9 meV and a splitting- 
to-linewidth ratio of 4.9, a value that has not been reached in previous 
approaches because of broader exciton resonances. In addition, we found 
that the value 3.9 meV is not much different from the 2D reference value of 
4.0 me V, whereas, in pillar shaped nanocavities reported by Gutbrod et ah, 
a relatively larger reduction of ~ 10% of the Rabi splitting was observed [7] 
due to the lateral extension of the field in the bottom mirror beyond the 
etched region. Their physical argument given to the reduction suggests that 
the oxide-aperture nanocavity may be a more effective way to confine the 
photon mode laterally. 

There is also one notable effect of the dielectric top mirror on our sample. 
Due to the higher refractive index contrast of the ZnSe and MgF 2 layers of 
the top mirror, we observe stronger field confinement in the normal direction 
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Fig. 6. Spectral positions of 
the transmission peaks with 
varying temperature (a) . Spec- 
tral separation of the two 
peaks with varying tempera- 
ture. The minimum splitting 
occurs around 50 K (b). Solid 
lines for guidance 



leading to a 16 % larger vacuum-field Rabi splitting for the 2D reference 
compared to microcavities made with a GaAs/AlAs top DBR mirror. 

4 Conclusions 

In conclusion, we demonstrated that oxide-aperture nanocavities are well 
suited to study the nonperturbative regime. The 3D optical-mode confine- 
ment gives rise to quantized cavity modes which are energetically well sepa- 
rated. Very well-resolved normal-mode coupling (splitting-to-linewidth ratio 
of 4.9) between the first quantized cavity mode and the quantum well exciton 
resonance has been observed for the first time in such nanocavities. Nonlinear 
single beam experiments have shown that it takes about 400 photons to sig- 
nificantly change the absorption in a 3-^m aperture sample. This value being 
very close to the estimate made above, we believe that these quantum- well 
nanocavities are clearly a step toward the quantum statistical limit. 
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Cavity QED with Many Atoms 



Ullrich Martini and Axel Schenzle 



Summary. A new method is presented for describing an arbitrary number of 
atoms interacting with a resonant cavity mode. The state space of the atoms is 
symmetrized over permutations of the atoms. The symmetrized states are charac- 
terized by collective variables like angular momentum and its projection numbers. 
It is shown that the collective description is still applicable when spontaneous emis- 
sion is included. The theory is in good agreement with experimental results. 



1 Introduction 

Modern quantum optical experiments [1-4] usually investigate systems con- 
sisting of very few atoms and photons. Large systems tend to behave more or 
less classically. Unfortunately, only very small systems can be treated exactly, 
because the state space required to describe larger systems increases expo- 
nentially with the system size. Therefore previous attempts at describing a 
cavity containing many atoms were restricted to very low photon numbers 
[5], unitary dynamics [6] or adiabatic elimination of the resonator mode [7]. 
In this paper we will show how one may use the coupling of two-level atoms 
[8] to a collective angular momentum [9,10] to solve this problem even when 
spontaneous emission of photons by individual atoms is included in the de- 
scription. Our theory allows to treat systems consisting of an intermediate 
number of atoms where quantum effects and cooperative effects are visible. 

There are many possible applications of this new approach. We concen- 
trate on the computation of the normally-ordered intensity correlation func- 
tion of the light emitted by a cavity that contains a large number of atoms, 
because in this case we may compare our results directly with experimental 
observations. We find good agreement between our theory and the experi- 
ment. 

The model we discuss here is characterized by the master equation g^/5 = 
Cp for the density operator p in Lindblad form [11], where 

^P= ^[H.,p]+ CaP + Cfp ( 1 ) 

with the Hamilton operator 

i? = fto;ata+^^aW-^^(ata« + aa«)-y(e™‘a+e-™‘at),(2) 

i i 
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the resonator mode dissipation 

Cfp= + pa^a — 2apa^) 

and the atomic dissipation 



B. 



r - iv ' I ' * iv o W - ii)\ 

^aP = -—2_^{aya'_'p + payal' - 2al'pay) 



( 3 ) 

( 4 ) 



Here a and are the ladder operators of the resonator mode, = 

^ ± iay'^) and ax \(Jy\ai^'^ are the 2x2 Pauli spin matrices describing 
the polarization and inversion of the t— th atom. 

We assume resonance lo = Q. The first two terms of the Hamilton operator 
vanish in the appropriate interaction picture. This model does not include 
finite temperatures, because we will compare it to an experiment operating in 
the optical regime. The method presented can easily be extended to include 
finite temperatures. 



2 Symmetric Atomic Bases 

In order to describe an experiment which measures only the state of the 
resonator mode and not the state of the atoms it is not necessary to know 
the state of the atoms involved in this experiment. 

The dimension of the state space of Z 2-level atoms is since each 
of these atoms is described by a 2 x 2-dimensional density operator. This 
number increases very rapidly with increasing Z and makes it impossible to 
diagonalize the Liouville operator of a system with a large number of atoms. 
But there are two effects that reduce the number of dimensions: first, for 
low photon numbers not all atoms can be excited simultaneously because 
not enough energy is available to excite all atoms and, second, if one is only 
interested in the number of atoms found in a particular state, it is possible 
to symmetrise the atomic state space over all atomic permutations. The di- 
mension of the symmetric subspace is only 4(Z -|- 1){Z + 2)(Z + 3), i.e. it 
increases polynomially instead of exponentially with the number of atoms. 

A two-level system like an atom with two internal states may formally be 
described as a particle of spin 4 . Therefore, a system of Z two-level systems 
may be described collectively using the angular momentum obtained by cou- 
pling the individual spins. In this picture, the projection quantum number 
TO represents the number of excited atoms while the quantum number I gives 
the maximum and minimum values of to. It can be interpreted as the degree 
of symmetry of the collective atomic state. In the state with to = — all 
atoms are in the ground state, while in a state with m = ^ all atoms are 
excited. The general relation between the projection quantum number to and 
the number Ua of excited atoms is ria = to -I- "f . 
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R. H. Dicke introduced these collective states in order to describe superra- 
diant emission by a cloud of excited two-level systems [9] . In order to include 
spontaneous emission, we need a density operator generalization of the Dicke 
state vectors. This generalization requires that we express the Liouville oper- 
ator describing spontaneous emission in terms of the Dicke density operators. 
Before doing so, we will first recapitulate the properties of the Hamiltonian 
part of the Liouville operator. 

Taking the sum over the one-atom operators we obtain collective operators 

S- = Y^cr^'\ 5'+ = ^cr^*\ Sfc = ^ ^ fc = X, y, 0 (5) 

i i i 

which have the same algebraic properties as the well-known angular mo- 
mentum operators. In this picture, m and l{l + I) are the eigenvalues of Sz 
respectively L'^ = S'^ + Sy + . 

The atomic part S± of the Hamilton operator acts on such an angular 
momentum eigenstate just like the ladder operator from usual angular mo- 
mentum theory. In particular, the Hamilton operator commutes with the 
angular momentum operator. 

Unfortunately, the space spanned by the states with I = ^ is much too 
small to investigate the effects of atomic spontaneous emission. This can be 
seen most easily by applying the atomic Lindblad operator Ca to the operator 
\Z, ^,m) [Z, f ,m'| . 

The resulting operator is no longer a left or right eigenstate of the an- 
gular momentum, but a mixture of density operators with different angular 
momenta. Therefore a description that contains only the states with high- 
est symmetry is incomplete under the Liouville dynamics. A complete de- 
scription of the system suitable for calculating the effects of spontaneous 
emission must contain all values of 1. However, the states with I < | are 
not uniquely characterized by Z, I and m. For example, there are two or- 
thogonal states with Z = 3,1 = \,m = ;^(|+H — ) — |H 1-)) and 

^(|-|- -I — ) + |H 1") ~ 2 I — h -I-)). Because of this ambiguity it is necessary 

to introduce a fourth index, r, in order to label the different states \Z, I, m, r) 
with the same values of Z, I and m. Since r is only a label we can assign 
arbitrary numbers to the different states. 

We choose Dicke vectors with different values of r to be orthogonal. Using 
Clebsch-Gordan coefficients one can show that this is possible. From the Dicke 
vectors we construct symmetric operators by taking the sum over r: 

iz,i,m,Tn' = ^ \z, I, m, r) (Z, I, to ', r| 

r 

1^’ '’I 

The number g{Z, 1) is a normalization factor. Note that to and to' have 
been exchanged in the definition of the dual base states in order to ensure 



(6) 

( 7 ) 
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the biorthogonality of iz,i,m,m' and i-e. tr [iz,i,m,fn'^z,i,fn,m'j = 1- 

The summation over r is in fact a symmetrization procedure. 

The operators ^ form a basis of the operator space under consideration, 
the operators ^ are the dual basis operators. Since C is not hermitian, one 
has to distinguish between base and dual eigenoperators. 

The states with I < ^ are g{Z, ^)-fold degenerate where [9] 



g{z,i) 



'Z - 1\ Z{2l + l) 

\2 ~ V (f +^+l)(f +0 



(8) 



In a system without atomic spontaneous emission this degeneracy has no 
consequences, even if unsymmetric states like dark states are considered. But 
the degeneracy enters explicitly into the calculation of the matrix elements of 
the atomic Liouville operator, since this operator couples states with different 
values of 1. 

The image of a state from the symmetric space under the action of the 
Liouville operator C is contained in the symmetric space, because the dissipa- 
tion does not distinguish between different atoms^. Therefore the expansion 






^ Z d ,m ^m' ;Z ,l ^Z d, in, m' 

Z d,in,rh' 



is possible. 

We need to calculate the matrix elements 
2l—{^Z^l,Tn,Vn ) = tr (^^Zd,rti,7n' ^a,nd^Zd + '^,ni+l,m' + 1 
^o{Zj /, 77Z, Tn ) — tr ^^Zd,m,m' ^a,nd^Zd,m-\-^,m^-\-^ 
'^-t-(Z, /, TTT, TTZ ) = tr ^^Zd,rn,m' ^a,nd^Zd—l,md-l,m' + l 
of the third term 

Ca,ndP = -S ^ 



(9) 



(10) 



( 11 ) 



in (4) which we call occasionally the loss part of the atomic Liouville operator. 
The remainder of the atomic Liouville operator is diagonal in the Dicke base 
an will therefore be called the diagonal part. The index refers to the change 
in the angular momentum due to the action of C. The angular momentum 
cannot change by more than unity. But since the Liouville operator is a sum of 
single-atom operators and each single-atom operator can change the angular 
momentum at most by unity we obtain an analogue to the common selection 
rules of quantum electrodynamics: Matrix elements of the atomic Liouville 
operator between Dicke states that differ by more than 1 in their angular 
momentum quantum number I must vanish. 

The formal proof of this statement is given in [12] 
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Since the Hamilton operator commutes with this holds also for the 
complete Liouville operator. This is the angular momentum selection rule: 
for the matrix elements (10) to be nonzero the condition 

I -I €{-1,0,1} (12) 



must be met. 

In the picture of uncoupled atoms the proof of this selection rule goes as 
follows: We start with a cluster of atoms coupled to a Dicke state with angular 
momentum I If spontaneous emission or absorption of a photon from the bath 
or the pump source occurs, the atom affected by that process drops out of 
the Dicke vector used in the construction of the Dicke states. The remaining 
atoms are a linear combination of states with angular momentum I' where 
\l — I' \ = 1. Upon recombining the atom with the other atoms we obtain a 
linear combination of states with angular momentum I where \l' — l\ = 
Then the triangle inequality gives the desired bound on 1: 

\l-J\ = \l-l' + 1' -J\<\1- l'\ + \l' - J\ = 1. (13) 

The difference I — I must have integer values since the angular momenta are 
half-integers if the number of atoms is odd and integers if the number of 
atoms is even. 

The angular momentum selection rule is the crucial point for the calcula- 
tion of the matrix elements we are going to present here. This selection rule 
looks completely analogous to the selection rule known from the interaction 
of a single atom with an electromagnetic field, but it is of completely different 
origin. 

There are two additional selection rules for the projection quantum num- 
bers m, m' , m, fh': 



m — m' = m — m! . 



m + m' — {m + m') 



1 loss part 
0 diagonal part 



(14) 

(15) 



2.1 Matrix Elements of the Liouville Operator 

The first and second term of the atomic Liouville operator (4) are diagonal 
in all representations used here. The third term (11) does not commute with 
the angular momentum. The calculation of its matrix elements will be per- 
formed in three steps: First, we find three representative matrix elements, 
corresponding to / — ^ — 1, 0 or 1 from which all other matrix elements can 

be calculated with the help of ladder operators S'±. Second, we use the an- 
gular momentum selection rule (12) to demonstrate that these representative 
matrix elements may be obtained from a set of three linearly independent 
equations. Third, we will find these three equations using the recurrence re- 
lation (22) and solve them. 




Cavity QED with Many Atoms 243 



The ladder operator S- commutes with the loss part £o,nd, since the 
relation 

Ca,nd = S^-^a,nd (p) S^^'> (16) 

holds for any atomic operator p. Eqn. (16) connects matrix elements with 
different values of m,m',rh and m' by expressing the Dicke basis states by 
other Dicke states multiplied by ladder operators. Then we exchange these 
ladder operators with the Liouville operator and finally apply them to the 
Dicke base states of the matrix element. 

We have to consider the three cases 1 = 1 — 1, 1 = 1, 1 = 1+1. In the case 
1 = 1 — 1, the maximal possible value of m or to' is 1. But in the case I = I, 
the maximal possible value of to or to' is I — 1 since the maximal possible 
value of TO respectively to' is I and the atomic Liouville operator reduces the 
number of excited atoms by 1. By the same argument, in the case 1 = 1 + 1 
the maximally possible value of to, to' is I — 2. In each of these three cases we 
express arbitrary matrix elements by the one corresponding to the maximal 
value of TO and to': 



\-{Z, I, TO, to') 
Xo{Z, I, TO, to') 
A+(Z, I, TO, to') 



a/(?+to)(I+to— 1)(/+to')(I+to' — 1) 

2l{2l - 1) 

^/{l — m+l){l+m){l — m'+l){l+m') 

21 

— m){l — m— l){l-m'){l — m' — l) 



\-{Z,l,l,l), 

\o{Z,l,l-l,l-l), 

\+{Z,l,l-2,l-2). 

(17) 



The square roots are the remainders of the ladder operators. 

The three matrix elements on the right side of equation (17) remain to 
be calculated. To do so we need an additional set of basis states, the spinfiip 
states and the matrix elements between Dicke and spinfiip states 



R 



'P 4 - ,p_ ,n_ ,n 4 - 



P++P- p-f+p.-ki-f Z 

^ri4> n -- n n 

z=l 2=P-I_4p— +1 2=p_l_4p— -Ki+ + 1 



(18) 



R 



'P4- ,p_ ,n_ ,n+ 



+ Z,l, 771) 



R. 



'P4- ,p_ ,n+ ,n_ 



N{p+,p-,n+,n_) 



tr 



Z,l, 771, 771 Rz,r. 



,n^_ ,n^_ 



(19) 

(20) 



(i) . . 

where is the projector on the upper respectively lower state of the ith 
atom. We introduce these states because there is a simple recurrence relation 
between them and the Dicke states and the effect of the atomic dissipation 
is easily calculated in the spinfiip basis: 



jC-aR, 



'P-f ,p_ ,n_ ,n+ 



B 

~2 



(2p+ + n+ + ri-)R 



'P-f- ,p_ ,n_ ,n4- 



B 

— 2pj^Rpj^ 

_i,p_ + i,n_,n+- 



(21) 
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Since the base states are symmetric with respect to permutations of 
atoms, the matrix elements of the squared angular momentum operator 
with respect to these base states are easily calculated using the expression of 
in terms of single-atom Pauli matrices. We project the eigenvalue equa- 
tion + 1)6, m,m onto the spinflip states in order to obtain the 

recurrence relation 



X 



m,n+ + l 



-+m-n+][--m-n+ 



+ m'^ + Zn+ — 2n^ — l{l + 1)^ -I- 



2 (Z.Lm.m) 

n+x]^,n+-i 



(22) 



for the matrix elements of the Dicke states with respect to the spinflip base. 

Because of the angular momentum selection rule (12) and the linearity of 
the Liouville operator there are coefficients A_ , Ao such that 



I, mi, mi) _ ^ ^(Z,l — l,mi — l,mi — l) 
_j_y ^(Z,l,mi—l,mi — l) 



(23) 



holds. From this equation we obtain three linearly independent equations for 
the matrix elements A_,A+ and Ao if we project the equation on different 
spin flip base states. We evaluate the projection of (23) on three spinflip 
base states with n+ = 0, 1,2 and obtain the three different equations for the 
matrix elements. At this point the atomic Liouville operator enters via (21). 
The resulting set of three linear equations is easily solved and we obtain the 
desired matrix elements 



Z 2 

Ao(Z,M-M-l) = i?2(m) 

— + I + 1 

X^iZ,l,l-2,l-2) = Bj^^. (24) 



Together with the matrix elements of the diagonal part of 






— {Z -\-Ul-\-Tn (25) 



and equation (17) we obtain the expression of Ca in terms of the Dicke states. 
Without this expression the Dicke states would be useless in the presence of 
atomic dissipation. 

The numerical calculation of eigenvalues and eigenstates of the Liouville 
operator in the base of the Dicke states becomes relatively easy now. Using 
these results we can determine stationary properties like the mean photon 
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number of the stationary state and dynamical properties like the normally- 
ordered second-order correlation function 



(a^(0)a1'(t)a(t)a(0)) 
^ ^ ^ (a^O)a(O)) 



(26) 



of the stationary state. Using the spectral decomposition of the propagator 
e'^* we may express the correlation function in terms of the eigenvalues and 
eigenstates 



tr (at(0)g(0)e^* (a(O)PstatQ^(O))) 
tr (a1'(0)a(0)pstat)^ 

y- tr (ot(0)a(0)p,) e^»*tr (p^a(0)PstatQ^(0)) 

i tr (al(0)a(0)pg|;at) 



(27) 



3 Coherently Driven Systems 



The results obtained in sec. 2 are quite general and may be applied to any 
system where one is not interested in the state of the individual two-level 
systems. As an example we will now compare our results with experimental 
observations. 

In order to obtain a nontrivial stationary state in the presence of dissi- 
pative processes, one has to include a pump mechanism, i.e. e yf 0 in (2). 
It was shown that light with nonclassical properties was emitted, i.e. with 
antibunched photon statistics. 

Such a coherently driven system has been studied experimentally [1]. The 
results were, among others, that light with nonclassical properties, namely 
with antibunched photon counting statistics was emitted. The experimental 
setup consisted of an atomic beam passing through a high-Q optical cavity. 
The cavity was excited by a coherent signal beam. The correlation function 
of the output of the cavity was measured using a coincidence counter. 



There is a classical limit on the correlation function: 




The violation of this inequality, called antibunching, is classically forbidden 
and hence a pure quantum effect. 

The experiment was originally interpreted using a theory which is valid 
only in the case |e| <C A i.e. the weak driving field limit. In this limit 
does not depend on the intensity of the driving field [13] . The atom number Z , 
the coupling constant g and the damping constants A and B were determined 
by fitting correlation functions from this approximation to the experimental 
data. The amplitude of the oscillations in the correlation function was four 
times the observed amplitude while the frequency of the oscillations was 
predicted correctly by the approximation. 

The number of photons in the cavity at constant intensity of the driving 
field depends on the number of atoms in the resonator. This can be under- 
stood by considering the energy balance of the system in the stationary state. 
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The cavity gains energy through the driving field and loses energy through the 
mirrors and by spontaneous emission of the atoms, which is unlikely to occur 
into the resonator mode. Since the atoms interact only with the resonator 
mode, and not with other atoms, their state is completely determined by the 
resonator mode. This means that the cavity losses increase with the number 
of atoms. In order to compensate the losses the intensity of the driving field 
must be increased. 

Another consequence of this argument worth mentioning is that for large 
numbers of atoms the energy is stored predominantly in the atoms. Therefore, 
large values of M, the number of photons plus the number excited atoms, are 
possible even if the mean photon number is low. We have to make sure in our 
numerical calculations that the maximum value of M is large enough, which 
can be easily controlled by verifying that the stationary state has vanishing 
occupation probability at the cutoff. Typical values are Mmax = 4 ... 7 which 
is three hundred times more than the stationary photon number and well 
above the number of photons stored in the atoms. For large values of Z the 
stationary photon number is much smaller than its value at Z = 1 and the 
energy is predominantly stored in the atoms.. 

The oscillation frequency observed in the correlation functions increases 
roughly as \/Z, as expected. In contrast, the value of depends on the 

number of atoms only very weakly. This is because in the limit of a very 
weak driving field the value of (0) depends only on the saturation photon 
number [5] . The envelope of the oscillations does not depend on the number 
of atoms. The reason for this behavior is that the real parts of the matrix 
elements of the Lindblad operator, which determine the rate of decay of the 
correlation functions, do not depend on the total number of atoms but instead 
on the number of excited atoms^. 

The experimental results (the dots in figure 1) of Rempe et al. [1] are 
not consistent with the weak- field limit |e| <C A, because the experimentally 
measured value of 1 — is four times smaller than theoretically obtained 
under the assumption of a weak driving field. Rempe et al. conjectured that 
the intensity of the driving field exceeded the weak field limit. 

Rempe et al have determined the numbers of atoms and the decay rate 
of g^'^\t) by fitting of correlation functions calculated in the weak field limit 
to the experimental data. Since our results show that the period of the os- 
cillations still depends on g^fZ even if e is of the order of A or larger we 
will still use their values of Z in comparing their experimental data with our 
results. Since the experiments were performed at optical frequencies, thermal 
photons may be neglected. 

Figure 2 shows that does not depend on the strength of the driving 

field if the dimensionless intensity y = very small. This is the regime where 
the weak-field approximation of [5] is appropriate. In our calculations, a value 
of y « 5 is used, which still leads to very low mean photon numbers and gives 

^ Remember that m = —^ if all atoms are in the ground state. 
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Fig. 1. The experimental values (crosses) of the correlation function in comparison 
with our theoretical results (solid line). The experimental values were taken from [1]. 
The atom number is Z = 110. The theory describes the experiment quite well with 
the exception that the damping of the theoretical cnrve is stronger than that of the 
experimental cnrve. Here we use the scaled parameters cooperativity C = = 1 

and saturation photon number Hb = ^ = 0.7. These parameters have been chosen 
according to the values reported in the experimental publication. The saturation 
photon number Ub is the mean photon number of the resonator mode where the 
mean excitation of one atom interacting with the mode is 0.5. The time r was scaled 
such the oscillation period is 27 t 




the experimentally found correlation function. In the regime 4 < y < 6 the 
intensity correlation function is still antibunched, but now depends on the 
intensity of the driving field. For even larger values of y one observes photon 
bunching > 1. 

Our calculations gave the same dependency of the oscillation frequency 
on the number of atoms as the weak-field approximation. Therefore we will 
use the number of atoms determined from the experimental data using the 
weak-field approximation. At = 0.7 and (7 = 1.0 we find a good agreement 
between experimental and theoretical data, as Figure 1 shows. The decay rate 
of the envelope of the theoretical correlation function is larger than that of the 
experimental correlation function. The decay rate of the correlation function 
depends predominantly on the saturation photon number n® which is fixed 
by the experimental parameters. This observation is consistent with the weak 
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Normal ordered intensity correlation 




y 

Fig. 2. The normal ordered intensity correlation aX Z = 110, C — 1.0 and 

Us = 0.7. For low values of y the intensity correlation does not depend on j/ = 
This is the regime where the weak-field approximation may be used to calculate the 
intensity correlation function ■ The arrow marks the value of y used in Fig. 1 



driving field approximation where in the limit Z ^ 1 the same behavior is 
predicted. 

In summary, we found a new way to reduce the dimension of many-atom 
cavity QED problems drastically. The method is quite intuitive because it 
makes use of an analogy to angular momentum. This method has been suc- 
cessfully applied to the description of experimental observations. 

4 Outlook 

Since we can vary the number of atoms easily in this approach we can test 
approximations where the atoms are adiabatically eliminated. This procedure 
leads to one-atom systems where the coupling constant is replaced by a the 
coupling constant times the square root of the number of atoms. We find that 
there are regimes where this approximation is valid, but only for rather low 
photon numbers. 

The method developed in this manuscript may be used for any problem 
where the atomic states are symmetric with respect to permutations of atoms. 
We have also treated a micromaser model which is pumped by atom clusters 
instead of single atoms. 

The case of finite temperatures can be reduced to the case of zero tem- 
perature treated in this manuscript by a simple symmetry transformation. 
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Other possible applications include ion trap lasers and quantum dot ar- 
rays, or in general all systems where permutation symmetry can be used to 
reduce the dimension of the problem. 
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The Photonic Band Gap Laser: 

The Role of Spontaneous Emission 
in the Theory of Solid-State Lasers 
and LEDs 



Roy Pike, Alison Hughes, and Marzena Szymanska 



1 Introduction 

1.1 Foreword 

It is a pleasure to contribute to this memorial volume for Dan Walls. He was 
a tireless traveller in the pursuit of his research and we got to know him 
well, first at RSRE Malvern, where he spent an enjoyable sabbatical in the 
early days of quantum optics, and later in London and in many other parts 
of the world. It was an honour to support his case for Fellowship of the Royal 
Society and this brought him to London even more to speak and participate 
in our meetings. His untimely death has robbed us of the comfort of his warm 
humanity and of even further fruits of his unique expertise. 

There were a number of possibilities for the content of a commemorative 
chapter but we have taken the view that Dan would have liked us to describe 
our latest research rather than to comb over old ground and so we have 
taken this opportunity to expand a little on a recently published Letter [1] 
where the four-page limit forces one to leave out some of the more interesting 
comments one might otherwise make. This is concerned with the theory of 
a laser operating in a medium with a photonic band gap (PEG), [2]. In the 
event it will be necessary to comb over quite a bit of old ground dealing with 
previous theories of the laser! 

1.2 Outline 

The processes contributing to lasing action include, of course, spontaneous 
emission. In a PEG medium the spontaneous emission characteristics are 
altered and a laser operating in such a medium will have a modified perfor- 
mance. This modified performance is expected to reduce greatly the threshold 
pump rate while increasing the laser output. 

It is also expected that other optical devices such as LEDs and amplifiers 
could also potentially be designed to be more efficient by the use of PEG 
materials and the theory which we present here can be carried over with little 
modification to the LED and with a bit more work to the optical amplifier, 
although this has not yet been done. The impact on optical device technology 
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of such devices could obviously be significant although, for technical reasons, 
they have not yet been realised in the optical region in a full three-dimensional 
medium. 

After a discussion of the concept of the photonic band gap we review the 
various existing theoretical treatments of the laser and highlight their features 
and differences. The laser of most practical interest to us is the solid-state 
laser which falls into the so called class-B category when yj_ yy « 2k, where 
K is a cavity loss rate and 7 j_, yy are the polarisation and inversion decay 
rates, respectively. There have been a number of ever more sophisticated laser 
theories since the mid-sixties but, unfortunately, it seems that none of them 
can yet satisfactorily describe the properties of class-B lasers with all the 
spontaneous emission rates built into the model. Thus, surprisingly, none of 
them can be used to calculate the difference in threshold and output power 
for lasers, with and without a photonic band gap, which is our aim. We go 
on, therefore, to describe and extend one methodology, due to Lugiato, that 
is best suited to solve our problem. 

2 Photonic Band-Gap Materials 

There is currently considerable interest in materials with a photonic band gap 
(PBG) i.e. materials in which certain frequencies of light cannot propagate. If 
an excited atom is placed in such a structure it will be prevented from spon- 
taneously emitting light if its transition frequency lies within the forbidden 
range. Hence PBG materials can be used to control spontaneous emission. 
This phenomenon is different from that where the spontaneous emission may 
be redistributed within a microcavity [3] . The first use of the idea of a photon 
band structure was probably made by Ohtaka in 1979 [4]. It was, however, 
Yablonovitch’s work of 1987 [5] that really aroused a widespread interest in 
this area. The idea of being able to control spontaneous emission was in- 
troduced as far back as 1946 when Purcell [6] discussed it in the microwave 
domain. It was much later in 1973 [7] and 1981 [8] that methods of controlling 
spontaneous emission in the optical region were developed. 

Wigner and Weisskopf in 1930 performed the first calculation of the time 
dependence of the spontaneous emission of an excited atom into an electro- 
magnetic mode continuum [9]. With the advent of cavity QED and PBG 
materials the theory becomes much more complicated. Kofman [10], [11] has 
considered an excited atom placed near the edge of the gap in a PBG mate- 
rial to investigate non-Markovian effects which arise. He has also considered 
a two- level atom interacting with a defect mode in this material. This is ef- 
fectively a Jaynes-Gummings system with dressed states but these states can 
decay by coupling to the continuum outside the band gap. John [12] has re- 
visited the Dicke problem. N excited atoms, now close to the edge within the 
band gap are examined to see how the superradiance is affected, and Vats and 
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John [13] have discussed spontaneous emission when non-Markovian band- 
edge influences occur. 

Another area of research is the examination of light propagation through 
optical materials. Smith [14] has looked numerically and experimentally at 
the propagation through periodic arrays of dielectric scatterers in one and 
two dimensions to demonstrate the existence of PBGs. He has also considered 
the introduction of a defect into such a system. Shepherd has numerically cal- 
culated light propagation in 2-D photonic crystals using an analytical model 
[15] and Pendry [16] and others have used transfer-matrix methods. 

PBG materials have already been fabricated in three dimensions for the 
microwave and infrared regions and more recently opal crystals have been 
used for the visible region [17]. Gurrent research is being undertaken to fab- 
ricate PBG optical materials [18]. Two-dimensional structures at nanometer 
wavelengths have already been realised [19]. By introducing a defect which 
allows the propagation of only one mode within the forbidden region we could 
suppress the spontaneous emission to modes other than that particular sin- 
gle laser mode and so these materials could be used to produce new types of 
lasers. In principle we could make atoms emit almost entirely into one cavity 
mode which would very much reduce losses from the system and, therefore, 
achieve a (3 factor close to unity. The /3 factor is defined [20] as 

^ rate of spontaneous emission into lasing mode 
total rate of spontaneous emission 

In a recent conference paper presented by Ho and a little earlier in work 
by Garmichael and Rice [21], the concept of “thresholdless” lasing has been 
discussed. This is proposed by modifying the j3 factor to an idealistic value 
of one. The work has considered photonic wires and wells to make microdisk 
lasers. The (3 factor is changed by modifying the density of states in a micro- 
cavity (the ‘Purcell effect’) or by the use of a photonic band-gap material. 

The aim of our work is to obtain a theoretical lower bound on the lasing 
threshold of the PBG laser in order to compare the properties of such an ideal 
laser with the corresponding conventional laser. To do this we assume that 
the lasing mode is sufficiently far from the band edges to render spontaneous 
emission from it to be negligible. 

3 Laser Theories 

3.1 History 

A first insight into laser processes can be given by rate equations which are 
developed heuristically. The semiclassical laser theory, which involves a clas- 
sical electromagnetic held, provides a more rigorous derivation but it fails 
to account for spontaneous emission contributions and therefore held fluctu- 
ations. The semiclassical theory and rate equations are equally as good at 
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describing the laser processes when we consider a single lasing mode. How- 
ever, the semiclassical theory can be used to describe effects which the rate 
equations cannot treat, for example, the frequency locking of three lasing 
modes. When we have more than one lasing mode, the rate equations assume 
that they have no frequency correlations. For our discussion, however, we are 
not concerned with these phenomena and are only interested in the case of 
one lasing mode. 

The quantum-Langevin equations improve on the semiclassical theory as 
the field is now treated quantum mechanically and therefore fluctuation terms 
are included [22]. Fuller quantum mechanical theories have been given, for 
example, by Scully and Lamb [23], [24], Lugiato [25], [26], and Pike [27] who 
employed density matrix methods to examine laser processes, but each has 
considered a slightly different model. The well-known four-level Scully-Lamb 
theory of laser photon statistics does not take the spontaneous emission be- 
tween the lasing levels into account at all and is essentially for class-A lasers. 
It is the only one, however, to go to all orders in the coupling constant 
between the cavity modes and the lasing atoms (see below). The quantum- 
mechanical Langevin equations do have spontaneous emission between the 
lasing levels built into the model and it is possible to obtain the thresh- 
old condition, which, in principle, then could be analysed in the presence of 
a photonic band gap. However, at and close to the laser threshold no way 
of solving these equations is known which treats fully the fluctuations. In 
particular it is also not possible to calculate the photon statistics and the 
theory is for two-level atoms only. Lugiato’s master equation method for 
the density operator also has spontaneous emission built into the model and 
all pump and decay rates are represented by explicit interactions between 
the lasing system and reservoirs with positive and negative absolute tem- 
peratures, respectively, but again the theory is for two-level atoms only and 
only valid below threshold. These equations were solved by Lugiato using the 
Glauber diagonal P-representation [26] . Other authors have solved this model 
by transforming into a Fokker-Planck equation [22], [28], [29]. However, all 
these results have a very complicated form which allow fluctuations to be 
calculated only numerically and it is still not possible to obtain the photon 
statistics p„. 

3.2 Beyond Lugiato 

We have extended Lugiato’s original work by choosing not to employ his 
“smoothness” assumption for which, unfortunately, we cannot find justifica- 
tion, but instead have been able to solve the model completely, in the photon- 
number representation, analytically, using computer algebra. We compare 
this to the Scully-Lamb laser theory and upon inspection we find that Lu- 
giato’s theory currently stands to second-order in the coupling constant only 
(see also the derivation of the Scully-Lamb theory from the Lugiato model 
described in Pike and Sarkar [29] which at that time also used Lugiato’s 
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smoothness assumption) . It is worth commenting on the work Lugiato carried 
out which compared his two coupled equations in the Glauber representation 
to the single equation which Mandel [30] developed. 

Mandel had one equation which ostensibly included all the terms summed 
to infinite order in the coupling constant g. The question arises as to why 
Lugiato’s result to second order could possibly be comparable to a result 
achieved by summing a single equation to infinity. It would appear that cou- 
pling two second-order equations produces a result to all orders in the cou- 
pling constant g. However, upon inspection of Mandel’s work one finds that 
he has, in fact, employed an ansatz which amounts to factorising the density 
matrix into a density matrix for the atom and the field, with the atoms al- 
ways remaining in a steady state. This approximation is only valid when we 
have weak coupling and so refers to the conditions for threshold and below. 
Lugiato’s equations are also only valid for threshold and below as they are 
to second order. This somewhat tricky analysis (see [2]) explains why both 
results are only valid to second order in the coupling constant and expected 
therefore, to be of comparable form. 

Having developed a new two- level-atom, class-A, laser theory in the pho- 
ton number representation to all orders in the coupling constant, we were 
then able to extend it to account for three-level atoms. This is desirable since 
the two-level model has unrealistic behaviour far above threshold and this 
problem is removed using three-levels. Finally we went on to develop the 
theory further for a three- level, class-B, PBG laser, the results of which we 
present here, examining the threshold pump rate and output. We show that 
even in the case of complete suppression of spontaneous emission into the 
lasing mode, where the input and output powers are linearly related, there 
is still a region of incoherent, “sub-threshold” , operation before the lasing 
threshold is reached. 

3.3 Master Equation for Three-Level System 

The atomic-level structure and the various transitions used in our calculations 
are shown in Fig. 1. 

In the three-level laser model all elements connected with the laser opera- 
tion are divided into two parts, a small system S and a large heat bath B. S 
will be described by a Hamiltonian Hs, the bath hy Hb, and the interaction 
between B and S by Hsb- The system contains N three-level transitions, a 
single electromagnetic field mode and the lasing transition-field interaction. 
Both the three-level transitions and field are treated quantum mechanically 
and the interaction is taken in the rotating-wave approximation. The bath 
can be divided into three parts: a field bath which represent losses of the 
laser mode from the cavity through the partially transmitting output mirror, 
a bath which represents the interactions of the excited levels with the vacuum 
modes i.e. spontaneous emission to modes other than the lasing mode, and a 
bath which represents pumping from the lowest level to the highest one. 
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3 



2 

Fig. 1. Atomic-level structure and 
various transitions in the three-level- 
1 atom model 

For a semiconductor laser we have an analogy with the three-level model. 
The gap in a semiconductor material between the conduction and valence 
bands is where the lasing action occurs. A flow of holes in the valence band 
corresponds to the depletion of the lower lasing levels [31]. Precise Hamil- 
tonians for the baths are not known but this is not very important since 
we are only interested in the system behaviour. It is then enough to know 
the Hamiltonian of the bath-system interaction. We model the baths as sets 
of harmonic oscillators at temperature T. The spontaneous emission bath is 
modelled as a set of oscillators at temperature T = OAT and the pumping 
bath as a set of oscillators at negative temperature T = —OK. The held 
bath is modelled as a set of harmonic oscillators at temperature T. When 
we are not interested in thermal photons coming back into the laser we may 
set this temperature to OK (this is like saying that the environment of the 
laser has zero temperature). The rates of exchange of energy between these 
baths and the system are expressed by the separate coupling constants of the 
interactions. 

The three types of baths have different influences on the system, but 
equilibrium between them will be reached and the system will then have a 
temperature (i.e. inversion) depending on the coupling constants of the two 
system baths and the lasing transition-lasing mode interaction. The system 
Hamiltonian is given by: 

Hs = Ht + Hp + Htf, (2) 

where 

3 

Hp = 

N 

Htp = I a^.S+,) . (3) 

'^j 23 > ^j 23 creation and annihilation operators, respectively, between las- 
ing levels (levels 2 and 3 in Fig. 1). The bath-system interaction Hamiltonian, 
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Hsb, includes the decay of excited levels to off-resonant modes -Tji24., -^^134.) 
^j234.) the pumping of the atoms to the excited state, and the decay of 
the resonant mode. The Hamiltonian is: 



Hsb — 



N 



+ ^ ‘^jl3'^il3| + ^j23^j23l ’^il3-^tt) 

t = l 

N 

+ + >5'^3-^jl34. + <5^23-^5234.) ■ 



5 = 1 

Thus the quantum-optical master equation takes the form: 

^ = -i[Hs,Ps] 



N 



+ 9 ([<5j 23> PS'Sj^a] + [<5j23d5', < 5 )^ 3 ]) 



5 = 1 
N 



+ ^ 9'*'(['5ji3>PS'<S'^3] + [<5ji3PS, <5^3]) 



5 = 1 
N 



+ E ^([^5”i2- PsS+ 2 ] + {S- 12 PS, E12D 



5 = 1 
N 



+ E/ 9 ^ ([<5)i 3> PS<Sji3] -I- [<Sj^3/lS; <5 j 13]) 



5 = 1 



+K{ 2 aupsai - aj^OkPs - PSOkOk) 

= ^Ps{t), 



( 4 ) 



( 5 ) 



Taking the trace over the transition levels, using the dilute-atom approxima- 
tion and employing the Markov approximation gives us an equation for p„, 
the probability of finding n photons in the cavity mode, when we work in the 
photon-number representation. Multiplying the above expression by 
and respectively, we obtain two more coupled equations. When we 

consider these three equations in the steady state and perform detailed bal- 
ancing we find: 

2Atp„(t) = -^--pE^(p„2(t) -p„-i,3(t)) (6) 



2p^n/7 

1 I Pn,2) 

1 + nB/A 



ll 2 iPn ,2 + l23iPn,3 = 0 



( 7 ) 



ll3iPn,3 + l\ 2 iPn ,2 ~ l^Pn,l = 0, 



( 8 ) 




The Photonic Band-Gap Laser 



257 



where 

7 = (7234. + 7134. + 7i2^)/2. ( 9 ) 

We also know that 

Pn = Pnl + Pn2 + Pn3 (10) 

where 

Pn{t) = {n\p^p{t)\n) 

PnAt) = (n|S'r3S'i+3(t)p^(t)|n) = (l,n|p^(t)|n, 1) 

PnMt) = (n\S23S^:^{t)p^s{t)\n) = (2, n|p^(t)|n, 2) 

PuAt) = {n\St3S23it)pU^^)\n) = (3,n|p^(t)|n,3). (11) 

Solving the above equations we obtain the following recursion relation: 

Pn{t) = ^[A^7t7i24, - 2«:(n - l)(7i2; + 7t)]Pn-i 

X [2«:iV(l -h nS/A) (7134,712; -h 777127 + 71277237 + 723777) 

-|-2l(lV723777 + 2«:n7i34, -h 2«:n7|)] \ (12) 

where 

A = 2 Ng^-f 

B/A = %V7". (13) 

Thus it is possible to express Pn as a product of n elements and to calculate 
the average and the most probable number of photons in the cavity. The 
photon statistics determines the coherence of the output. In the region above 
laser threshold the most probable number of photons is greater than zero 
and in the region below and at the laser threshold is equal to zero. Thus a 
physical insight into our results for /3 = 1 is given by the realisation that, 
although always increasing linearly with input power, the cavity output is 
incoherent until the former condition on the photon statistics is achieved. 
In order to find the laser threshold we therefore need to calculate the most 
probable number of photons in the lasing mode. 

This becomes equal to the average far above threshold, where the photon 
statistics are symmetrical and approach the Poisson distribution. It can be 
shown that the most probable number of photons in the cavity is equal to: 

2 2 

_ ^^77(7127 - 7237) - ^2K(7i34,-k7t) 

(7712 + 277+7713) + (77137712 +777712 +77127723+772377) 

2k(1-|-B/^)(7i34, 7127 -1-77 7127+71277237+723777) 

(7127 +277 +7137)+ ^^(71377127+777127+71277237+723777) 

(14) 
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We can now calculate the threshold pump rate from the condition that the 
number of photons in the lasing mode must be greater than zero. 

^ ^ _ 2g^/t7i34. + ^7 i 2;7(7 i 34. + 7234.) 

When spontaneous emission between the lasing levels can be suppressed then 
7234 , = 0. Recall that in the development of the theory we employed a Markov 
approximation. This approximation is still valid even though we use a PEG 
material as we are positioning our transition levels and defect mode at the 
centre of the gap, therefore excluding any gap-edge influences. We compare 
characteristics for lasers with and without a photonic band gap ( 7234 , = 0 ) 
for a laser with parameters N = 10^/2, g = 10^, 2k = lO"^, 7134 , = 10®, 
7234 , = 10^/2 and 7124 , = 10^°, in Fig. 2 and Fig. 3. 




Fig. 2. The most probable number of photons as a function of pumping rate, 74 , 
for a three-level-lasing model for lasers with PEG 



For the case of such a PEG laser the threshold takes place at a pump 
rate one order of magnitude smaller than that for the case without a PEG. 
However, the maximum output far above threshold of both types of laser is 
similar. The PEG laser has a threshold pump rate given by the expression 



2g^/t7i34. -I- «^7i2t77i34. 
^3^7124, - 2Kg2 - 7K712; ' 



(16) 



The important point to note for the value of this pump rate is that the 
threshold is not zero when /3 = 1. As for a conventional laser, the output is 
at first incoherent. This differs from the results of Rice et al. [21] where they 
find a thresholdless laser in this case. We can, in fact, directly compare our 
work to that of Rice et al. Their model is two-level but the lower level rapidly 
depletes to a lower lying unspecified state. In our model this corresponds to 
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7t 

Fig. 3. The most probable number of photons as a function of pumping rate, 7 - 1 - , 
for a three-level-lasing model for lasers without PBG. The curves are almost indis- 
tinguishable 



7134, being very small and 7124, very large. With these conditions we see, from 
( 8 ), that Pn,2 is then very small which implies such a rapidly depleting lower 
level. The threshold of the PBG laser will then approach zero. 

Our new laser theory thus allows the differences between an ideal PBG 
laser and a conventional laser to be calculated when the numerical values of 
the relevant parameters are known. A real PBG laser will not have all the 
spontaneous emission suppressed but our results give an upper bound on the 
possible improvements in performance. As would be expected, the threshold 
pump rate is lower. In the region of saturation the stimulated emission dom- 
inates the spontaneous emission therefore rendering it negligible. Therefore, 
when the /3 factor is one there is little increase in the output power far above 
threshold and the advantages are marginal at these higher powers. However, 
when considering LED’s we are concerned with lower output powers and in 
this region we conclude that the output power will indeed be greatly increased 
due to the use of a PBG material. We are considering an extension of the 
theory to describe laser amplifiers, where PBG materials are also expected 
to improve performance significantly. 

4 Conclusions 

We have presented results for the operation of a three-level solid-state laser 
both with normal and with completely suppressed spontaneous emission be- 
tween the lasing levels. The output power difference in these two cases drops 
as the pump rate is increased above threshold and is not greatly different at 
higher powers. The threshold pump power, although typically reduced by an 
order of magnitude, is not zero and our results throw further light on the 
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concept of “thresholdless” lasing. The theory is also applicable to LED’s and 
amplifiers which function on the same principles as a laser. 
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Superradiant and Subradiant Behavior 
of the Overdamped 
Many- Atom Micromaser 



Vasily V. Temnov, Mikhail I. Kolobov and Fritz Haake 



Summary. We present the quantum treatment of an overdamped many-atom mi- 
cromaser. Our model accounts for excited atoms entering the cavity but does not 
allow them to exit. The limit of overdamped Rabi-oscillations is assumed. We give 
a temporally coarse-grained description which smoothens over entrance events and 
compare it with a ’’microscopic” treatment acconnting for each of the entrances 
and the evolution between them. We find an interesting nonstationary behavior of 
the micromaser radiation: a sequence of superradiant pulses which converges to a 
subradiant stationary regime. 



In a micromaser [1] or microlaser [2] an atomic beam passing through the 
cavity usually has such a low atomic density that only a few atoms at a time 
interact with a single cavity mode. Collective atomic interaction with the 
cavity mode is interrupted by arrivals of new atoms and their escapes from 
the cavity. The question arises as to whether collective atomic behavior can 
persist in such a situation. 

It was shown recently [3] by means of Monte-Carlo simulations that two 
different types of collective behavior are possible in the overdamped many- 
atom micromaser: superradiance and subradiance [4]. In [3] collective dy- 
namics of superradiance for the density matrix of intracavity atoms [5], in- 
terrupted by entrances and escapes, was simulated numerically. Analytical 
treatment of such a model is extremely difficult because one has to follow 
the 2^ X 2^ atomic density matrix for large and possibly varying N. In the 
present paper we discuss another model of the overdamped many-atom mi- 
cromaser. The difference to [3] is that atoms, once entered into the cavity, are 
not allowed to escape from it. This assumption greatly simplifies the problem 
and allows for an analytical treatment. 

The scheme of our micromaser is shown in Fig. 1. The atoms first pass 
through a velocity selector and then a pump field which excites them into 
the upper level |e). After that they enter the cavity and remain there. The 
upper atomic level |e) and the lower level |g) constitute the masing transi- 
tion resonantly coupled to the single cavity mode. The collective atom-field 
interaction is interrupted by entrances of new excited atoms, to be referred as 
’’kicks”. These kicks change both the interaction Hamiltonian and the joint 
atom0field density matrix because the number of atoms inside the cavity 
grows by one after each kick. The dynamics between the kicks is described 
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Photons 




Fig. 1. Physical model of 
many-atom micromaser 



by the following master equation for the atom©field density matrix paf in 
the interaction representation 

1 

PAF{t) = —j^[H,Paf]+ AfPaf ■ (1) 

Here H is the Tavis-Cummings Hamiltonian [6] describing interaction be- 
tween N two-level atoms and the cavity mode in the dipole- and rotating- 
wave approximations, 

H = ihg{aJ+ — a) J -) , (2) 



whereas Af stands for the damping of the cavity mode: 
Afp = a^] -I- [a, . 



(3) 



In Eqs. (2) and (3) a and are the annihilation and creation operators of 
the field mode, J± — ^nd Jz = are the atomic operators of 

collective polarization and inversion, g is the vacuum Rabi frequency which 
we assume to be equal for all atoms inside the cavity, and (2k)~^ is the photon 
life time. In our model we neglect all incoherent processes like relaxation of 
inversion and polarization of atoms. This assumption is fulfilled for long-lived 
Rydberg atoms [1,7]. In the limit of overdamped Rabi oscillations. 



g^N 



< 1 , 



(4) 



the cavity mode can be eliminated adiabatically and the dynamics (1) reduced 
to the so-called superradiance master equation [5] 



K, 



( 5 ) 
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for the atomic density matrix = ivppAF, where N indicates the current 
number of atoms in the cavity. The Markovian equation (5) holds for suffi- 
ciently large times t ^ for which the field follows the motion of atoms 
adiabatically [5]. In the case of a micromaser the number of atoms in the 
cavity is changing due to arrivals of new excited atoms. We restrict ourselves 
to the case of a regular atomic beam and assume that atoms enter the cavity 
with the entrance rate r. Thus for applicability of Eq. (5) between entrances 
we must require 



^ex = ^ < 1 , (6) 

where fVex is the number of atoms entering the cavity during the lifetime of 
the photon. Note that the number of atoms N inside the cavity appearing in 
condition (4) grows roughly linear with time N ^ rt. Thus we can rewrite 
Eq. (4) as a restriction for the time interval t, 



t < 



K 



( 7 ) 



during which our description is valid. By considering small fVex we can in- 
crease the range of times t. 

The Hilbert space for N two- level atoms has the dimension 2^ [6]. The 
dynamics (5) conserves the angular momentum quantum number j and it 
is convenient to use the angular momentum representation for the atomic 
density matrix [8]: 









j,m,oc;j' ,m\a' 



,m ,a 






(8) 



with 



J±\j,m,a) = \/j(j + 1) - ± l,a) , 

Jz\j,m,a) = m\j,m,a) . (9) 



The atomic index a defines the symmetry of the state with respect to per- 
mutations of atoms. 

Our final goal is to calculate the mean intensity I{t) of the emitted light, 
given by 

/(t) = 2K(a1'(t)a(t))=/i(J+(t)J_(t)) = ^[j(j-bl)-m(TO-l)]p^-^(t) ,(10) 



where Ii = 2g^ j n is the single-atom rate of spontaneous emission into the 
cavity mode, and is tii® probability of finding the 

quantum numbers j and m. The evolution equation for that probability is 
easily obtained from Eq. (5) 



= 7i I (j -m){j + m+ l)p 



S-Hi - O' + m){j-m+ 



( 11 ) 
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Let us look for the change of the probability due to the arrival of a new 
excited atom. We know that the atomic density operator changes according 
to 



p(N+i) ^ |e)(e| (g)pW . 



(12) 



This leads to the relation between the probabilities before and after the kick 



(N+l) ^ j + TO (jv) j - TO + 1 (jv) 

2j 2j + 2 



(13) 



The derivation of this transformation is based on the coupling of two angular 
momenta and is performed in [9]. We may note in passing that atomic exits 
from the cavity could not be accounted for by a closed form evolving only the 
probabilities The different role of atomic entrances and escapes is clear 
from a simple physical argument: for an entrance the state of a new atom 
is uncorrelated with the collective state of atoms of the previously present 
atoms inside the cavity, while for an escape the state of the leaving atom is 
strongly correlated with that of remaining ones. 

We now consider a time interval At 1/r and construct a coarse-grained 
rate of change of due to the AN = rAt atomic entrances and Apj^ = 
~ pfm ■ Dropping the superscript N we get 



/ Apj^ra \ 

\ At J pump 



' j + m 






j — TO -I- 1 
2j + 2 




.(14) 



We add that rate to the superradiant rate given in (11). Employing the 
rescaled time t' = rt we thus derive a phenomenological ’’master equation” 
of the overdamped many-atom micromaser 



dpj^rn{i ) 
dt' 



-[1 + x(j+to)(j - w-kl)]py™-kx(j - 

j + m j — m+ 1 

+ + 2j + 2 ^^'+5 



m){j+m+l)pj^^i + 

(15) 



The single dimensionless parameter 



h 2p2 




(16) 



determines the behavior of our micromaser. Roughly speaking the param- 
eter X tells us how fast is the dynamics of intracavity atoms on the time 
scale 1/r between two successive kicks. Let us note that the quantum num- 
bers j and TO are integer for even number of atoms N inside the cavity 
(j = 0, 1, ..., A^/2; TO = —j,—j + l,...,j) and half-integer for odd N {j = 
1/2, 3/2, ..., fV/2; to = — j, — j -I- 1, ..., j). Since our master equation (15) does 
not depend on N we can define the elements Pj,m of the density matrix 
for both integer and half-integer indices j and to. The atomic expectation 
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values can be calculated using Eq.(lO) with the sum over both integer and 
half-integer indices j and m. 

Since Eq. (15) is too complex for an analytical solution we shall consider 
a semiclassical approximation. For this we first write the exact equations of 
motion for the atomic expectation values 



jL 

dt' 



(J+ J_) = 2x[( J, J+ J_) - (J+ J_)] + 1 , 



_d - 
dt - 



Ui) - (*)- 



+ 2 ’ 

x[— 2( Jz J+ J-) -I- 2{Jz){J+J~) + {J+J-)\ + - . 



(17) 



As follows from Eq. (17), the normalized stationary intensity is equal to 
(J+ J_) = l/2y. With the promise of a critical discussion below we here take 
as a semiclassical approximation the neglect of the dispersion of the inver- 
sion operator, (J^) — (Jz)^ = 0. This implies the factorization {J^J+J-) = 
(Jz)(J+J_) -I- i(J+J_) -I- l/Sy. We thus get the semiclassical equations of 
motion for the inversion (Jz) and the normalized intensity (J+ J_) 



J^(J+ J_) = x[2(Jz)(J+J-) - (J+ J-)] + J , 

= + (18) 

This nonlinear system has one stable stationary solution (( Jz), ( J+ J_)) = 
(— |, 1/y). On linearizing we get the eigenvalues 



A 



1.2 






(19) 



It follows that quasiperiodic behavior emerges for y < ^ (both eigenvalues 
complex) and aperiodic behavior for y > ^ (both eigenvalues real and neg- 
ative). The differential equations (18) can be rewritten as a single equation 
of second order, 

Z + (^-2Z)yZ + yZ = 0, (20) 

with Z = (Jz) -I- |, which describes a damped nonlinear oscillator. 

The transformation (13) does not preserve the angular momentum quan- 
tum number j. Thus our dynamics is different from the pure superradiant 
dynamics (5) which does preserve j. To characterize the degree of interatomic 
cooperation in our micromaser we introduce the effective length of the Bloch 
vector as 



B = VW) = V(J+J-) + - (J^) 



( 21 ) 



The positively correlated atomic dipole momenta oriented in the same di- 
rection (large macroscopic polarization) needed for superradiance can arise 
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only if the Bloch vector is large. A small Bloch vector corresponds to anti- 
correlation of atomic dipoles (small macroscopic polarization) and leads to 
subradiance. 

For the sake of comparison we introduce the fictitious noncollective mi- 
cromaser also called an independent- atom model [10] in which no correlations 
between atomic dipole moments arise. Its intensity of radiation is calculated 
as the incoherent overlap of the 1-atom intensities 

N 

Inc = /l(J+J-)nc = /l , (22) 

i=l 

with ti denoting the time the i-th atom spent in the cavity. We shall call 
the quantity (J+ J_)„c = Inc/Ii the normalized intensity of the noncollective 
micromaser. The stationary (time averaged) intensity of the noncollective 
micromaser is equal to the atomic pump rate r, because all atoms entering 
the cavity emit a photon into the cavity mode after sufficiently long time. 
Thus it is twice as large as the intensity of our overdamped micromaser. 

We proceed to compare the results of three different treatments of our 
model. Two are based on the master equation (15) which is either solved 
numerically or treated semiclassically in (18). The third ’’microscopic” treat- 
ment amounts to solving the superradiance master equation (5) between the 
kicks at which we imply the transformation (13). The initial state of the cavity 
mode is vacuum. We consider the case of the regular pumping, when atoms 
enter the cavity at equidistant times t' = 1, 2, .... We calculate the normalized 
intensity of radiation, atomic inversion, and the length of the Bloch vector 
from the microscopic simulations, the solution of Eq. ( 15) and its semiclas- 
sical approximation (18). We set the initial density matrix in Eq. (15) equal 
to Pj,m{t' = 1) = and for the semiclassical equations (18) we chose 

(Jz)(l) = i, ( J+ J_)(l) = 1 which corresponds to a single excited atom in the 
cavity. The solution of the master equation and its semiclassical approxima- 
tion appear to be rather insensitive to the initial values of the atomic density 
matrix for y <C 1 and give the same results for Pj^m{t' = 0) = SjfiSm,o and 
(Jz)(0) = (J+ J_)(0) = 0 corresponding to the empty cavity. 

In Fig. 2 we represent the evolution of the normalized intensity obtained 
from the microscopic treatment, the solution of the master equation, and for 
the noncollective micromaser (22), for different values of parameter y. The 
normalized intensity jumps by one after each kick both for noncollective and 
overdamped many-atom micromaser for any y. These kicks, which are rela- 
tively well pronounced for large y (y = 0.5) become invisible on the large 
intensity scale for small y (y = 0.005). The solution of the master equa- 
tion smoothens the kicks but is still good even for large y. The normalized 
intensity of the noncollective micromaser (22) increases quasimonotonically 
(except for the kicks) until the (stroboscopic) steady state is reached. The 
intensity of our overdamped many-atom micromaser shows an interesting be- 
havior: (a) it does not oscillate for large y (y = 0.5) but does for small y; 
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Fig. 2. Normalized intensity of the many-atom micromaser as function of the di- 
mensionless time t' for different x'- noncollective model (bold), solution of the master 
equation (dashed) and based on the microscopic simulations (normal). The normal- 
ized intensity jumps by one when a new excited atom enters the cavity 



the smaller % the larger is the number of oscillations and (b) for any x the 
normalized intensity converges against the (stroboscopic) stationary value 
j2x, which is half as large as the stationary intensity of the noncollective 
micromaser. In order to understand the physical meaning of the oscillations, 
we follow the dynamics of intracavity atoms starting with a single atom in 
the cavity and assuming y <C 1. 

The first atom enters the cavity at the time t' = 1 and starts to interact 
with the overdamped field mode. At the moment t' = 2 when the second 
excited atom enters, the first atom is excited with probability e“^ ~ — 1- 

Thus the state of the two-atom system is the fully excited state |1, 1) with 
the probability close to unity. Since x ^ 1 fhe state of the two-atom system 
does not change significantly up to the moment t' = 3, when the third excited 
atom enters the cavity. The state of the three-atom system becomes the fully 
excited state ||, |) with a high probability and so on. It is clear, that the 
accumulation of atoms in the fully exited state described above cannot last 
infinitely long. Let us remind that the fully excited collection of N two- 
level atoms coupled to the bad cavity mode emits the superradiant pulse 
if the interaction time is longer, than the so-called delay time of the pulse 
^'m = (l/x)lii-^/(-^ + 1) [8]- In our system the number of atoms inside the 
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cavity grows linearly with time but the delay time decreases. After some 
time the number of atoms inside the cavity exceeds the critical value Ncr- 



1 InA^cr 
X Ncr 






(23) 



and atoms emit photons coherently producing the superradiant pulse. After 
that most atoms are in the ground state and the total inversion is negative. 
The new excited atoms entering the cavity also start to accumulate in the 
upper state, as described above. The important difference to the first pulse is 
that the cavity in no more empty for the new excited atoms: now it contains 
many unexcited ones. These unexcited atoms interfere with entering atoms 
in such a way that the amplitude of the second pulse becomes smaller and 
the duration longer than those of the first pulse, but between the pulses the 
emission is suppressed. An example of such destructive quantum-mechanical 
interference is pointed out in [11]: if one adds one excited atom to the collec- 
tion of N unexcited atoms coupled to the leaky cavity mode, the system will 
emit a photon with a small probability 1/{N -1-1), because the energy is much 
more likely to be trapped in the atomic system. This example also provides 
a qualitative understanding, why the stationary regime of our micromaser is 
subradiant: as mentioned above, the stationary intensity is half as large as 
the stationary intensity of the noncollective micromaser. This means that a 
half of initial atomic excitation is trapped in the atomic system. 

More insight into dynamics of our system can be obtained from Fig. 3, 
where the normalized intensity, inversion, and the length of the Bloch vector 
are plotted as functions of t' for y = 0.02. The linear growth of inversion for 
small times proves that atoms accumulate in the upper state. After the first 
pulse the inversion becomes negative, the length of the Bloch vector decreases 
and the radiation rate is suppressed. The maxima of the intensity correspond 
to maxima of B and zeros of the inversion. In this manner the system reaches 
the (stroboscopic) stationary state. The normalized intensity and inversion 
oscillate around their mean values with amplitudes 1 and 0.5 correspond- 
ingly, whereas the length of the Bloch vector reaches the stationary value, 
corresponding to the nearly horizontal orientation of the Bloch vector. The so- 
lution of the master equation gives a very good approximation for the results 
of microscopic treatment (see Fig. 3a). The semiclassical approximation for 
the normalized intensity and inversion is in a rather good agreement with the 
exact solution of the master equation; the stationary solution appears to be 
exact (see Fig. 3b). The semiclassical value oi B = ^ ( J+ J_) -I- ( Jz)^ — ( Jz) 
is smaller than the exact one B = ( J+ J_) -|- ( J^) — ( J^,), because the as- 

sumption (J^) — (Jz)^ = 0 is not valid for large times. 

In conclusion we have analyzed the behavior of the overdamped many- 
atom micromaser. Entering atoms interrupt collective atom-field interaction, 
but the collectivity survives for any value of parameter y. For y <C 1 an 
overdamped many-atom micromaser demonstrates an interesting behavior 
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(a) (b) 




Fig. 3. Evolution of the normalized intensity, inversion and length of the Bloch 
vector B obtained from (a) the microscopic simulations (continuous) and solution of 
the master equation (dashed) and (b) solution of the master equation (continuous) 
and its semiclassical approximation (dashed) for x = 0.02 



producing the sequence of superradiant pulses which converges to the sub- 
radiant stationary regime. For y ^ 1 and larger there are no superradiant 
pulses but the stationary regime is subradiant. Such behavior reflects the 
correlations between the dipole moments of atoms, which arise during the 
interaction with the common cavity mode. 
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Bifurcations to Cooperative States 
in Arrays of Coupled 
Nonlinear Optical Oscillators 



Ken McNeil 



1 Introduction 

This paper focusses on bifurcations to cooperative states in arrays of linearly 
coupled identical nonlinear optical oscillators, that is, to states in which each 
individual oscillator adopts the same state. The general condition on the cou- 
pling which allows cooperative states is derived and the examples of coupled 
gas lasers and coupled parametric oscillators are analysed. These examples 
show clearly the effects of both the degree of component oscillator phase 
symmetry and the complexity of the coupling geometry. 

Studies of the behaviour of systems of large numbers of coupled nonlinear 
elements appeared as early as the 1950s [1,2], but it is the last two decades 
which have seen an explosion of interest in such systems across a number of 
fields. Relevant theoretical work in the field of optics includes the study of 
coupled optically bistable systems [3], coupled lasers [4,5] and multimode 
lasers [6]. 

A variety of interesting behaviour has been unearthed, including symme- 
try forming [7-9], wave phenomena [4,10] and phase space clustering [11,12]. 
Of particular interest for the present work is the attention which has been paid 
to phase transition behaviour [4,10,13]. We will consider individual elements 
which exhibit bifurcations from the zero state, and examine the bifurcation 
behaviour in linearly coupled arrays of such elements, paying particular at- 
tention to bifurcations to cooperative states. Such states show the highest 
possible symmetry, or equivalently, the densest possible phase space cluster- 
ing. In many practical situations these are the most desired states, since one 
purpose of an array of oscillators is to enhance the effect of its individual 
elements. 

This paper will present the general condition on the coupling which allows 
such cooperative behaviour, and then analyse in some detail the features of 
this behaviour for two particular examples, gas lasers and parametric oscilla- 
tors. For the laser, we will use the standard simplified model, which describes 
the near threshold behaviour of the complex output field z: 

i = pz — ^z—\z\^z. (1) 

The parametric oscillator has a different pumping phase relationship: 

i = pz* — yz — |z|^ z . (2) 
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In both cases, 7 is the effective damping and p is the effective pumping 
strength (throughout this paper the star superscript is used to indicate com- 
plex conjugation). The well-known stable steady state of these equations has 
the magnitude 



fO if0<p<7 

\p-7ifp>7, 



( 3 ) 



with the phase of z arbitrary for the laser and zero or tt (relative to the 
assumed constant phase of the pumping) for the parametric oscillator. 

For later reference we note here that the linear stability is governed by a 
matrix of the following form (taking z and z* as the phase space variables): 



A = 




( 4 ) 



where p = 2|zp + 7 — p and v = for the laser, and p = 2|zp -I- 7 and 
V = — p for the parametric oscillator. 



2 Coupled Oscillators and Cooperative States 



Consider a system of N linearly coupled identical oscillator elements. If Zj is 
the complex field amplitude of the jth oscillator, its equation of motion takes 
the form 



= fi^j) + bjkZk 



( 5 ) 



where /(z) is the single oscillator function (the righthand side of ( 1 ) or ( 2 ), 
for example) and the bjk are the oscillator coupling strengths. (If there is to 
be no exchange of energy with the outside world as a result of the coupling 
between any pair of oscillators, their phases must be related as bjk = —blj-) 
The stability matrix for the system takes the form 



( 


B \2 


B\z .. . 


Bin\ 


B21 


A2 


B23 B24 ■ 


B2N 


\ 5 jvi 


Bn 2 




■ / 



where Aj is the 2x2 stability matrix (4) for the jth oscillator, and Bjk is 
bjk d 



the 2 x 2 matrix 



0 b 



'jk 



2.1 Bifurcations from the Zero Steady State 

Zero is a steady state for both the laser and the parametric oscillator (al- 
though it is not stable for p > 7 ), and we assume the same is true for the 
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general oscillator element f{z) in (5). The system state with all oscillators in 
the zero state is then a solution of (5). The stability of this zero state is gov- 
erned by the matrix (6) with all the Aj equal to Aq, say, the A for an oscillator 
in the zero state; whenever the real part of an eigenvalue of this matrix passes 
through zero there is a bifurcation from the zero state. Roughly speaking, not 
too far above a bifurcation threshold the nonlinearity in f(z) can be ignored, 
and (5) becomes the eigenvector equation for any eigenvalue that has gone to 

zero. In other words, the nonzero solutions (zi, Zi*, Z 2 , Z 2 *, , zj^, zm*) 

that emerge at a bifurcation point are stability matrix eigenvectors corre- 
sponding to critical eigenvalues. 

2.2 Bifurcations to Cooperative States 

Obtaining the bifurcation points and the amplitudes of the emergent nonzero 
solutions is not a trivial exercise: even for simple coupling geometries there 
can be a large number of bifurcation points, and these can be degenerate, 
often to a high order [4,10,12,13]. Those bifurcations to cooperative states, 
however, are relatively easy to deal with. 

According to (5), cooperative solutions, where all Zj = z, say, must satisfy 
i = f{z) + bjk) z for all j. This can only hold if the sum over the 

is independent of j; this is the condition which allows cooperative solutions 
to occur. Call this sum S. If S is split into its real and imaginary parts 
{S = Sr + i Si), say, the cooperative state equation takes the form 

i = f{z) + Az + i u! z . (7) 

A = Sr renormalises terms in f(z) which are linear in z, and represents a 
global effect of any interaction with the external world through the coupling: 
the sign of A depends on whether the coupling allows loss or gain of energy. 
For no exchange of energy, Sr = 0 , which holds if the local condition bji = 
—b^j holds. (This can be shown by noting that with this local condition, the 
real part of '^k^j bjk is zero. But since each bjk is independent of 

j, the double sum reduces to N '^k^j bjk, and the result follows.) uj = Sj 
looks like an angular frequency, but whether or not the solution actually has 
an oscillatory component depends on the phase symmetry of /(z), amongst 
other things. 

We can derive a general equation which predicts the point at which a 
bifurcation from zero to a cooperative state will occur. The eigenvector of 
the stability matrix ((6) with all Aj equal to Ag) has all Zj,Zj* pairs equal 
(to z,z* say), so each ‘row’ of the eigenvalue equation is 

Mo + 5) (X = A ([.) . (8) 

In other words, a bifurcation to a cooperative state occurs when the real part 
of an eigenvalue of Aq -I- S' go to zero. 
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2.3 Stability of a Cooperative State 

With all oscillators in the same state, the stability matrix (6) has all Aj equal 
to the A for the individual oscillator state. This simplifies greatly the problem 
of determining the stability, but as the examples of the following two sections 
show, it is still not necessarily a trivial exercise. 



3 Example 1: Coupled Lasers 

The equation for the coupled laser cooperative state is 
i = {p — j + A) z — |zp z + i uj z , 
which has the following long time nonzero solution: 
z = |z| (p> 7 -Z\) 



(9) 



(10) 



where the amplitude |z| = p + A — This inphase solution rotates at an- 
gular frequency uj and has an amplitude which is the single laser amplitude 
renormalised by A. 

From this point in the analysis we take the coupling to be completely 
imaginary: bjk — >■ i bjk, where the redefined bjk is real. This gives Z\ = 0. 
This is the kind of coupling that occurs, for example, through the evanescent 
fields of devices. 

We consider now the stability of the zero state, the emergence of the 
cooperative state and the stability of this state. Since the stability matrix 
eigenvalue spectrum depends strongly on the coupling geometry, we must 
consider this explicitly. We shall look at the cases of global coupling and 
nearest neighbour ring coupling (sometimes called ‘parallel’ and ‘series’ cou- 
pling [14]), and take all nonzero couplings to have the same strength b. This 
clearly satisfies the cooperative state coupling condition and the local condi- 
tion for no energy exchange with the outside world, ui is (N — 1)6 for global 
coupling and 26 for ring coupling. 



3.1 Global Coupling 

For this coupling geometry with all couplings of the same strength, the Bjk 
in the stability matrix (6) are all equal to B = ('H “,i . In the zero state 



0 —ib 

/ 

the Aj are all equal to Aq, and the eigenvalues are the pairs of eigenvalues of 
the matrices 



An - B 



Ao -k {N-1)B 



( 11 ) 



with the first occurring with {N — 1) -fold multiplicity [12]. The second is the 
matrix in (8) which determines the onset of the cooperative state. These two 
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matrices have the pairs of eigenvalues 
Ai± = -^ ± ^\v\^ - \P- , 

A2± = -Ai ± ■ (12) 

For the zero solution /i = 7 — p and = 0, so these pairs are 

Al± = P - 7 ± * ^ ! 

A 2 ± = p — 7 ± i{N — \)h. (13) 

The onset of the cooperative state is marked by the real part of A 2 ± changing 
sign: this occurs at the single laser threshold p = 7 . However the real part 
of the (-/V — l)-fold degenerate Ai± also changes sign at the same time: all 
branches appear simultaneously. 

Once on the cooperative state branch, the stability is determined by the 
eigenvalues of the matrix ( 6 ) with all Aj equal to the A for the individual 
oscillator amplitude ( 10 ) with z replaced by \z\ (after first transforming out 
a part rotating at angular frequency to). The eigenvalues thus take the same 
form as ( 12 ), with fi = v = p — j : 



Ai± = 7 -p ± v^(p- 7)2 - 52 ^ 

A2± = 7-P ± \/(p-7)2- {N - 1)&2 . (14) 

These all have real parts which are negative for any p above threshold, so the 
cooperative state is stable everywhere. 

3.2 Ring Coupling 

Here, each oscillator is coupled only to its immediate neighbours, with the 
A^th coupled to the first to complete the ring. All couplings have the same 
strength, so the Bjk are B for fc = j ± 1 (modulo N), and zero otherwise. 
The eigenvalues for the zero state for this stability matrix structure are the 
eigenvalues of the following N matrices [4,10,13]: 

Ao + 2i CkB, fc= l,2,...,iV (15) 

where Ck = cos{^fp) . These eigenvalues are the N pairs 

Afc± = -p ± - 4cfc2 A)2, k=l,2,...,N. (16) 

^ = 7 — p and = 0 , so 

Afc± = p -7 ± 2ickb, k=l,2,...,N. (17) 

The onset of the cooperative state occurs when the real part of Xn± changes 
sign, again at the single laser threshold p = 7 . Also again, the real parts of all 
the other Xk± change sign at this point, so all branches appear simultaneously. 
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Again, the stability matrix for the cooperative state has all Aj equal to 
the A with z replaced by \z\. The eigenvalues thus take the same form as 
( 16 ), with /i = j/ = p — 7: 

Afc± = 1 ~P ± \/{p-lY - 4cfc2&2^ fc = 1 , 2 , . . . ,iV . ( 18 ) 

These all have real parts which are negative for any p above threshold, so the 
ring coupling cooperative state is also stable everywhere. 

4 Example 2: Coupled Parametric Oscillators 

Here, the equation for the cooperative state is 

i = pz* + (Z\ — 7) z — |zp z — i uj z ( 19 ) 

In this case, uj is not an angular frequency: the long time nonzero solution 
has amplitude and phase given by 

|zp = i/p2 _ ^2 _ ^ - Z\)2 + ^ 

tan 0 = ± . (20) 

p+sfW^ 

As in the laser case, we have A = 0 in what follows. 

4.1 Global Coupling 

The stability matrix for the zero state again has eigenvalues of the form ( 12 ). 
For the zero solution /i = 7 and v = —p, so these eigenvalue pairs are 

Ai± = -7 ± \/p2 _ 52 ^ 

A2± = -7 ± Vp "^- (21) 

The onset of the cooperative state occurs when the real part of A2+ changes 
sign. This threshold is given by = 7^ + {N — 1 )^ 6 ^; unlike the laser, 
the transition to the cooperative state transition is displaced from the single 
oscillator transition point. In fact, the real part of the {N— l)-fold degenerate 
Ai± changes sign before this, at p^ = 7^ + 6^, which means that the other 
branches appear at a lower value of p than the cooperative state; this emerges 
from an unstable zero state. 

In the cooperative state p = 2 y^p 2 — (N — 1)252 — 7 and |jz |2 = 72 + 
{N — 1 )^ 6 ^, so the eigenvalues on this branch are 

Ai± = - 2 Vp"-(iV-l) 262+7 ± 7, 

A2± = -2^p^-{N-l)%^+j ± ^j^ + N{N-2)b-^ . (22) 

Only A2+ is ever positive, so this governs the stability. It is positive when 
the branch emerges, and remains so until p^ = {N — 1 )^ 6 ^ + |(7 + 
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1/7^ + N{N — 2)62)2^ which point the cooperative state becomes stable. 
There is a secondary bifurcation at this point to an unstable state of lower 
symmetry, but further discussion of this lies outside the scope of the present 
work. 



4.2 Ring Coupling 

Here, the eigenvalues for the zero state take the form (16), so with /x = 7 and 
ly = -p, 

Afc± = -7 ± 52 fc = 1,2 , . . . , . (23) 

The onset of the cooperative state occurs when the real part of changes 
sign, which is when = 7^ + 46^ . Not only is this transition displaced from 
the single oscillator transition point, it is the final in a whole sequence of 
transitions as the Xk+ change sign at p values is given by pk^ = 7^ + 4cfe^6^. 
A fuller discussion of the resulting sequence of bifurcations is given in [13], 
but a typical example of this sequence is shown in Fig. 1. Similar sequences 
occur in ring arrays of semiconductor lasers [4] . 

On the cooperative state branch, p = 2y/p“^ — 46^ — 7 and \v\^ = 7^+46^, 
so the eigenvalues are 

Afc± = 7 - 2 Vp' - 462+ ± V 72 + 4(1 - Cfc2)&2 fc = 1, 2 , . . . , iV .(24) 

All Afe_ are negative along the whole branch. All Xk+ are initially positive, 
but as p is increased, they change sign in sequence, at points given by 

= i(\/7^ +4(1 - Cfc2)62 4^2 

(with a degenerate bifurcation occuring at each point - the are periodic in 
k, so that each member of the set of eigenvalues (24) occurs at least twice). 
It is only when the last eigenvalue in the sequence becomes negative that the 
branch becomes stable. The corresponding pk is given by the k values which 
minimise Ck, and depends on the value of N. Again, similar sequences occur 
in ring arrays of semiconductor lasers [4] . Further discussion of the secondary 
bifurcations will not be attempted in the present work, but an example of a 
typical sequence can be seen in Fig. 1. 

5 In Conclusion 

When oscillators which individually exhibit bifurcation behaviour are coupled 
together in large numbers, it is not surprising that the resulting arrays exhibit 
rich bifurcation behaviour, even when the oscillators are identical and the 
coupling is linear, as in the present work. This paper has focussed on one 
particular bifurcation, that to a cooperative state, in which all component 
oscillators adopt the same state at long times. The condition which allows 
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Fig. 1. Oscillator amplitude magnitude as a function of pumping for the zero and 
cooperative states in 43 parametric oscillators coupled in a ring. 7 = 1.0 and b = 2.0. 
Solid lines indicate stable regions, dotted lines unstable regions. Circles mark the 
location of bifurcations to non cooperative states. The onset of instability of the 
zero solution tends to p = 7 for large N. The graph for the global coupling case 
has a similar form, except that the sequence of bifurcations from zero (except the 
one to the cooperative branch) collapses to the leftmost point, and there are no 
bifurcations on the unstable part of the cooperative state branch. For the laser, 
there are no bifurcation sequences: all of the bifurcations from zero coincide, and 
there are no bifurcations from the cooperative state branch 



such states requires that in general the coupling be in some sense closed. A 
linear chain coupling, for example, would not allow a cooperative state unless 
some rather artificial conditions were imposed on the coupling magnitudes 
for the end oscillators. (We would expect, however, that for many situations 
end effects would become less pronounced for large N.) 

The particular examples analysed show clearly the effect of the degree of 
individual oscillator phase symmetry on the long time behaviour: the phase 
invariance of the laser gives an oscillatory cooperative state, while the para- 
metric oscillator, invariant under reflection only, has no time varying part. 
The degree of phase invariance is also reflected in the bifurcation structure. 
In the laser case, all bifurcations from the zero state occur at the same thresh- 
old, which is the same as that for the single laser. For the parametric oscil- 
lator equation, they occur in a sequence, and only the first is stable when it 
emerges. The cooperative state emerges as the final in the sequence, and only 
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stabilises somewhat above threshold. None of the above features are helpful 
if the cooperative state is the desired operating state. 

When there is a sequence of bifurcations, the structure depends on the 
complexity of the coupling. Uniform global coupling is the least complex pos- 
sible, and the corresponding sequence has just two members: the bifurcation 
to the cooperative state and a degenerate bifurcation to all other states. Ring 
coupling is more complex, and this is reflected in the way the degenerate bi- 
furcation of the global case is ‘unfolded’ into a whole sequence. 

This paper has used examples from nonlinear optics to examine rather 
regular behaviour in large coupled arrays. Even this simple study, however, 
hints at the complexity that can lurk behind the seemingly simple coupled 
equations, a complexity that can be generated as much by the interplay 
between coupling and oscillators as by the nonlinearity of the oscillators. 
Understanding of this complexity continues to grow, and the reader is referred 
to the expanding literature on this subject. 
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Nonlinear Quantum Fluctuations 
in the Parametric Amplifier 



P.D. Drummond and S. Chaturvedi 



Summary. We develop a systematic theory of quantum fluctuations in the para- 
metric amplifier, including the region near threshold. This allows us to treat the 
limits to quantum squeezing and noise reduction imposed by nonlinearities. In par- 
ticular, we compute the squeezing spectrum near threshold, and calculate the opti- 
mum value. Our analytic results agree well with stochastic numerical simulations. 



1 Introduction 

The theory of quantum squeezing in the linear parametric oscillator is now 
well-developed [1]- [9]. Excellent agreement between theory and experiment is 
obtained [10]- [11], in the region below threshold. However, the usual theory is 
linearized, and therefore cannot be used in the near-threshold region where 
the squeezing is largest. The drawback with linearized theories is that they 
predict that zero quantum noise levels are achievable at threshold. This is 
clearly unrealistic, since (by the Heisenberg uncertainty principle) it neces- 
sarily requires an infinite energy in the conjugate mode. More significantly, 
this would imply an infinite amount of phase information - which is also im- 
possible, since the coherent pump which drives the parametric oscillator can 
only supply a finite quantity of phase information. 

Accordingly, there have been a number of investigations as to the ultimate 
limits to the squeezing spectrum of a parametric amplifier/oscillator. This has 
often involved using many-body Feynman diagram techniques [6] to extend 
the linear theory [7]- [9]. These have the drawback that they involve infinite 
sets of diagrams, and are difficult to use systematically at the critical point. 
This type of problem is common in non-equilibrium quantum physics. It 
represents a fundamental drawback in the Feynman diagram approach, in 
which both the coupling to reservoirs and the nonlinear terms are treated as 
perturbations. Other methods involving number-state expansions - like direct 
solutions of the master equation, or the stochastic Schroedinger equation - 
are inapplicable to these large Hilbert spaces. In addition, they are usually 
insoluble from an analytic approach. 

While present experiments are limited by technical noise from approach- 
ing the critical point too closely, it is reasonable to expect that progress 
in integrated optics will lead to more stable, highly miniaturized devices 
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which could well operate at the quantum limit, even near threshold. We 
have, for quite some time, been pursuing these questions using the positive 
P-representation [12], combined with two matched expansion techniques, one 
valid below the critical point, and one valid at the critical point. These two 
methods agree in the overlap region below threshold. Results are also veri- 
fied by the use of direct numerical stochastic equation simulations, which are 
valid in all regions. In the present paper, we focus on the below-threshold 
results. We find an scaling law for the optimal squeezing predicted by 

Plimak and Walls [8] is obtained here as well, but with a different spectrum, 
owing to the use of more systematic expansion techniques that result from 
using the positive P-representation method. Our analytic results for optimal 
squeezing, which occurs below the critical threshold, give excellent agreement 
with accurate numerical simulations for the same parameter values. We also 
give asymptotic results for the critical region, where the squeezing is less than 
optimal due to the effects of critical fluctuations. 

We dedicate this work to the memory of Dan Walls, who had an enduring 
interest not only in the questions discussed in this work but also in the 
technique - the positive P-representation. Indeed, it would be no exaggeration 
to say that, in some sense, the method had its genesis in work [12] the authors 
originally did in collaboration with Dan. We fondly remember the exciting 
time we spent with Dan as graduate students in the Waikato group. The 
directness and power of the techniques used here, when used to analyze this 
non-equilibrium many-body quantum statistical problem, is a testament to 
Dan Wall’s love for new yet simple ideas in theoretical physics. 



2 Hamiltonian and Stochastic Equations 



The Hamiltonian used here is the standard one [1] for a non-degenerate, 
single-mode parametric amplifier or oscillator: 



H/h= i£ 




IK 

y 



a2CLi — 0.2^1 



^ rlak + Tkal 



( 1 ) 



Here 01,02 represent the fundamental and second-harmonic modes respec- 
tively, while £ is proportional to the coherent input or driving field at the 
second-harmonic frequency, assumed to be at exact resonance with the cavity 
mode. The term ac is a coupling parameter for the nonlinearity of the 
medium. The operators Ti ,/2 represent reservoirs of modes external to the 
interferometer, and are used to describe decay processes. For simplicity, we 
have chosen the field mode-functions so that £, k are real. After transforming 
to the corresponding master equation in the Markovian approximation, we 
can expand the density matrix in a coherent state representation: 



P = 




y)((^+n 

((«+)* ]a) 






(2) 
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The function P (a, a+) can always be chosen as a positive (generalized) P- 
representation [12]. Following standard procedures, the assumption of vanish- 
ing boundary terms allows the master equation to be re-written as a Fokker- 
Planck equation in P{a,a ~^) , and hence as a stochastic equation [13] with 
real noise. The assumption of vanishing boundary terms is critical to this 
procedure, and we note here that this is generally valid when the ratio of 
nonlinearity to damping is small [14], (i.e. |K/ 7 fc| <C 1, where jk are the 
relevant damping rates). The stochastic procedure is best regarded as being 
generally an asymptotic procedure, valid for small l^/yfel - in which case the 
boundary terms are exponentially suppressed. We check this assumption nu- 
merically here as well, and point out that the required ratio of nonlinearity 
to damping is extremely well-satisfied in current experiments, where the ra- 
tio is typically 10“® or less. Further analysis of this problem has been given 
elsewhere [14]. Given this assumption, the following stochastic equations are 
obtained for any driving field £; that is, either below or above threshold: 



dai 

da^ 

da2 

da2 



\ai - 



„+ 



- Kaf «2] dt + ,yKa2dWi{t) 
h naia^] dt + \J~Kc^ dW2{t) 

1 n 



C 2 

- c /^ai 

2 ^ 



dt 



-£--t 



,.+2 



(3) 



Here the terms 7 ^ represent the amplitude damping rates. The stochastic 
correlations are given by: 



{dWk{t)) = 0 

{dWk{t)dWi{t)) = 6kidt . (4) 

This means that dWk{t) represent two real Gaussian and uncorrelated 
stochastic processes. Our derivation is formally based on the Ito stochastic 
calculus. However, in this case, either Ito or Stratonovich stochastic calculus 
gives identical results [13]. The crucial quadrature variables of the system 
have the definitions: 

Xk = (ofc + Ofe ) ~ (jik + 

Ffc = J (ofc -a+) ~ J (ofc - . (5) 

It is usual to introduce a scaling parameter = l/( 2 A^ 7 r) at this stage 
- where N is the threshold pump photon number. This determines the ratio 
of nonlinear to linear rates of change. Defining: 

K 

^ \fXni2 ’ 



(6) 
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we introduce a scaled time r = 7 it, and scaled quadrature variables Xk,yk ■ 



xi = gXi 

X2 = g\/^rX2 ■ (7) 



There is a similar definition of yk , where we notice the scaling of X 2 and y 2 
(involving ■jr = 72 / 71 ) is chosen to give similar fluctuation levels in both types 
of scaled variables. In terms of these new variables, the relevant equations 
become: 



dxi = -xi + ~{xiX 2 + yiy 2 ) dr + 




dyi = -yi + - {xiy 2 + X 2 yi) dr + 




- \/x2- iy2dW2{T) 



dr 



( 8 ) 



Here we have introduced a dimensionless driving field as /i = k£1/(7i 72) • The 
stochastic correlations of dwkir) are exactly those as for dWk{t), although 
expressed in terms of r variables rather than t variables. 



2.1 Observable Moments and Spectra 

The stochastic method directly reproduces the normally ordered correlations 
and moments. Of especial interest is Yi = (di — d\)/i, since Yi is the low- 
noise, squeezed quadrature. Here we note that the instantaneous correlation 
functions of the intra-cavity field operators are called the moments. Typi- 
cally, they are not easily measurable, when compared to output moments or 
spectra, but they are useful in that they provide a check on the accuracy of 
the calculation of measurable spectra. We consider the moments of Yi for 
definiteness, where: 

(: yiTi :) ^ Tr [p,. : :] = ^ (yf) . 

The squeezing in terms of the intra-cavity quadrature variances corre- 
sponds to an instantaneous measurement of the field moments. If such a 
measurements were possible, it would include contributions from all frequen- 
cies. However, it is the field outside the cavity which is usually measured. The 
technique for treating external field spectra was introduced by Yurke [2] , and 
by Collett and Gardiner [3]. For measurements averaged over a long time. 
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it is the low frequency part of the spectrum that is the relevant quantity, 
and we shall focus on this, as it usually determines the maximum squeezing 
possible. The output measured spectral variance of a general quadrature 



Xl = 






in a cavity with output damping rate jout can be written 

M = (: :) + 1 . 



(9) 



The :: are normal ordering operators, and the frequency argument denotes a 
Fourier transform: 









The output spectrum depends on the spectra of the intra-cavity quadratures. 
In a cavity where the output coupler provides the dominant loss mechanism, 
so 7 o«t = 7 i , the result simplifies to: 



= 2Si{uj) + 1 . 



(10) 



As usual, the optimal value of the internal squeezing 5'^(w) is —0.5 , 
which corresponds to zero fluctuations in the external squeezed quadrature. 
Since the P-representation is normally ordered, it automatically provides 
spectral correlations that correspond to the relevant normally ordered, time- 
ordered operator correlations of the measured output fields. We therefore 
define Fourier components of the normalized quadratures as: 



4(r) = I , 



This leads to the following result for the general squeezing spectrum, as 
measured in an external homodyne detection scheme: 



{xi (f2i) ~xi {Q 2 )) = + n2)Sim 



( 11 ) 



3 Below-Threshold Perturbation Theory 



In order to solve these coupled equations systematically, a formal perturba- 
tion expansion in powers of g is now introduced, where: 



00 






— / , i/ 
n— 0 
00 



(n) 



vk = Yl 9‘^y'k 

n—Q 



(n) 



(12) 
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3.1 Matched Power Equations 



The stochastic equations are now solved by the technique of matching powers 
of g in the corresponding time-evolution equations. This technique can be 
analyzed diagrammatically, and so can be termed the ‘stochastic diagram’ 
method [15]. The zero-th order solution is: 



= 



= 






r.(0) 



-Vi 



(x? 

( 



(0).^(0) 






^(0)^(0) _ ^(0) (0) 
^2 yi 



) 

4"' + 5 - »!"”) - 



dr 

dr 



dr 



dyf'' = 



-It | j / 2 °^ dr . 



(13) 



These equations are the classical nonlinear equations for the cavity, ex- 
pressed in terms of the quadrature amplitudes of dimensionless scaled fields. 
The steady-state solution below threshold is well-known, and is given by: 



.(0) _ „,(o) 



= vT’ = V 2 ^ = 0; ^ 2 ’ = 2/i • 



(0) 



(14) 



With no loss of generality, we can set all odd orders of , and all even 

orders of x^^\y[^'^ to zero. To first order, the equations are given by: 



dx\^^ = — (1 — /i) x^i'^dr + yj^dwxir) 

dy^i'’ = -{1 + y) y^^'^dr - iy^dwyir) , (15) 

where, dw^(^y^{T) = (dwi{T) ± dw 2 {T)) /y^. These equations are the ones 
that are normally used to predict squeezing. They are non-classical, but 
correspond to a very simple form of linear, non-classical fluctuation which 
has a Gaussian quasi-probability distribution. In other words, if no higher- 
order terms existed, the result would be an ideal squeezed state in the sub- 
harmonic, together with an ideal coherent state in the pump. 

Of more interest to the present paper, is the behaviour to the next order. 
This is the first order where nonlinear corrections to ideal squeezed-state 
behaviour will occur. We find the following: 



dx^'^ = —Jr 

dy^'’ = -It 



.(2) 






r (2) I (1) (1) 

y\’ +x\ ’y\ 



-y\ 'yi 

dr . 



dr 



(16) 



While we do not wish to include any effects beyond the first nonlinear correc- 
tions, it is not possible to consistently neglect the third-order in perturbation 
theory. This is because the first non-trivial correlations arise in terms like 



x*-^^ , which have the same formal order as terms of the type . 
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Therefore, to obtain a consistent expansion for the correlations that are of 
interest, we must compute the third-order terms as well. These satisfy the 
following equations: 



= 



= 



- (1 - m) a;® + ^ 



x^'^ dwxir) + iy'^’ dwy{T) 



(2), 



2^ I 
-(1 + m ) y^'f + ^ {x^i^y2^ 



™(2),,(1) 
*^2 yi 



'2^2// L 



y^^ dwx(r) — ix2^’ dwy(r) 



(2), 



dr 



dr - 



(17) 



3.2 Operator Moments 



We now wish to calculate the operator moments. To proceed further, we use 
Ito calculus to derive stochastic equations for quantities of interest, which 
in the present calculation are y[^^y{^'^ and y[^'^y^'^- These equations contain 
quantities involving variables lower down in the hierarchy, as well as terms 
generated from the noise correlations. Finally, we compute the steady state 
averages of the quantities of interest, so that the noise terms vanish. In the 
present case, this yields. 



{y[^'’yi^) 

(y[^^y[^^) 



(1) (1) (2)\ 
x) 'y\ 'y^2 ’) 



-y 

1 — y? 



-y 



1 y 

y 



1- y 



y 

4 (i + m)(i 



y^) 



yir 

7r + 2 



It 

{ir + 2) 




7r (l ~ +2 (1 + /i) 

(1 -I- y) (jr + 2 (1 -I- y)) 



(18) 



Hence, the intra-cavity squeezed quadrature fluctuations are obtained as: 



(h’)„ = 1 + (^ h' ) 

1 ^ — y g^y 

^ 2^ 2{l + y)^ 2{\ + y){\- y^) ^ 

^ ( yir 7r (l — /r + y?) -I- 2 (1 -I- ^) \ 
y7r+2 (1 -I- ^) (7r -I- 2 (1 -I- ^)) j 



We finally note that another possible method for these calculations is 
to use the Wigner representation, which also gives stochastic equations - 
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after certain terms, corresponding to third order moments, are omitted. This 
turns out to be not only less accurate than the +P method (owing to the 
approximations), but is considerable more complicated in terms of algebraic 
complexity. 



4 Spectral Correlations 

These can be calculated directly from the Fourier transform of the stochastic 
equations. We also represent the white noise that drives the stochastic equa- 
tions by its Fourier transform ^x,y where the spectral moments of the 
stochastic processes are: 

(?a m) = 0 

{S,am^bm) = 5ab5{n + n') . (20) 

It is also useful to introduce a standard convolution notation, where: 

[ 4 *B](f 2 )= f - Q') 

J V 27T 

The stochastic equations may now be rewritten in the frequency domain as 



• First order: 



( 17 ) 



jn) 

[in -I- 1 — /x] 

[iif? 1 /x] 



• Second order: 



( 17 ) 
^ ( 17 ) 



_(i) _(i) .(1) .(1) 

•cl’ -y\’ -ky\’ 

2 (zl7 -I- 7r) 



(f?) 



X 






(f7) 



(il7 -I- 7r) 



• Third order: 



( 21 ) 



(22) 



( 17 ) 
y® (f?) 



if ^ * (if ^ + C/ \/2 m) + j/f ^ * (yf ^ 

2 [tl7 -|- 1 — /i] 

yf ^ * (if ^ - if^ * (yf ^ 

2 [Xif? “h 1 “h /i] 



l^y/VWi)] (n) 



i^ylV^) (^) 



(23) 
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4.1 Squeezing Correlation Spectrum 



We now calculate the spectrum of the squeezed field yi, which is given by 
{yi (12i) yi (f? 2 ))- Thus, we obtain 

{yi i^i) yi ( 1 ^ 2 )) = 9^ (y[^^ i^i) y[^'^ ( 172 )^ + 

^ (‘*^2) (f?i) + [1^1 ^ '^2]^ + • • • ( 24 ) 

The contribution from the first order perturbation theory is the usual lin- 
earized squeezing result, given in this case by: 

/'(i) ^ '(1) /n ^\ 2y6{^2l + ^22) ^ ^ 

(yi (^i)yi (^2)) = -t ^ ( 25 ) 

^ + (1 + y) 

Similarly, the complementary (unsqueezed) spectrum is: 

/~(1) /Cl ^~(l) /Cl ^\ 2y,5{Qi + n2) 






+ {1 — fi)'^ 



Also, we can obtain the next order contribution to the squeezing, by calcu- 
lating (y^^^ (I7i) (■^ 2 )^ To check the results, we can compare with the 

moment calculations, since: 

(»!■> (<) »P’ w>„ = / ^ / ^ (if’ ("■) iS” 

Using these results, we find that the spectrum of the squeezed quadrature, 
to this order, is given by 

(yi (l2i) yi (C 2 )) = g^S{f2i + f 22 )S{f 2 i) (28) 



where the squeezing spectrum is calculated to be: 



5(12) 



— 2/i 2g‘^iJ?jr 

f?2 + (1 + ^)2 + [/22 + (1 + ^)2]2 

[1?2 _|_ 1 _ ^2J ^ -)/^)(l -g ^) _ 172 

_ 2 /x 7 r.(l - y2) (1 - /x)[l 72 + (1 _ ^^)2] 

(1 -|- /i -|- 7 r)(l T y) — 122 

(1 + m) [1^^ + (i + y- + 7 c)^]. 



(29) 



This equation gives the complete linear and nonlinear squeezing spectrum, 
including all the nonlinear correction terms that contribute to order or 
1/N. 
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4.2 Triple Spectral Correlations 

Next, we can calculate the triple spectral correlations, giving as in the mo- 
ment calculations: 

(ii (t2i) yi (t?2) V2 (^?3)) = (l^i) (^ 2 ) (^ 3 )) (30) 

Solving for , we have 

{Qi) y[^^ {^ 2 ) (f2s)) 

Jr (^ 2 ) 

= (Zf2s+ Jr) 

Substituting from the first order spectrum, the final result to this order 
is obtained to be: 



(f?i) y[^^ (172) 1/2'’ (■^3)) 

_ 2 fj,‘^^/jrjTr 5 (f?i -I- 172 + 1^3) 

(jl73 -|- Jr) 17^ + (1 — y) f^2 “I” (1 “I” M) 

To check this result, we can evaluate moments: 

X (f 7 i) y[^'^ (172) 1)2'’ {f 2 s)) 



On integrating, we obtain the same result as in our moment calculation, given 
above. We note that these results are greatly different to those that would 
be generated using the semi-classical truncated [16] Wigner approach to this 
problem, which neglects third order terms in the evolution equations. 



4.3 Optimal Squeezing 

It is interesting to evaluate the squeezing or low-noise correlations in the limit 
of zero frequency, which is generally the frequency of maximum squeezing. 
We obtain: 

+ 47.m"(7. + 2) 1 

Near threshold, where /i « 1, we can set y = 1 + S , and expand in powers 
of S. This gives the following result, ignoring small terms of order g"^ or g^S: 
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Minimizing this result with respect to i5 , we find that: 

= (35) 

This result confirms an approximate calculation of Plimak and Walls [8], 
although the self-consistent method used by these authors makes it difficult 
to obtain the relevant driving field. In fact, this minimum level of internal 
fluctuations occurs at a driving field just below threshold, with: 

Mopt = 1 - (36) 

This is plotted in Fig. 1: 



Optimum squeezing 




fJ- 

Fig. 1. Optimum squeezing with = .001, 7r = 0.5 



The physics of this is clearly that the onset of critical fluctuations starts 
to spoil the noise-reduction even before the critical point is reached at /x = 1. 
This can be seen from the way that the third order term includes contribu- 
tions from the critical fluctuations in xi. 

A squeezing measurement is a remarkably sensitive probe for non-equili- 
brium critical point fluctuations. 

5 Asymptotic Critical Theory 

In order to avoid the divergences of the previous method at the critical point 
of this system where /x = 1 or <5 = 0, we define new scaled quadrature 
variables, and use a different expansion [18] valid inside the critical region 
of I'^l < \/9- Tfio '^0^ pump mode variable X 2 now corresponds to the real 
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scaled depletion in the pump mode amplitude, relative to the undepleted 
value at the critical point. The signal mode variable Xi now describes the 
critical fluctuation amplitude scaled to be of order 1 at threshold; while j/i is 
simply defined as Yi. The definitions are 



Xl = y^Xl, 

yi = Yi-, 

kX2 



X2 = 



- 2 



7i 



2/2 



= \l^lrlgY2- 



(37) 



It is convenient to also define a new scaled time and driving field, as: 



1\ KC 
71= - 

9 L7i72 




r = 7 i 5 t. 



(38) 



The parameter rj = S/g is a, measure of how close the driving field is to its 
value at the bifurcation threshold. The time has now been scaled both by the 
decay rate in the signal mode 71 and the parameter g. The equations in the 
new variables are 



dxi 

gdyi 

gdx2 

gdy2 



- [xiX2 + 52/12/2] dr + V 2 dWx, 

- 2yi + |(x 25 i - 522:1) dr-is/^dWy 

Ir [ 2 ?? -X2- {xl - gyl) / 2 ] dr, 

~lr [52 + a;i5i] dr. 



(39) 



The Gaussian white noise increments dWi, (i = X,Y), are not indepen- 
dent, and have the following properties 



(dW,) = 0, 

(dW^) = (dW^) = (1 -f gx2l2)dT, 

{dWydWcc) = 5 ^/^( 52 )dr. (40) 

We can develop an asymptotic theory in the large N limit for the critical 
region, just as easily as below threshold. The result is a simple theory which 
correctly predicts the scaling of the critical and squeezing fluctuations, as 
well as making close predictions of their size for finite N. It is important to 
note here the presence of the ^/gdWy term in these equations. This scaling 
factor of is added to ensure that the fluctuations in this variable occur to 
an equivalent order to the other mean values. This simplifies the procedure 
of truncating the deterministic and noise terms to a given order. This proce- 
dure is similar to more formal projection operator schemes [13] that can be 
employed on the equivalent Fokker-Planck equation. 
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The approximation we use here entails expanding the stochastic trajec- 
tories in an asymptotic series in g, and solving the resulting equations on a 
term by term basis. This entails a similar power series expansion to the one 
used below threshold, except with new variables. The first set of equations 
are 

dr + y/2dw!^\ 
gdyf^ = -2yfUT + y^gdW'f\ 
gdx^ 2 ^ = Jr (2rj — x'"^^ — dr, 

9 <iy 2 ^ = -Jr {yf'’ + dr. (41) 

The Gaussian white noise increments dW^\ dwf'’ have the variance 
) = ([dTTf ]2) = dr . 

A significant point about these equations is that the squeezed quadrature, 
solution can be worked out without reference to any of the other variables, 
and it gives zero noise in the external quadrature at zero frequency. Of course, 
couplings between the variables will emerge to higher orders in the expansion, 
and this generates the actual critical fluctuations in the squeezed quadrature. 
Also, the variable is simply driven by the other fields, and can be obtained 
as soon as the other fields are known. 

5.1 Critical Fluctuations 

We now consider what happens at or near the classical threshold of 77 = 0. 
In a model where the second harmonic generation does not cause the pump 
mode to deplete, we would have x^^^ = 2rj, and at threshold the critical 
fluctuations in x\ would diffuse outward without any bound. When depletion 
is included, the critical fluctuations in the quadrature X\ are finite, but very 
slowly varying compared to those in the other variables. The pump field can 
therefore be adiabatically eliminated to first order in the expansion. 

Near threshold {gg <C 1) the decay term in the un-squeezed quadrature 
x\ is roughly —X 2 , which is of order 1. The pump mode will be depleted, so 
obviously X 2 must be negative in order for this to be stable. The scaled pump 
field decay is Jr/g^ and the squeezed quadrature decay is of order \/g. If jr 
is much larger than (/, it is possible to adiabatically eliminate both the pump 
amplitude and the squeezed quadrature in the equations for the large critical 
fluctuations x\. Since we are taking the limit of small g, we shall assume that 
this is possible to zero-th order in the asymptotic expansion. In the adiabatic 
elimination, we must solve for the steady state values of the pump X 2 ^ given 
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an instantaneous first order critical fluctuation xi. To leading (zeroth) order 
this gives -where x = : 



X 2 ^^ = 2r/ — x^j2. 



(42) 



Substituting in the equation for xi, we find that 

dx = {rjx — x^ / 4^ dr + y/2dWx- (43) 

This equation is a standard form of stochastic equation, which is the real 
cubic process often found at a critical point, even for thermal equilibrium 
systems. The solution for the distribution of x is given by: 

P{x) = exp (jix^ /2 — a;^/16) 



The steady-state critical variance in x\ is given to zero-th order by: 






f x'^dxexp [rjx‘^/2 — x'^ /IQ) 
f dxexp (yx^f2 — x^jl6) 



(44) 



The variance of the critical fluctuations at the critical point, ry = 0 , is 
therefore given to lowest order by the variance of a cubic process, which is a 
ratio of gamma functions [13], 



, 2\(0) _ 4T(3/4) 
T(l/4) 



1.3520.. 



(45) 



In a normally ordered representation, the normally ordered version of the 
quadrature variance operator differs by 1 from its symmetric form. However, 
to this order in the calculation, corrections of this size can be neglected. This 
is an example of much more general results on representation invariance [17] 
of the large fluctuations that occur near critical points. In general, these have 
a behavior to leading order that is rather classical, and does not depend on 
the operator ordering. Using this, we find the steady state of the un-squeezed 
quadrature at threshold. Denoting the symmetric expectation value by the 
subscript S, to leading order we get (at the critical point) 




1 , ,,(o) _ 4r(3/4) 
/ 5 ^ 1 / 4 ) 



This variable has the critical slowing down expected at threshold, that is, 
the un-squeezed signal quadrature is the one in which the critical fluctuations 
occur. The value for the size of the critical fluctuations can be used to cal- 
culate the depletion of the scaled pump mode amplitude X 2 - Using equations 
(38) and (44), to first order in g it is 



X 2 ^^ = 2r] — (a;^) /2. (46) 

The size of the depletion is consistent with an conversion efficiency 

for pump photons to signal photons at the critical point. In summary, by 
using the fact that a cubic stochastic equation has a potential solution, the 
quadrature moments can be obtained for any driving field in the critical 
region [15]. 
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5.2 Critical Squeezing 

We can now find the steady state variance of the squeezed quadrature at 
threshold. Because the fluctuations in the squeezed quadrature are very small, 
we must work to higher order in the asymptotic expansion to obtain a non 
trivial result. To achieve this, it is most useful to introduce equations in 
the higher order moments and zi = xiyi . The corresponding stochastic 
equations are derived using Ito rules for variable changes [13], so that: 

9 d{yl) = -2 I + 2yf + ^g{x 2 + X 2 yf - V 2 Zi) dr + 2y/gyidWy, 

gdzi = -2zi + |y2(-a^i + ovl + 2g) dr + y/gxidWy + gyidW^ (47) 

The squeezing variance at threshold from equation (47) is obtained by 
taking expectation values. At the steady-state, (d (2/1)) = 0. In addition, the 
expectation value of any noise term is always zero in an Ito equation, so that 

= “I ((1 + di)^2 - ■ (48) 

The expectation value of the correlation between y\ and any Xi variable 
is trivial to zero-th order, as these must factorize. Thus, we can write imme- 
diately: 

= rj-{x^)/A. (49) 

However, the expectation value of correlations between 7/2 and z\ does not 
factorize. We first must obtain the equation for this correlation. To lowest 
order this is 

gd{y 2 Zi) = - [2 j /2 + lr{y 2 + zi)] Zidr + (noise) 

The noise correlations do not matter, since we can immediately take ex- 
pectation values and obtain 






To obtain this result we have once again used the factorization properties 
of the yi fluctuations to zero-th order. Combining the above results together, 
we find the steady state variance of the squeezed quadrature up to first order 
in g , is 



/y 2 \ 1 gg g(2 -k 87,-) (x^) 

\ Vs 2 4 16(2 -k 7,.) 



This is plotted in Fig. 2, with the same parameters as in Fig. 1: 
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Critical squeezing moment 




Fig. 2. Squeezing moment with = 1000, ~/r = 0.5 - dashed lines are the below- 
threshold expansion 



The intra-cavity squeezing moment for a model with a non depleted pump 
mode is 1/2 [19]. Our theory predicts that a depleted parametric oscillator 
will get no closer to this intra-cavity lower limit than a term that scales as g , 
that is as The best squeezing in the overall moment is, paradoxically, 

not just below, but rather just above threshold. It can be seen that in contrast 
to the un-squeezed quadrature, the dominant term in the decay to the steady 
state does not depend on the pump mode photon number N. This means the 
squeezed quadrature does not experience critical slowing down as the un- 
squeezed quadrature does, and has a line-width similar to the value below 
threshold. In practical terms, the unsqueezed critical fluctuations would be 
much easier to observe, as they are the dominant effect at the critical point. 

6 Numerical Simulations 

The value of the nonlinear correction to the spectrum of the scaled internal 
squeezed quadrature S{f2), can be worked out from a full numerical simula- 
tion [20] of the relevant nonlinear stochastic equations. The optimal squeezing 
in the zero frequency part of the squeezing spectrum is predicted to scale as 
jY-2/3 ^ Pqj. simulations, we chose values of = g~^ = 10^, jr = 0-5. 
The simulations used a total dimensionless time-interval of T^ax = 1000. To 
ensure equilibrium, only the last 500 time units were utilised in the Fourier 
transforms. Time steps of At = 0.1 and At = 0.2 were compared to ensure 
convergence. The algorithmic technique is described elsewhere [21], and uses 
a semi-implicit central partial difference technique. To obtain the small non- 
linear corrections near the optimum squeezing, we simulated the difference 
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between the linear and nonlinear forms of the stochastic equation, in order 
to minimize sampling errors. It was also useful to initialize the x quadratures 
with a Gaussian ensemble close to the known steady-state variance, in order 
to reduce the time taken to achieve equilibrium. 

Typically, the relative error in the correlations due to finite step-size was 
around 10“^ with these step-sizes. 

6.1 Optimum Squeezing 

For these parameters the optimal driving field is predicted to occur at /r = 0.9, 
or approximately 80% of the critical intensity. We used 10® trajectories to 
improve the relative error due to sampling with a finite trajectory population, 
giving relative sampling errors of less than 10“^. 

The calculated squeezing moment from the SDE simulations was: (Yi) + 
0.5 = .0271 ± 10“®. This is in excellent agreement with both types of ex- 
pansion, as shown in Fig. 2, since the driving field is the transitional region 
where both expansions are valid. In fact, the agreement is better with the 
below-threshold expansion, as this is just outside the critical region. 

We find that the spectral predictions are also well verified by the sim- 
ulations. These resulted in a value for the nonlinear correction to the zero- 
frequency spectrum, of Z\S'(0) = S'(O) — S'^^^(O) = 1.874 x 10“® ± .01 x 10“®. 
By comparison, the analytic theory, worked to fourth order in g, gives the 
prediction that Z\S'(0) = 2.01 x 10“® . The residual difference of about 5% 
can be attributed to the fact that there are higher order corrections that are 
not included in the analytic theory, and these are more significant in the zero- 
frequency spectrum than they are in the moment calculation. Fig. 3 shows 
the detailed results of the simulation. 

6.2 Critical Squeezing 

At the critical point, where /:< = 0 , we used 10"^ trajectories, giving relative 
sampling errors of typically 2 x 10“^. The calculated squeezing moment from 
the critical point SDE simulations was: (Yi) + 0.5 = .0038 ± 10“'^. This is 
in poor agreement with the below threshold expansion, which clearly fails 
closer to threshold than about /:< = 0.97 , for this value of g . In the region 
where \gi — 1\ < g , much better agreement is naturally obtained with the 
critical-point expansion, which predicts a value of (Y^) + 0.5 = .00375. This 
agreement verifies our analytic prediction that the total squeezing, integrated 
over all frequencies, is actually lower at and just above threshold, than it is 
just below threshold where the zero-frequency squeezing is minimized. 

We find that the spectral results for the squeezed quadrature resulted 
in a value for the nonlinear correction to the zero-frequency spectrum of 
Z\S'(0) = 1.01 X 10“^ ± .2 X 10“® - which gives about three times larger 
minimum spectral fluctuations in the external transmitted squeezed beam, 
that at the optimum driving field, just below threshold. 
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Simulated optimal nonlinear squeezing 



I 

o 




Fig. 3. Numerically simulated nonlinear squeezing with = 1000, 7r = 0.5 



7 Conclusion 

We have calculated the quantum fluctuations in a parametric oscillator be- 
low and near the classical threshold, using a nonlinear stochastic theory, and 
applying both asymptotic approximations and a numerical technique. The 
important point about this result is the excellent agreement between numer- 
ical and analytic calculations, together with the straightforward yet rigorous 
nature of the perturbation theory. Corresponding results for the Feynman 
diagram method require a summation over infinite sets of diagrams, in or- 
der to fully include the reservoirs. The advantage of the present method is 
due to the fact that the coherent state basis is a more natural basis set for 
an open system, since it allows the damping reservoirs to be treated non- 
perturbatively. 

The Hilbert space involved in the simulations had dimension > 10®, and 
would be difficult to solve using other methods that involve number-state 
expansions - which would have a Hamiltonian matrix with 10^^ coefficients, 
unless simplified, and a density matrix of similar size! The present technique 
works just as well if TV = g~‘^ = 10® or larger, except for the longer time 
taken to reach the steady-state, due to critical slowing-down. This represents 
a more typical experimental photon number, with a Hilbert space dimension 
of 10^^, which appears totally inaccessible with number state techniques. 

Optimal squeezing in the output spectra corresponding to these moments 
were estimated. We found that the best squeezing in the zero frequency part of 
the squeezing spectrum scales like just below threshold. In other words, 

at the true critical threshold - where the linear squeezing is optimized - the 
nonlinear corrections are too large to give the lowest overall zero-frequency 
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squeezing. Instead, one should operate below the critical point to optimize 
the spectral squeezing. 

Using an entirely different method, a calculation by Plimak and Walls [8] 
also predicted that the zero frequency part of the squeezing spectrum scales 
like somewhat below threshold. Our general scaling results agree with 

theirs, however, with a different spectrum. We attribute the difference to 
the simple yet systematic +P stochastic diagram procedure used here to 
calculate the spectrum, rather than the Feynman diagram method ~ which 
involves additional approximations. 

We note that at the critical point = 1), the scaling behaviour is quite 
different to the behaviour just below threshold, and must be calculated by 
using a distinct asymptotic perturbation theory, valid at the threshold itself. 
The total squeezing moment is actually minimised at a driving field just 
above threshold, and this behaviour was confirmed in our simulations. This 
apparent paradox can be attributed to the fact that the critical fluctuations 
mostly tend to broaden the squeezing spectrum, which has a strong effect at 
zero-frequency - but does not diminish the total squeezing moment, which is 
integrated over all frequencies. 
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Quantum Phase Transitions 
in a Linear Ion Trap 

G.J. Milburn and Paul Alsing 



Summary. We show that the quantum phase transition of the Tavis-Cummings 
model can be realised in a linear ion trap of the kind proposed for quantum com- 
putation. The Tavis-Cummings model describes the interaction between a bosonic 
degree of freedom and a collective spin. In an ion trap, the collective spin system 
is a symmetrised state of the internal electronic states of N ions, while the bosonic 
system is the vibrational degree of freedom of the centre of mass mode for the ions. 



1 Introduction 

More than two decades ago, when quantum optics was young, the quantum 
dynamics of collective spin systems interacting with a single bosonic degree 
of freedom was a major research problem. The model arose as an attempt to 
describe the interaction between a collection of two level atoms and a single 
mode of the radiation field. Walls and co-workers [1] were among the first 
to realise that such models provided ideal examples of the role of quantum 
fluctuations in the nonlinear interaction between matter and light. Quantum 
fluctuations were shown to drastically change the predictions of semiclassical 
theory in such systems. This phenomenon has appeared more recently in 
the discovery of quantum phase transitions in quantum spin glasses [2] and 
other many body quantum systems. While the collective spin models did 
not directly apply to achievable experiments at the time, they did provide 
insight that subsequently proved important for many other quantum optical 
experiments including anti-bunching, squeezing [3], and cavity QED [4]. In 
this paper we show that the models of a collective spin interacting with 
one or more bosonic modes can now be experimentally realised in modern 
ion trap systems of the kind proposed for quantum computation [5,6]. An 
enormous effort has gone into making such systems work at the quantum 
level, with little interference form classical sources of noise, and a number of 
such experiments exist today. It would thus appear worthwhile to reconsider 
the collective spin models, and the associated quantum many-body effects 
exhibited by such systems, with a view to direct experimental realisation. 

In particular we consider the Tavis-Cummings (TC) model [7], which can 
be realised in a linear ion trap of N ions with the bosonic degree of freedom 
appearing as the quantised collective centre-of-mass motion. If each ion is 
coupled to the vibrational motion using an identical external (classical) laser 



H.J. Carmichael, R.J. Glauber, M.O. Scully (Eds.): LNP 561, pp. 303—312, 2001. 
© Springer- Verlag Berlin Heidelberg 2001 




304 G.J. Milburn and Paul Alsing 



detuned to the first red-sideband transition, the symmetry is such that the 
electronic degree of freedom for the ions can be described as a collective spin 
(N) and the reversible dynamics is well described by the TC model. The TC 
model is known to exhibit important nonlinear quantum effects including a 
quantum phase transition [2] in which the (zero temperature) ground state 
undergoes a morphological change as a parameter is varied and averages of 
intensive quantities undergo a bifurcation. 

2 The Tavis— Cummings Model 

The interaction Hamiltonian for N ions interacting with the centre of mass 
vibrational mode can be controlled by using different kinds of Raman laser 
pulses. A considerable variety of interactions has already been achieved or 
proposed [5,6,8]. In this paper we consider the first red-sideband transition. 
The ion is assumed to be in a three dimensional anisotropic harmonic poten- 
tial. Two dimensions are very tightly bound and are neglected. In the remain- 
ing dimension, an external laser couples the electronic state to the vibrational 
motion. If the vibrational frequency is large enough and the Lamb-Dicke limit 
[5] applies the motional sidebands of the absorption of the electronic transi- 
tion can be resolved and a laser detuned below the electronic resonance by 
one unit of the trap frequency can excite the electronic transition by absorb- 
ing one vibrational phonon, the additional energy required being made up 
by the laser. We will assume that the laser ( or lasers if a Raman process 
is used) is sufficiently strong that it can be treated classically. Under these 
assumptions the Hamiltonian, in the interaction picture, is 

N 

Hi = ( 1 ) 

where the coupling constant is 12 = r/flo where ? 7 ^ = Er/{hMuJo) is the 
Lambe-Dicke parameter with Er the recoil kinetic energy of the atom, ojq is 
the trap vibrational frequency, and M is the effective mass for the centre- 
of-mass mode. The Lamb-Dicke limit assumes rj « 1, which is easily 

achieved in practice. The frequency, i7o is the effective Rabi frequency for the 
electronic transition involved. The raising and lowering operators for each ion 
are defined by ct_ = | 5 )(e| and ct+ = |e)(g|. This sideband transition can be 
used to efficiently cool the ions to the collective centre-of-mass ground state, 
thus preparing the system in the vibrational ground state [5] . 

If the external laser field on each ion is identical (in amplitude and phase) 
the interaction Hamiltonian is 

Hj = hfl{aJ+ + a) J-) 



(2) 




Quantum Phase Transitions in a Linear Ion Trap 



305 



where we have introduced the bosonic annihilation operator a for the centre- 
of-mass vibrational mode and where we have used the definition of the col- 
lective spin operators, 

N 

L = (3) 

i=l 

where a = x,y,z . Identical laser fields could easily be obtained by splitting 
a single, stabilised laser into multiple beams. The interaction Hamiltonian in 
Eq (2) specifies the Tavis-Cummings model [7]. This model first appeared 
in quantum optics where the bosonic mode is the quantised field in a cavity. 
However this realisation is difficult to achieve experimentally. In contrast 
the vibrational mode realisation should be readily achieved. The dynamics 
resulting from this Hamiltonian is quite rich. Collective spin models of this 
kind were considered many decades ago in quantum optics [9,10]. In much of 
that work however the collective spin underwent an irreversible decay. In the 
case of an ion trap model however we can neglect such decays due to the long 
lifetimes of the excited states. On the other hand heating of the vibrational 
centre-of-mass mode can induce irreversible dynamics in the system in a 
manner that has not been previously considered, and that is reminiscent of 
thermal effects in condensed matter physics. 

We are interested in the driven Tavis-Cummings model in which the vi- 
brational mode is subject to a linear forcing term which can easily be achieved 
by a suitable combination of Raman laser pulses, or by appropriate AC volt- 
ages applied to the trap electrodes [5]. In this case the Hamiltonian, in the 
interaction picture, is given by 

Hj = hf2{aJ+ + a) J-) + hE{a + a^) (4) 

This may be written in terms of the hermitian canonical oscillator variables 
X = {a + a^) / \/2, Y = — i(a — a^)/-\/2, and the canonical angular momentum 
variables Jx = (J+ -I- Jy = —i{J+ — T-)/2, Jz = [J+, It takes 

the form 

H = XJx- YJy + xX (5) 

with X = E/n and we have scaled the Hamiltonian by — >■ H/^2Q. This 

indicates that time is measured in units of 

Alsing [11] has shown that the ground state of this system, for weak 
driving, is a product state in which the bosonic mode is squeezed and the 
electronic states are rotated in the angular momentum space. We provide a 
direct proof of this statement below. However it is first useful to consider the 
dynamics of the equivalent semiclassical model as many of the results in the 
quantum case can be interpreted in terms of the features of the semiclassical 
model. 




306 G.J. Milburn and Paul Alsing 



2.1 Semiclassical Tavis Cummings Model 

The Tavis-Cummings model represents an interaction between a simple har- 
monic oscillator and a linear top for which there is a classical model which 
we now define. We choose the classical model so that the equations of motion 
are of the same form as the Heisenberg equations of motion for the quantum 
model. The classical Hamiltonian is defined as 



n = XJ,- YJy + xEX 



( 6 ) 



where X, Y are respectively the canonical oscillator position and momentum 
variables with the canonical Poisson bracket {X,Y} = 1, while are the 
three components of angular momentum for a classical top with the canonical 
Poisson brackets {J7i, f7fc} = The equations of motion for a canon- 

ical coordinate w is given as usual by Poisson bracket with the Hamiltonian 
w = {w, iJ}. The equations of motion are, 



^ = -Jy (7) 

Y = -Jx-X (8) 

jx = -yjz (9) 

jy = -XJ, (10) 

jz = XJy + YJ, ( 11 ) 



Note that these equations have a conservation law j'^ + Jy + = constant. 

We now justify this choice of classical Hamiltonian by noting that the 
Heisenberg equations of motion for the Hamiltonian Eq(4) have the same form 
as the semiclassical equations of motion with all variables replaced by the 
corresponding operators. We thus see that the semiclassical equations result 
form taking moments of the Heisenberg equations and factorising all product 
moments. The factorisation assumptions ignores correlations which scale as 
1 /N for the scaled operators /N. The conservation law + Jy + Jz = 
constant is a reflection of the operator relation 



which in the semiclassical limit indicates that J^ + Jy + Jz = 

The classical equations have one nontrivial fixed point at X* = Y* = 
Jy = 0 and J* = — X, J* = — x^- However as the conservation law 

requires that \Jx\< N/2 we see that we must have 

2iE 

< 1 (below threshold) (13) 

which corresponds to an energy of "H = 0. We will refer to this as the below 
threshold case. As E is increased from zero, the fixed point for the angular 
momentum system rotates about the Jy direction eventually reaching the 
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equatorial plane at Jx = —Nj2 at the threshold condition. The oscillator 
system always has zero amplitude below threshold. If we linearise around 
this fixed point we discover that it is an unstable hyperbolic point with time 
constant proportional to Note that this time constant goes to infinity 

as the fixed point is approached as is typical for a hyperbolic fixed point. 

We now consider the above threshold case 

2E 

> 1 (above threshold) (14) 

Clearly the value of IfT^I cannot increase above N/2. Indeed there is no fixed 
point above threshold. However there is a special solution curve that contin- 
uously joins to the below threshold case for phase curves with TL — 0. 

To see this we consider making a canonical transformation by a rotation 
in both the X — Y plane and in the Jx-, Jy plane (see figure 1). The canonical 



transformations are 

X = XcosO + Ysme (15) 

Y = Y cos 9 — X sin 9 (16) 

Jx = JxCOs9 - jySin9 (17) 

Jy = JxCOs9 + SySm9 (18) 

The Hamiltonian then takes the form 

n = X{Sx + XCOs9)-Y{jy-xsiri9) (19) 

The phase curves with 'H = 0 now correspond to either 
X = 0 ; Jy = xsm9 (20) 



or 



= 0 ; Jx = ~xcos9 



(21) 



These phase curves smoothly join the fixed point at threshold if Jx 
which implies 



cos 9 = 



xn 



-iV/2 

(22) 



These solutions are illustrated in figure 1. Note that as if — >■ oo we have 
that Jx eventually points in the direction of — Jy while phase curve in the 
oscillator phase space points along the Y axis, indicating that for large driving 
the system is essentially a particle in a linear potential which accelerates at 
constant rate. These results were first obtained by Alsing and Carmichael 
[ 12 ]. 
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Fig. 1. An illustration of the 
canonical transformation used 
in the semiclassical equations 
above threshold 



3 Quantum States 

First note that the ground state when there is no driving is |j, — j)z 0 |0)i, 
with a zero eigenvalue. This ground state corresponds to the fixed point of the 
semiclassical model with zero oscillator amplitude and angular momentum 
pointing in the —Jz direction. We postulate that as the driving is increased 



form zero the ground state of the Hamiltonian Eq(4) is given by 

\e^) = S(r)R(Q)\j,-j)z®\^). (23) 

where |j, —j)z (8>|0)t, corresponds to all ions in the ground state and the vibra- 
tional mode in the ground state. The operator S{r) is a squeezing operator 
defined by 

S\r)aS{r) = fm + (24) 

with ^ = cosh r, v = sinh r. 

The rotation operator R{9) is defined by 

R{0) = (,-Kh-J-) (25) 

and corresponds to a rotation of 29 around the Jy axis. Consider now 

Hi\£q) = SR {R^S^HSR) |j, -j)z ® |0)„ (26) 

If we now transform the Hamiltonian and require that 

R^S^HSR\],-j)z®\Q)v=() (27) 

we find the following conditions, 

1^(1 -I- cos 20) = ^(1 — cos 20) (28) 

Qjsin29 = E (29) 

which requires that 

cos 20 = (30) 



and the ground state energy is taken to be fo = 0- The ground state is thus 
a product of a squeezed state for the vibrational mode and a rotated angular 
momentum state, rotated about the Jy axis. 
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The above results are consistent with the semiclassical approximation. 
The mean amplitude of a squeezed vacuum state is zero, corresponding to 
the semiclassical fixed point at X = Y = 0 while the rotation around the Jy 
axis corresponds to the semiclassical fixed point at Jx = ~X- 

If we continue to increase E above the threshold value the system adi- 
abatically follows a zero energy state, although this is no longer a ground 
state. In fact the canonical transformation used in the semiclassical analysis 
can be applied to the quantum operator valued Hamiltonian. The result is 
the same as the semiclassical case, Eq (19) with all variables replaced with 
the corresponding operators. The zero energy state then corresponds to the 
zero energy eigenstate of Y cos 9 — Xsin6* with cos 9 = NQ/2E. This is of 
course just a rotated, infinitely squeezed state. The electronic state is likewise 
a angular momentum eigenstate rotated from \j, —j) in the equatorial plane 
(orthogonal to Jz). Thus above threshold the zero energy eigenstate deforms 
continuously from the state at threshold. 

Let us summarise these results. For no driving the ground state corre- 
sponds to the oscillator in the ground state and all ions in the ground state. 
As the driving is increased, but kept below threshold, this state deforms to 
a squeezed oscillator state while the collective spin system begins to rotate 
about the Jy axis. Note that the mean oscillator amplitude (a) remains zero 
as does the mean of the j/-component of the collective spin. As the driving 
increases through the threshold value, this state changes its character so that 
a non zero value of Jy is acquired and the oscillator is infinitely squeezed 
in a direction at an angle cos9 = NH/2E to the below threshold squeezing. 
This morphological change of the state as the driving passes the semiclassical 
critical point is a quantum phase transition. The quantum phase transition 
can be seen in the mean value for Jy and Jz as shown in figure 2. Below 
threshold the scaled mean values are given by 



N/2 



= 0 



{JA 

N/2 



— \/l — x"^ 



(31) 

(32) 



and above threshold we have 



(Jy) 

N/2 




{JA. 

N/2 



= 0 



(33) 

(34) 



where x = 2E/NQ. 

What are the experimental manifestations of this transition? Needless 
to say no one is ever going to observe an infinitely squeezed state in an 
experiment. So what does happen at 29 = tt/ 2 when the electronic state is 
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Fig. 2. The scaled moments, 
(a) 2|(J,)|/iV, and (b) 2|(J,)|/iV 
plotted versus the scaled driving 
strength x = 2E/{NQ) 



the Jx eigenstate \j — j)x and the vibrational mode appears to be infinitely 
squeezed ? Is such a state physically possible ? Suppose for example we begin 
in the ground state of the Hamiltonian with no driving (E = 0) which is 
simply \j, — j)z® |0)„, and adiabatically increase the driving strength. It would 
appear that the system would then adiabatically evolve into the squeezed 
vibrational state described above. If we were ever able to reach the case 29 = 
7t/2 we would have reached an infinite energy state for the vibrational mode 
at a finite driving strength. Clearly this is not possible and to understand 
why it is useful to reconsider the semiclassical dynamics for this model. The 
adiabatic approximation requires that we vary the driving strength on a time 
scale slower than all other time scales in the system. The key time scale for the 
ground state variation is just the time scale associated with the hyperbolic 
unstable fixed point, (iV^/4 — which goes to infinity as we approach 

= 1. Thus the adiabatic increase of the driving must proceed infinitely 
slowly, that is it must be switched to the finite value E = in an infinite 
amount of time. This pumps an infinite amount of energy into the system and 
results in infinite squeezing in the centre of mass vibrational mode. Obviously 
in practice this cannot be achieved so the totally squeezed ground state is 
not possible. However it will still be possible to achieve some squeezing of 
the vibrational mode at smaller values of the driving. This would make an 
interesting observation for current ion trap experiments even with only a 
few ions. The squeezing of the vibrational mode can be observed using the 
dynamical method of reference [13] 

In current ion trap experiments, laser cooling techniques allow the centre 
of mass mode to be prepared in the ground state. Unfortunately it does not 
stay there. Heating due to a variety of sources, including fluctuating linear 
potentials, lead to an irreversible evolution away from the ground state. If 
such heating is present during the coupling of the electronic and vibrational 
motions, irreversible dynamics will be spread to the collective spin degrees of 
freedom as well. 

As an example we consider what happens if we use the Tavis-Cummings 
interaction (excitation on first red sideband) in the presence of strong heating. 
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Heating of the centre-of-mass mode due to fluctuating liner potentials may 
be described in the interaction picture by the master equation, 

^ = -ifl[aJ+ + a)j-,W] + ^ {V[a] + V[a)]) W (35) 

where W is the density operator for the spin and vibrational degrees of free- 
dom and the superoperator V is defined by 'D[A\p = 2ApA^ — A^ Ap — pA"^ A . 
The irreversible term corresponds to two point processes in which phonons 
are removed or added from centre of mass mode at the rates 7(0^0) and 
7(aa^) respectively. This does not change any first order moments, however 
it does lead to a diffusion in energy as = 7 . The effect of heating can 

be included in the semiclassical analysis by adding an appropriate stochastic 
term. In the Ito calculus[14] the effect is to add to the equations for X,Y 
terms of the form 

dX = {...) + ^dW^{t) (36) 

dY ={...) + ^dWy{t) (37) 

where dWi{t) are independent Wiener processes. If the heating rate is small 
enough these terms can be neglected. However if they are large new steady 
states can occur in the semiclassical and quantum descriptions which will be 
described in a future publication. 
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Quantum Noise Transfer Functions: 
A Practical Tool in Quantum Optics 



H.-A. Bachor and T.C. Ralph 



Summary. Abstract: This paper summarises a practical and elegant model for the 
description of optical systems based on CW lasers and photodetectors. It is based 
on quantum noise transfer functions and includes all quantum effects, including 
those of squeezed light. The basic equations are summarised and the model is ex- 
plained through a series of examples, such as interferometers, resonators and optical 
parametric oscillators, and electro-optic controls. This model can be extended to 
include the description of quantum information and quantum control. 



1 Introduction 

Modern technology uses many different optical systems to create, transfer, 
control and store information. Examples are optical fibre links, networks and 
optical memory which contain modulators and sensors, amplifiers, detectors, 
splitters, optical resonators and lasers. It is useful to have a model which can 
describe the performance of all these instruments in one consistent way and 
which applies to classical light, as produced by conventional lasers as well 
as to the improvements that can be achieved with non-classical or squeezed 
light [1] [2] [3] [4] [5]. 

The model deals with classical information , in the form of modulation, 
but will allow an extension into the new domain of quantum information. 
The model is to be applied to temporal rather than spatial information, 
that means it deals with signals in time and not with images. In order to 
be practical, the model should be modular, so that it can be expanded and 
adapted easily to a variety of systems. 

Such a model is the systematic application of the single mode approxi- 
mation of light, using quadrature variances. The same model can be looked 
at, from an engineering point of view, as quantum transfer functions which 
combine well known electronic noise transfer functions with the quantum fea- 
tures of light. This article summarises this technique which has evolved over 
the last decade as a practical tool and is used by many researchers. This 
review highlights the practical aspects of this model with simple recipes and 
examples. This model is built on detailed theoretical derivations and despite 
the simplicity it is rigorous and accurate. There are, though rare, cases where 
the technique is not adequate and these limits are listed. 
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2 A Linearised Quantum Noise Description 

In general a complete description of a beam or state of light, including its 
quantum properties, can be carried out through quasi probability distribu- 
tions, such as a Wigner function, Q-function, or P-representation [1]. For the 
description inside an optical cavity one single function will suffice. In con- 
trast, for a freely propagating beam the situation is more involved [4]. We 
will find that we need a whole continuum of distribution functions. These 
functions can be derived as the solutions of complex stochastic differential 
equations, in many cases master equations [1] [2] [6]. While complete this 
approach is more general than required in practice. Here we are using an 
alternative route of linearising the system right from the beginning. This can 
be done since the modulations and the fluctuations we are concerned with are 
small compared to the amplitude of the laser beam. This is correct for situa- 
tions with practical detectable optical powers (larger than micro watts) and 
where we are using CW or pulsed lasers and electronic spectrum analysers to 
measure the fluctuations [5]. Note that our approach here is quite different to 
that applicable in experiments that use single photons and photon counting 
detection. 

The quantum description of the laser beam is in the form of states \ip) 
and operators A. The states are expressed in terms of the standard basis of 
Glauber coherent states |a). The operators describe both the mean amplitude 
and the phase of the light, whose mean values are given by one complex 
number a. The fluctuations and modulations are described by the operator 
SA{t), resulting in the total operator 

A = a + SA{t). (1) 

The operators for the amplitude quadrature XI and the phase quadrature 
X2 are represented by the operators XI = A+A"'' and X2 = — i(A — A^). The 
beam can be detected by a photodetector and the operator for the photon 
flux N is given by 

N = A^{t)A{t) 

= {a + 5A^(t))(a; -|- SA{t)) 

= + aSA^{t) + aSA{t) + SA^ {t)SA{t) 

= + aSXl{t) (2) 

where we have taken the arbitrary phase of a real and linearized by neglecting 
higher than first order terms in the fluctuations. The measurements which are 
generally performed in experiments are either using a power meter, resulting 
in the average photon flux TV, or alternatively measurements of the fluctua- 
tions in the Photon flux, given by the variance VW, or the fluctuations in the 
amplitude and phase quadratures , which are represented by the variances 
VI and V2. The results are given by the expectation values: 

N = (a|7V|a) = {a\A^ A\a) = cA 




Quantum Noise Transfer Functions 315 



VN = {a\{A^ A){A^ A)\a) - {a\A^A\af 
VI = {a\XlXl\a) - {a\Xl\af 

= {a\{A + AA{A + AA\a) - {a\A + A^\a)'^ 

V2 = {a\X2X2\a) - {a\X2\a)'^ 

= {a\{-i{A - AA){-i{A - i^))|a) - (a| - i{A - AA\a)^ (3) 

For a quantum noise limited (QNL) lasers beam, equivalent to a coherent 
state, we obtain VN = N . In contrast, both quadrature variances are nor- 
malised, such that for any quantum noise limited beam we have y 1 = 1^2 = 1, 
independent of the optical power. VI, V2 > 1 indicates the presence of techni- 
cal noise or modulations or both, yior y2 < 1 can be achieved with squeezed 





Fig. 1. (i) An arbitrary unrealistic 2 dim Q-function, (ii) a realistic Q-function, 
(iii) a description of the size of the Q-function by Vl{n), 1/2(17) or alternatively 
ldnin(l7), V7nax(17) aud &min (12) 



One complete representation of the quantum system is given by Q-funct- 
ions, defined as = |(a|'0)p/7r. In general Q-functions can have very com- 
plex shapes, (see Fig. I(i)). However, for practical normal detectors and 
beams with small fluctuations and modulations, a » 6A(t), we can use 
linearisation and find that the class of solutions is much more restricted. We 
only deal here with two dimensional Gaussian Q-functions (see Fig. l(ii)) with 
higher order moments that are completely described by their second order 
moments, i.e. variances, which are a measure of the size of the Q-function. 

In the applications information is placed on the laser beams in the form 
of modulation at various different frequencies f2mod, usually measured in Hz 
not Rad/s. Each frequency is one independent information channel. Con- 
sequently, we should consider the equivalent of one quantum state to be 
the properties of the light in a small frequency interval around fimod- The 
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laser beam contains at this frequency both signal and quantum noise in two 
quadratures. This can be a simple modulation with fixed amplitude, mod- 
ulation with random amplitude (noise), quantum noise or even noise with 
correlations between the upper and lower sidebands (squeezing). In general 
the quadratures can be correlated with each other. All these properties are 
represented by the Fourier transforms of the operators in equation (1). 

A{n) = aS{n = o) + SA{n), 

5Xl{Q) = 5A{fl) + 5A\Q), 

5X2{Q) = -i{SA{n) - SA^ (Q)) (4) 

where the absence of hats indicates Fourier transformed operators. The term 
a6{f2 = 0) represents the carrier at the laser frequency viaser- This applies 
to all beams in the experiment. We will have several input and at least one 
output beam, with A(f?)j„ and A{Q)out and their own photon flux, modu- 
lation and noise. In analogy to equation (2) we obtain the operator for the 
photon flux in Fourier space as: 

Nout = a"5(0) + aSXlouti^) (5) 

where the first term describes the average power, concentrated in a DC spike, 
and the second term describes the fluctuations. In all cases we can define aout 
as real consequently the variance of the photocurrent at frequency f2 is given 

by 

VN^^tiQ) = alMSXlout{ny\a) = C1„„*(C) (6) 

We now have a compact link between the measured values VNout{^) and 
the property Vlout(^) of the state. Using a homodyne detector it is possible 
to measure all variances V{0)out at all frequencies (f2). The properties of the 
light in a small interval around each frequency can be described by one Q- 
function Q(f2). The interval is assumed small enough such that the frequency 
response is fiat. Since we have small fluctuations and signals, we can apply 
linearisation. 

The variance Ve(C) can be determined by first projecting all parts of the 
Q- function onto one axis at angle 0. This produces a series of one dimensional 
distribution functions DF(0) which describe in the form of a histogram the 
time varying photocurrent in a small frequency range. In a second step the 
variances of these functions are evaluated which provides information about 
the width of DF{0). Note that information is lost in this process. Obviously, 
different functions DF{0) can have the same variance. However, for our re- 
stricted class of functions a direct link exists between the Q-functions and the 
variances and a complete description is given by Umi„(l7), Vmax{^), 0min (f?), 
as shown in Fig. (2). These are the variances in two orthogonal quadratures, 
the quadrature of maximum and minimum fluctuations, and the orientation 
0min of the minimum axis in regard to two standard directions, XI and X2. 
In many situations we find 0min = 0 or tt/ 2. Generally, the values at each 
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frequency, or channel, are different: the signals appear at certain frequencies 
only; the noise can also be frequency dependent, as we will find in the case 
of most lasers; squeezed states have a squeezing spectrum with Knm < 1 for 
certain frequencies only and there can also be variations in the orientation 
^min (n). 





Fig. 2. A laser beam is represented by complete spectra of the variances. Here one 
typical example is shown. Both VI and V2 change with frequency. This beam has 
considerable intensity noise around the frequency fi 2 , it has a phase modulation at 
f ?3 and it is quantum noise limited (V2 = Vl = l)at frequency f? 4 . For simplicity 
this example beam has in all cases &min of either 0 or tt/2 



A single CW beam has many of these channels and is represented by the 
measurement of three spectra It can be regarded 

as containing many quantum states, which are all distinguishable by their 
detection frequency. These states are independent from each other, not linked 
in any classical or quantum sense. Thus this model is also known as the 
single mode approximation. There are situations, in particular those with 
very large modulations, where higher harmonics of the modulation frequency 
can be created, that are linked to each other. These cases would require a 
more detailed treatment. 

Note that we are describing the optical system in the Heisenberg picture, 
by using the operators, not the states, of the light at the different places 
of the instrument. Thus we will be concerned with the way these operators 
are changing through the system. This has the advantage that we obtain 
compact results and do not have to trace optical states through the system, 
which can get very complex. This approach is generally used for CW laser 
beams. In contrast, single photon experiments are more frequently described 
in the Schroedinger picture, by tracing the propagation of states. 

3 Practical Considerations 

All calculated variances are automatically normalised. In contrast, in the ex- 
periments we measure variances of the photocurrent, and they have to be nor- 
malised by the variance measured with a beam of light with the same optical 
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power and which is quantum noise limited. This requires a beam without any 
modulation and with no other fluctuations than the standard quantum noise. 
It also means that can be interpreted as one plus the signal to 

noise ratio (1 + SNR) of the two quadratures, provided the dominant noise 
is quantum noise. Within the spectra V1(I7),V2(I7) different signals, such 
as simple harmonic modulations with slowly variable amplitude and flxed 
modulation phase, and classical noise, such as random changes of the ampli- 
tude and modulation phase, are described in the same way. This reflects the 
actual performance of practical systems, namely that photo detection with a 
spectrum analyser does not allow a distinction between signals and classical 
noise other than by their actual frequency distribution, i.e. sharp, narrow 
spectra for signals and diffuse, broadband spectra for noise. 

An alternative experimental approach would be phase synchronous detec- 
tion, i.e. electronically mixing the photo currents with a copy of the electronic 
modulation signal used in the modulation process. This is normally not done 
and consequently not considered here. However, it has been used in quantum 
tomography [7] where the distribution functions are recorded and Q-functions 
are reconstructed. This technique allows the distinction between the different 
states and types of modulation. The spectra, with positive values of f2, can 
be traced back to a representation of the light as an electromagnetic wave 
with one optical carrier frequency viaser, measured in [Hz]^ and sidebands at 
viaser ± These two sidebands may have common signals, such as for am- 
plitude modulation (AM), phase or frequency modulation (FM). They have 
uncorrelated noise on both sidebands, such as quantum noise and technical 
noise. Finally, there could be correlations between the noise sidebands, such 
as created in squeezed light. In most optical system, such as in beam split- 
ters, attenuators or amplifiers, the two sidebands are affected in the same 
way [5]. As a consequence the variances VI and V2 remain independent. In 
direct detection, see Fig.(3.(i)) the photo-detector combines the information 
from both sidebands and produces one contribution to the total photo cur- 
rent i{^2). An electronic spectrum analyser is used to select | i{^2) p from 
the total photo current, and this value is proportional to VN{Q) and with 
equation (6 ) to V1{Q). 

In order to gain more information a homodyne detector can be used to 
investigate all quadrature variances [8]. This is achieved by mixing the 

light under investigation, described by -I- 5Ain{t) with a local oscillator 
beam a^o + see Fig.3(ii). The two beams are phase locked with 

a variable phase difference of A<Plo- The local oscillator beam has a much 
larger intensity aj^Q >> The difference of the photocurrent from the two 
detectors is formed. This arrangement has the advantage that all the noise 
of the local oscillator is suppressed, only the fluctuations of the input beam 
are measured. Scanning corresponds to projecting the Q-function in 

different angles onto the quadrature axis. The variance of the photocurrent , 
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V+(£2) ~ r| Vliaser (£2) +(1-tl) V- ~ VIun = 1 




Fig. 3. The optical layout for: 
(i) the direct detector, (ii) the 
homodyne detector 



determined by the spectrum analyser is given by 

V{A^lo) 

= S\V?{A'l>L0)V^n{0 min ) + COs'^{A^Lo)Vin{0 min tt/2) (7) 

In many practical cases 0min = 0 or 0min = i.e. V (Omin) = FI or 1/2. In 
particular we can measure Vl(f2) for A<Plo = 0 or V2{f2), for A<Plo = Tt/2, 
but note that we can only accurately measure one quadrature at a time. 

4 The Transfer of Operators, Signals and Noise: 

A Simple Recipe 

The next step is to describe a complete optical system and to evaluate the 
propagation of the noise and the signals through the system. Each optical 
component of the system can be thought of as having several inputs, de- 
scribed by their coherent amplitudes aini, 0 'in 2 , - -etc, and their fluctuation 
operators SAini,SAi„ 2 , ...etc. The corresponding spectral variances for each 
input are Fli„i(I?), F2i„i(I2), Vlin 2 {^)j V^in 2 {^), ■ . -etc. Inside the opti- 
cal component these modes are combined. The algebraic equations for the 
coherent amplitudes are solved to give the output coherent amplitude. We 
usually choose the arbitrary overall phase of the input fields such that the 
output coherent amplitude is real. After linearisation the equations of motion 
for the fluctuation operators can be solved in frequency space. The frequency 
space fluctuation operators for one output mode can then be described by 
equations of the form 

^Aout(n) = cia(l7) 6Aini{^2) + cic(I2) SA\^^{f2) 
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+ C2a(‘!^) + C2c{^) 

SAl,{f2) = cU-n) SAni(n) + cU-n) SAl,{n) 

+ <^2c(~^) + C2a(-'^) ^^in2(^) + (^) 

and similarly for all other output modes. The coefficients Cki(fi) are complex 
numbers which describe the frequency response of the component. Note, that 
the response is not necessarily symmetric about the carrier. The Cka and Ckc 
are linked via commutation requirements. For linear systems the cu do not 
depend on the beam intensities and all Ckc = 0. We can also treat the case 
of propagation through nonlinear media, such as and x^^^ media. This 
includes nonlinear processes such as frequency doubling, parametric ampli- 
fication, the Kerr effect or nonlinear absorption. The equations (8) remain 
linear, but in these cases the coefficients cia, Cic, C 2 a, C 2 c, . ■ . are dependent 
on the average optical power of the beams. In the examples given below we 
will show how the coefficients Cij can be derived from the physical properties 
of the component, such as reflectivities, conversion efficiencies etc.. Once the 
operator SAout{^) for the output mode in question has been found the vari- 
ances can be determined using (6) and (7). Let us consider some specific cases: 

(1) The simplest case is if firstly all the inputs are independent, i.e. we 
have < >= 5ki- This will be true if all the input beams 

represent beams from independent sources or different vacuum inputs. Sec- 
ondly, we require that the coefficients obey cL(— f?) = Cij(f2) i.e. magnitude 
and phase of the frequency response are symmetric. This will be true if there 
are no detunings or strong dispersion in the optical system. In this case we 
obtain the simplest type of transfer function. Indeed, for a linear system 
(cic = C 2 c =.... = 0) the transfer functions for both quadratures are identi- 
cal. 



Vlout(n) = |cia(I2) + Cie(I?)pKl»l(f2) 

+ |c2o(l^) + + ■ ■ ■ 

V2out{n) = \cia{n) - Cie(f?)|V2i„i(f2) 

+ |c2o(I^) ~ C2c(f?)py2j„2(I2) + • . ■ (9) 

(2) The coefficients still obey cL(— 17) = Cy(f7) but we allow for inputs 
that are not independent. Now there can be correlations between the quadra- 
ture variances of different inputs. However, we can always regain the form of 
equ.9 by breaking down each of the inputs into a function of its own inputs 
until we end up with all the inputs being independent. 

(3) The coefficients obey c*^-(— 17) = cA(l7), i.e. the magnitude of the 
frequency response is symmetric but not the phase. This will occur if the 
fluctuations suffer a different phase rotation to that of the coherent amplitude. 
In this case we get cross-coupling between the transfer functions of Vlout and 
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V2out such that now 

Vlont(^) = |cia(f2) + Cic(f?)pCOS^(6*)t^li„l(l7) 

+ |cio(^) ~ Cic(f?)P sin^(0)V2ini(f2) + 

V2ont(f^) = |cia(f2) - cm(12)psin2(0)F2„i(12) 

+ |cio(^^) + Cic(f?) P COS^(0)y + .... (10) 

where 0 is defined by Cy(f7) = |cy(f7)|e*^. We have assumed that VI and V2 
are the quadratures of minimum and maximum fluctuations. 

(4) The coefficients obey c*j{—f2) ^ cT(l7). This will occur when the fre- 
quency response of the optical components is asymmetric around the carrier 
frequency, for example due to detunings. It is not possible to represent the 
output as a transfer function of quadrature variances in this case. 

In the detailed examples below we will only consider case (1) applied 
to both linear and nonlinear components. An example of case (2) would be 
where either a modulation is common or two or more of the input modes 
have correlated noise. This is the case when the beams originate from one 
source, such as two beams formed by a beamsplitter, or where two beams 
are generated by an above threshold OPO. Examples of case (3) can be as 
benign as mixing beams on a beamsplitter where the coherent amplitudes 
of the inputs have different phases, or components with strong dispersion 
where the refractive index changes within a frequency interval of fldet smd 
symmetric attenuation, or as complex as single ended cavities with optical 
detuning. The simplest example of case (4) is a double ended optical cavity 
with detuning. 

Finally, the simplest example of a transfer function describes the influence 
of loss terms only and has the form: Vlguti^) = \cia\^V^ini{^) + |c 2 aP + 

|c 3 ap -I- , where all the inputs apart from are vacuum inputs 

which have the numerical value of 1. 

An appropriate name for equation (9) is quantum noise transfer func- 
tion. This equation is very similar to the classical transfer functions used by 
communication engineers. The classical function can be derived using a de- 
scription of the various inputs as classical waves with modulation at Q. Noise 
behaves exactly in the same way as the modulations. Quantum noise is not 
included. The propagation and interference of these waves is determined and 
the result is the size of the modulation at the output. In contrast, equation 
(9) includes all the quantum effects of the light, in particular the effects of 
quantum noise. We can directly see how the signals vary in comparison to the 
quantum noise and can evaluate the coefficient for the transfer of the signal 
to noise ratio from input to output. This approach has been developed since 
the 1980s by a number of research groups, very prominently by the groups 
in France who pioneered squeezing [9] and QND[10]. It was extended in the 
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1990s to include the effects of active systems, such as solid-state lasers [11], 
and has since been used by many groups. The elegance of this approach is 
now shown in a number of examples: 

5 Examples of Transfer Functions 

5.1 Beamsplitter with One Input 

The simplest case is that of a beamsplitter which reffects a fraction e of the in- 
tensity and transmits the fraction (1 — e). This system has two inputs (see Fig. 
4(i)), one is the laser beam (in) , the other is the unused port (UN). The opera- 
tor for the output is given by: SAout{^) = y^(l — e) i5Ai„(l7) -|- ^/e 6 Ajjn{^) 
The two inputs are not linked, and consequently {5Ain{fi)5AuM{^)) = 0. 
This results in the transfer function, 

VUut(^) = (1 - e) VUr^(n) + e VluNim (H) 

with the condition Ulj/ 7 v(l?) = 1. From this well known formula one can find 
the reduction, T, in the signal to noise ratio is (1 — e). This answer applies 
to all forms of attenuation. The concept of the beamsplitter can be used to 
describe absorption, scattering losses and all other forms of linear reduction 
of the intensity of the beam. 




Fig. 4. The optical layout and the various input and output modes for: (i) a beam 
splitter, (ii) an interferometer and (iii) a cavity 
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5.2 Interferometer 

An interferometer, such as the simple Mach Zehnder interferometer shown in 
Fig.4(ii) can be analysed by describing the operator 6Aout{^) at the output 
as a sum of operators for the two beams inside the instrument. Again we keep 
track of how both the input beam <5Aj„(l7) and the fluctuations in the unused 
port of the input beamsplitter SAjjn{^) propagate through the instrument. 
At the second beamsplitter, € 2 , we have to consider both inputs which are 
phase linked with a phase shift of A<P. This results in: 

= (\/(l — ei)v^ 6Ain{f2) + \fA \\/ (1 — £ 2 ) 6Ajji^{n)) 

+ \J (£ 1)^1 — C2 6Ain{^) — \/l — ei\/(e2) 6AuN{f2) (12) 

Here we assume that the two sidebands at +17 and —17 experience the same 
phase shift AP. That means the pathlength difference between the beams is 
less than c/17. For the special case of ei = £2 = 0.5 we get 

Vlouti^) = cos2(A<I>/2) H1,„(17) + sm\A^/2) V2uN{n) (13) 

and again for a single laser input beam, the condition V2ins[{Q) = 1 applies. 
This is equivalent to a variable attenuator, following equation (11), where 
e = cos^(A<?/2). Equation (13) shows that the noise at the output depends 
on both the input and the vacuum noise in the quadrature V2un{^) coupled 
through the first beamsplitter. Normally this input is unused and we have 
E2(7Ar(l7) = El[/Ar(l7) = 1. But the performance of the interferometer can 
be improved by coupling light, squeezed in the correct quadrature A2, into 
this port. This was demonstrated by Xiao, Wu and Kimble [14]. 

5.3 Optical Cavities 

Next we consider an optical cavity, as shown in Fig.4 (iii). For simplicity we 
have a triangular cavity with three components and roundtrip length p. An 
input mirror Ml with an intensity transmission T\ = 2kip/c , an output 
mirror with transmission T 2 = 2k2p/c and one mirror M3 which represents 
all the losses in the cavity by kioss- The cavity has one input beam given by 
SXlin at Ml and two vacuum inputs SX1jjn2 and <5Al;oss at M2 and M3 
respectively. We write the differential equation for a cavity in terms of Sucav 
for the internal mode and SAik for the external fields. 

dScL 

V — = + iA)Sacav + \/‘2Ki5Ain + -\/2k2 &4j//V2 + '^‘2kIoss5Aioss (14) 

at 

Here the term iA describes the detuning of the cavity from resonance. Note 
the difference between the intracavity operators a which describe excitations 
of the cavity mode and the operators A which describe photon fluxes. These 
operators have different dimensions. The resulting transfer function is ob- 
tained by solving equ. (14) together with the boundary conditions for 5A at 
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the mirrors, such as 5Aout = V^^Sacav — SAun 2 at mirror M2. This results 
in the transfer function for a resonant cavity (Z\ = 0): 

Vlout{^) = [«" + (2^f?)2]-i{4K2Kiyii„(f2) + [(2 k2 - kY 

+ {2TTQf]VluN2m + 4.n2Kloss (15) 

One interpretation of equ. (15) is that it acts like a low pass filter. The cavity 
has a linewidth 5Q = 2ttk.. Inside the cavity linewidth noise is transmitted and 
not reflected. Outside the cavity linewidth noise is reflected , not transmitted. 
The cavity can be used to separate low and high frequency noise from each 
other. 

Note that a cavity with detuning away from resonance is an example where 
terms from both input quadratures mix together. This is one example where 
all terms in equ. (8) are required and this corresponds to a Q-function with 
an axis rotated compared to the input. This is particularly noticeable if the 
input contains single quadrature modulation or squeezing. The reflection of 
a single ended cavity with detuning has been used as an alternative detector 
for V{0) [12]. 

Finally, we mention that all linear optical systems will maintain the prop- 
erties of a quantum noise limited (QNL) beam 14l = t/2=l.Itis not possible 
to produce a squeezed, {V{0min < 1), output beam by any linear system. 
This statement allows a practical test: If all the input beams are QNL, in- 
cluding the vacuum states, all output beams will also be QNL. Thus, we can 
simply replace all values Vlmj by 1 and the result should be Vlout = 1 for 
all output beams. 

5.4 The Subthreshold OPO as Generator for Squeezed Light 

One of the most successful sources of squeezed light has been the Optical 
Parametric Oscillator [13] which generates a squeezed vacuum state. This 
source of squeezing has produced the best noise suppression on a single beam 
and has already been used as a lightsource for several applications in inter- 
ferometry [14], spectroscopy [15] and QND measurements [16]. 




Fig. 5. Schematic diagram of 
the OPO squeezing experi- 
ment 



This is an example of the noise transfer through a nonlinear medium, 
where the coefficients of equ. (8) contain terms which scale nonlinearly with 
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the average input, or pump intensities. In order to derive the transfer function 
we can start with the equations of motion of the OPO given by [1]: 

a = Ea^ - 70 + ^/^bAb + SAi + 

at = E*a - 7ot + ^^AI + ^^SAJ + (X6) 



These equations have already been linearised with respect to the pump mode. 
Here the subscripts (b), (c) and (loss) describe the vacuum noise inputs 
through the mirrors of the cavity and through loss. These two equations 
can be combined into one equation for the operators SXlout ■ By taking the 
Fourier transform of these equations, we obtain expressions for the fluctua- 
tions SXlout(^) of the amplitude quadrature and SX2out(^) of the phase 
quadrature of the held inside the cavity. 

i27rf2SXlout = - 7) SXl + 9[F;] SXl + SXh 

+ <5X1, 

i27Tf2SX2out= 5X1 -h (5?[X] -h 7 ) 5X2 -h 5X2^ 

+ 5X2,,,, + 5X2, (17) 



where 5ft [i?] and Q[E] denote the real and imaginary part of the complex 
number E representing the pump held. The solution for the semi-classical 
steady state shows oscillations above a threshold pump power Pthr and the 
solution can be scaled by the normalised pump power P/ Pthr- Using the same 
boundary conditions as for a linear cavity we obtain the noise spectrum of 
the squeezed quadrature. In addition we have to include the imperfections of 
the actual experiment, which can be modelled as losses between the perfect 
apparatus and the detector. A realistic set of noise transfer functions is 



V2outm 



Vlout(^2) 



1 VescVdetVhom 
1 T ’fJesc'Hdet'Uhom 



( 12 / 7)2 + (1 + ^PjPthrY 
( 12 / 7)2 + (1 + ^PjPthrY 



(18) 



The first equation shows the noise suppression in the phase quadrature phase, 
the second increased noise in the amplitude quadrature. In the case of low 
losses the beam retains the minimum uncertainty, as was beautifully demon- 
strated by Wu et al. [13]. Over the years the performance of the components 
has been improved and the following values for parameters in equation (18) 
have been achieved by Lam et al.[17j: escape efficiency from the cavity vy^ec 
= 0.96, quantum efficiency of the detectors r\dec = 0.94, efficiency of the ho- 
modyne detector (mode overlap) r\hora = 0.97, detection frequency, which is 
limited by laser noise I2/7 = 3 [MHz]/67 [Mhz] = 0.045. The pump power can 
be continuously varied, 0 < P/Pthr < 0.99. These parameters correspond to 
a noise reduction by 8.5 [dB] or U2o„t(12) = 0.14. This corresponds to a very 
narrow minimum in V (0) and the remaining jitter in 0 in the experiment 
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resulted in measured noise suppression of 7 [db] or V2out(^) = 0.20. We can 
inject a beam into the cavity and lock it to this input such that the medium 
acts as an optical parametric amplifier (OPA) at a fixed frequency, in this 
way constant noise suppression (over hours) by 5 [dB], P2o„t(l7) = 0.32, has 
been demonstrated [18]. Comparable and even better results were obtained 
by the Konstanz group [19]. 

A similar experiment is the use of the OPO above threshold as a gener- 
ator of twin photon beams (note that a more complicated set of equations 
are required above threshold). Individually, each beam is not squeezed, it 
can actually be noisy. However, the difference between the photon fluxes, or 
intensities, is below the standard quantum limit. These experiments were pi- 
oneered by the Paris group [20] and the best results have been achieved by 
Mertz et al. [21] and in Shanxi [22] where a noise suppression of 8.5 [dB], Vdi/f 
= 0.16 was measured. This is the lowest variance observed. 



5.5 Quantum Control 



The technique of quantum noise transfer function can be applied to opti- 
cal control situations, for example intensity stabilisation by feedback control 
using electro-optical modulators [23] [24] [25] . The feed back is included by 
following the same derivation as for a classical feedback loop and writing the 
equation for the beam leaving the apparatus in a closed format that takes into 
account the roundtrip gain and phase shift h{^2) inside the loop. The classical 
parameters can be replaced by the operators SXout{f2) and all vacuum input 
ports have to be included. The resulting transfer functions is 



vioutm = 1 + 



(l-e)r/(yi„-l) + |Ml2)|2 



(19) 



here e is the reflectivity of the beam splitter which diverts the light to the 
detector in the feedback- loop. The quantum efficiency of the detectors is given 
by rj. For large signals , Plj„(l7) >> 1, this transfer function looks identical 
to the classical solution, but for signals close to the quantum noise limit 
it shows dramatic differences. In this case the feedback loop can increase 
the noise, rather than suppress it. This is an example where classical and 
quantum noise transfer functions are quite different and care has to be taken 
in any engineering application that the quantum effects are included. 

It is well known that this device cannot produce a squeezed output. The 
internal light is not squeezed either. It has special properties but cannot be 
used directly for measurements with improved signal to noise ratio. 



An attractive application of quantum control is to use feed forward control 
as a means of obtaining noiseless AC amplification [26]. With this device it 
is possible to transfer the information from a non-classical (squeezed beam) 
onto a classical beam which makes the information robust. The idea is straight 
forward, see Fig. 6. A large fraction of the signal is measured by a detector Dl, 
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the resulting photocurrent is amplified and used to modulate the remaining 
light with an AM modulator. The transfer function is [26]: 

y^out(^) = + A\/ (1 — ei)e2p 

+ esIVl — £i — A-y^eie2p Mli 
+ csjAVl — C2p 

+ (1 - £3) (20) 

where yii,Ml2,Ml2 are vacuum noise inputs, yii is the vacuum noise en- 
tering the beamsplitter Ml, (1 — £2) = 772 is the quantum efficiency of the 
AM detector and (1 — £3) is the efficiency of the AM modulator. A is the total 
gain of the feed forward loop. 




Fig. 6. Schematic diagram for the noiseless amplifier. The components which create 
the signal (sensor), amplify both signal and noise and transfer it to the detector 
are shown as individual boxes 



The correct choice of A allows us to cancel the second term in equ. (20). 
This means that all the noise introduced by the beamsplitter can be cancelled 
out by the feed forward system. The light at the output is going to be noisy, 
since both the signal and the noise from the input have been amplified as given 
by the first term of equation(20). But the signal to noise ratio (SNR) is kept 
high. In the limit of £2 and £3 = 0 the SNR is maintained. We have a noiseless 
amplifier which transforms a beam with a signal close to standard quantum 
limit (SQL) into a beam with the same SNR but with both signal and noise 
well above the SQL. This applies even for input beams with noise less than 
the SQL, that means modulated squeezed light. The output beam is now all 
in the classical domain and its SNR is robust in regard to losses. This was 
experimentally demonstrated by Lam et.al. [26]. One practical application of 
this device is as a preamplifier after a sensor which uses squeezed light. Inside 
the sensor losses can be kept low in order to get the improvement to the SNR 
from the squeezed light. The information can be moved away from the SQL 
with the feed forward system and can be safely sent along lossy lines. 
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5.6 Link to Quantum Information 

Quantum information can be embedded in a CW laser beam by modula- 
tion of a single Fourier frequency f^mod- The two dimensional operator space 
SX1,SX2 allows the representation of quantum states, including such quan- 
tum features as superposition states and entanglement between the quadra- 
tures. This quantum information travels with the beam. Quantum informa- 
tion can be used to enhance the performance of the system. The most pub- 
licised example is quantum cryptography. Here the sensitivity of quantum 
states to loss are used as an advantage to design communication systems 
where it is possible to guarantee that a message has not been intercepted. 
While these system normally operate with individual photons [27], an equiv- 
alent system exists for CW beams [28]. One particular challenge is to send 
quantum information from one place to another using classical channels or 
wires. Such a device would be called a quantum teleporter. Without nonclas- 
sical light this is not possible. However, using correlated nonclassical beams 
it might be possible [29] [30] [31]. The first requirement is to simultane- 
ously measure both quadratures and to thereby determine all the quantities 
of the state, in this case VI and V2. This requires two detectors, one for 
each quadrature, and consequently the use of at least one beamsplitter which 
couples in vacuum noise Vu\N{f2), see Fig. 7. 




OPO 



Fig. 7. Optical continuous signal teleporter. The two OPOs provide the pair of 
nonclassical light beams. One is used for the detection of both the AM and FM 
signal. The information is carried through classical channels and is reconstructed 
by modulating the other of the nonclassical beams 
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The question is, what type of light could we shine into the empty port 
to suppress the vacuum noise ? If we use squeezed light we can improve the 
measurement for only one of the quadratures, the one which corresponds 
to the squeezing axis. The orthogonal quadrature will be much noisier. The 
solution is to use the superposition of two squeezed states with orthogonal 
axis, Vlsqi « 1 and V 2 gq 2 « 1, which could be called a crossed state, as 
shown in Fig. 7. 

The two currents iAM^ipM from both photodetectors are now very noisy. 
They contain the signal, one Vim and the other V2m, but this information is 
buried in a lot of noise coming from the antisqueezed quadratures within the 
crossed state. A detection of these currents with a spectrum analyser would 
show a very small SNR or with strong squeezing, no signal at all. However, 
it is possible to reconstruct the information of the quantum state by using 
an identical copy of the crossed state. This can be achieved by generating 
the crossed state by mixing two squeezed states on a beamsplitter, which 
generates two entangled beams. The second crossed beam is modulated, both 
by AM and FM modulators, driven by the two currents iAM,ipM- For this 
arrangement the transfer function has been derived by Ralph et al. [31] 

HI 

out (O) =Vlm{n)+VUql 

V2,^t{f2) = V2m{f2) + (21) 

These elegant transfer functions show that the reconstruction would be per- 
fect if both squeezed states were perfect, that is if V Ig^i = V 2 gq 2 = 0 and no 
losses occur anywhere. In reality the effect of the uncertainty introduced by 
the teleporter as given by equation (21) is about as big as the overlap section 
of the crossed state, which is much smaller than the standard quantum un- 
certainty area (see Fig. 7). One demonstration of this idea has already been 
done by the Caltech group [32] which showed that the reconstructed state 
has very similar quantum properties to the input state, as measured by a 
joint fidelity exceeding 0.5. A challenge for the future is to improve on these 
experiments and to demonstrate teleportation of nonclassical states. 



6 Conclusion 

We have shown that the linearised description of the properties of a con- 
tinuous laser beam is very versatile. By using a spectral description and 
considering individual frequency intervals, or channels, one by one we have a 
model which directly relates to the practical applications used in communi- 
cations and sensing. We can express the properties of light in the format of 
noise spectra which correspond directly to the measurements with a spectrum 
analyser or RF mixer. Quantum transfer functions are derived which show 
how the signals and the noise propagate through optical systems, where addi- 
tional noise is coupled in. Using these equations we can analyse and optimise 
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our experiments. The quantum noise transfer functions are a very practical 
representation of the quantum optical principles. 

For very large signals, well above the quantum noise limit, our results 
correspond exactly to those derived with a fully classical model, as used in 
many engineering textbooks. However, this approach includes all quantum 
properties of the light, in particular the effects of losses and imperfections of 
the equipment. The full quantum transfer functions are essential in situations 
where nonclassical or squeezed light is used. Engineers will see the need to 
use these model once the performance of the practical systems approach the 
quantum noise limit. Our model includes the description of quantum infor- 
mation within the different channels. This fact will prove to be essential once 
applications of quantum information appear in practice. Presently ideas such 
as teleportation, cryptography, dense coding are being demonstrated only in 
rather complex and difficult experiments. But further advances of technology 
will allow us to explore robust applications of these ideas. 

Care has to be taken in some situations where several optical modes are 
present, that means that we have several carrier frequencies. The noise due to 
the interaction of all these carriers with their respective sidebands contribute 
to the measured signal. The most prominent case is diode lasers. They fre- 
quently operate in many modes and even if the intensity in these modes is 
almost undetectable the modes can contribute to the noise spectrum. This 
is particularly important for lasers which are operated with very quiet cur- 
rents in order to produce optical noise below the standard quantum limit. It 
was demonstrated that the noise suppression is distributed over many modes 
and can only be observed when all mode are equally well detected [33]. The 
interaction and correlation between the different modes has to be taken into 
account [34]. 

Our model is valid for continuous beams with large fluxes of photons that 
can be converted into detectable photon currents. This model also applies 
to pulse trains, where each pulse contains many photons, such as the output 
of strong modelocked lasers or beams containing soliton pulses. Applications 
with beams that contain very few photons and use single photon detection 
require a very different model. The detection systems allows the detection 
of correlations between the events being measured. For example, instead of 
squeezing, nonclassical properties of the second order correlation coefficient 
are observed. An overview about this field is given by Mandel and 
Wolf [35] . For technical applications single photon systems are not used very 
often, but most of the demonstrations of quantum properties of photons and 
more recently, the demonstration of optical quantum information were car- 
ried out in the single photon regime. 
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Very recently, alternative detection schemes for laser beams have been 
proposed which combine CW and single photon detection. The photocurrent 
is analysed in conjunction, and conditional on the detection of individual 
photons by a second detector. Such a system cannot be described by the 
linear approach described here. This approach shows a very strong response 
to squeezed light as recently predicted by Carmichael [36] and observed by 
Orozco [37]. This type of detection is required in the search for systems that 
are so strongly nonlinear that they cannot be described by the linearisation 
and lead to the measurement of more curious Q- and Wigner functions than 
described here. Recently, first experimental results were reported by Hansen 
et al. [38]. We can expect more of these results, which are important from 
a fundamental point of view but are not directly addressing the question of 
practical signal sensing and communication. 
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Self-Consistency 

of Thermal Jump Trajectories 

Y.-T. Chough and H.J. Carmichael 



Summary. It is problematic to interpret the quantum jumps of an atom inter- 
acting with thermal light in terms of counts at detectors monitoring the atom’s 
inputs and outputs. As an alternative, we develop an interpretation based on a 
self-consistency argument. We include one mode of the thermal field in the system 
Hamiltonian and describe its interaction with the atom by an entangled quantum 
state while assuming that the other modes induce quantum jumps in the usual 
fashion. In the weak-coupling limit, the photon number expectation of the selected 
mode is also seen to execute quantum jumps, although more generally, for stronger 
coupling, Rabi oscillations are observed; the equilibrium photon number distribu- 
tion is a Bose-Einstein distribution. Each mode may be viewed in isolation in a 
similar fashion, and summing over their weak-coupling jump rates returns the net 
jump rates for the atom assumed at the outset. 



1 Introduction 

The notion of a quantum jump entered physics with Bohr’s model of the atom and 
was elaborated in a semi-quantitative formulation in Einstein A and B theory [1] . It 
was, from the beginning, an idea at variance with the usual commitment to a con- 
tinuous time evolution and with the continuous constitution of light as an electro- 
magnetic wave. The appearance of the Schrodinger equation relieved the situation 
somewhat, but ultimately, through the use of perturbation theory to make testable 
predictions about quantum scattering processes, the quantum jump remains with 
us, though certainly in a more sophisticated and mathematically refined form. 

The Monte-Carlo wavefunction and quantum trajectory methods developed in 
quantum optics [2-4] use quantum jumps as an explicit component of a stochastic 
time evolution in a manner very reminiscent of Einstein A and B theory. In fact, the 
only novelty is to combine Einstein’s rules for quantum jumps with a coherent evo- 
lution between jumps that admits a dynamic involving superpositions of stationary 
states. In this, these methods achieve something remarkably similar to the proposal 
of Bohr, Kramers, and Slater (BKS) [5,6] for uniting discontinuous jumps among 
the stationary states of a material system with a continuous evolution between 
jumps, during which time material oscillators, possessing coherent amplitudes, are 
brought into play. 

The realistic interpretation sought by BKS may not, however, be entertained. 
In most circumstances, an interpretation of the jumps employed in quantum trajec- 
tory theory is based upon a record of time-resolved photon counts which might be 
realized in practice by terminating every output channel in a photodetector [4,7]. 
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This scenario is plausible because optical frequencies are sufficiently high that scat- 
tered photons can be detected against an essentially vacuum-state background. The 
measurement-based interpretation is problematic, though, for an atom exchanging 
photons with a thermal environment. In this situation, incoherent photons are both 
emitted and absorbed; moreover, it is impossible to distinguish a scattered photon 
from some other photon in the environment. Of course, schemes such as electron 
shelving exist that are able to monitor thermal quantum jumps [8-10] . They, how- 
ever, make intrusive measurements by utilizing strong couplings to other inputs 
and outputs, and are not a suitable foundation for the interpretation of quantum 
trajectory equations. The relationship, in fact, is exactly the reverse; electron shelv- 
ing is one of the measurement schemes that quantum trajectories would propose to 
explain. 

In this paper we follow a different direction to give substance, beyond a mere 
assertion, to the interpretation that an atom exchanging photons with a thermal 
environment does, in some well-defined sense, execute jumps. We define the sense 
through a self-consistency argument. Contrary to the notion of quantum jumps, 
quantum mechanics continuously entangles two interacting systems through the 
Schrodinger evolution. We show that a single mode, selected from the many modes 
of a thermal environment, and allowed to evolve in interacting with an atom to 
produce such an entanglement, is, in fact, seen to undergo jumps in its photon 
number expectation if it is assumed that all other modes of the environment, treated 
collectively as a reservoir, induce jumps between the atomic states according to the 
rules of Einstein theory. The jump evolution for the selected mode emerges from an 
otherwise continuous evolution in the weak-coupling limit. Thus, assuming jumps 
induced by the reservoir as a whole leads, self-consistently, to the appearance of 
jumps in an individual mode of the reservoir when that mode is allowed to entangle 
with the atom via the standard interaction Hamiltonian and Schrodinger evolution. 
The jumps do bring the individual mode to a Bose-Einstein distribution over photon 
number, and the jump rates, derived for every mode viewed individually in this way, 
sum to net rates which agree with Einstein A and B theory. 

The underlying theme of this paper is the conflict between a continuous and a 
discontinuous quantum evolution and the self-consistency of the two in the pertur- 
bative weak-coupling limit. In Sect. 2 we therefore briefly review the quantum jump 
model of Einstein, the BKS proposal to include a continuous evolution, and the 
quantum trajectory realization of the latter. The argument for the self-consistency 
of thermal jump trajectories is elaborated in Sect. 3. 

2 Einstein A and B Theory, BKS, 
and Quantum Trajectories 

2.1 Thermal Quantum Jumps 

We consider the single two-state atom illustrated in Fig. 1, in thermal equilibrium 
with Planck radiation at temperature T. In Einstein A and B theory photons are 
exchanged between the atom and the radiation field as the atom jumps randomly 
between its two stationary states. The jump rates follow a prescription taking into 
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Fig. 1. Thermal quantum jumps in Einstein A and B 
theory. The jump rates are defined in (la) and (lb). 



account spontaneous emission, stimulated emission, and absorption, with [1] 



Fdown — ^ “t“ Bcfi^UJQ^ , 
Tup = Bg{u)q^ , 



(la) 

(lb) 



where 



cr(wo) = n{uJo)hijJo[p{ijjQ) /V\ 



(2) 



is the energy density of the radiation field at the resonance frequency u>o of the 
atom, with average photon number per mode 

n{ujo) = - l]-i (3) 



and mode density (in volume V) 



p{^o) 



^Iv 



( 4 ) 



and the Einstein A and B coefficients must satisfy 



B _ TT^C® 
A hu>Q 



( 5 ) 



in order for the atom to be brought into thermal equilibrium with the radiation. 

With the help of the relationship (5), we write (la) and (lb) in the modern 
notation 



Fdown — ^[n(u^o) “f 1] 5 
Tup — Atl(^coq^ . 



(6a) 

(6b) 




336 Y.-T. Chough and H.J. Carmichael 



Einstein theory does not assign a value to the coefficient A. From quantum me- 
chanics, however, using Fermi’s Golden rule we obtain 



A = 2 tvJ 2 j dO p{coo)\Kx^ft{uJo)\^ , 



( 7 ) 



where 



|^A,'a(^o)l 



u>o 

27reoF 



leA.Ti ' de 



(8) 



is the dipole coupling strength to a mode of the radiation field with polarization 
A and direction of propagation specified by the unit vector n (polarization vector 
6 a. a); deg is the atomic dipole matrix element. 

Commonly, Einstein theory is discussed at the level of rate equations for the 
occupation probabilities of the atomic stationary states. The theory does, however, 
define a stochastic process - one that may be visualized in terms of quantum jumps 
whose occurrences unfold randomly in time. With each realization of the stochastic 
process we associate a record of jump types and jump times, 



REC = 



Tup Tdown Tu| 
t + Tl t + T2 t + T 3 t + T 4 t + T 5 



(9) 



In Fig. 2 we illustrate the discontinuous evolution of the atom in coordination with 
its absorption and emission of thermal photons. 



down down 



Fig. 2. Sample realization 

of the Einstein stochastic 

r+Tj process. The corresponding 

record is defined in (9). 



2.2 Coherence: The BKS Proposal 

Although Bohr had himself put forward the notion of a quantum jump to explain 
the association of stationary-state energy differences with electromagnetic wave 
frequencies in his model of the hydrogen atom, he became quite dissatisfied with 
the idea in the concrete form it acquired under Einstein’s proposal. It was the 



r 



r 

lip 
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light quantum, specifically, that troubled him the most. Bohr insisted that since 
so many optical phenomena rely on the continuity of coherent waves, the wave 
nature of light simply could not be dismissed. He recognized, on the other hand, 
that a discontinuous process was definitely needed to account for light emission 
and detection. What he was unavoidably drawn towards, then, was some sort of 
merging of the two ideas. 

A program to accomplish this was outlined in what has come to known as 
the BKS proposal [5,6]. The central idea of this proposal is the proposition that 
during the residence times in a stationary state, represented by the horizontal lines 
in Fig. 2, an atom is not inactive in its interaction with the electromagnetic field; 
rather, it acts through a coherent dipole radiator, or “virtual oscillator” in the words 
of BKS, which is all the time radiating an electromagnetic wave of frequency ujq = 
{Ee — Eg) /h. This wave is either in phase or out of phase with the external radiation 
at frequency a;o depending on whether the residence is in the stationary state with 
energy Es or Eg. Thus, there is an energy transfer under the laws of classical 
electrodynamics either to the electromagnetic held from the dipole, or in the reverse 
direction, depending on the stationary state [11]. Clearly a double counting of the 
exchanged energy occurs if one accepts that light quanta are also emitted and 
absorbed at the times of the jumps. However, the goal was precisely to eliminate 
these quanta, although still permitting the atom to jump. BKS attempted, thus, 
to retain, but keep separate, two incompatible mechanisms for energy exchange - 
a wave (continuous) mechanism for the absorption and emission of radiation and a 
particle (discontinuous) mechanism for the change of material state energies. Their 
proposal foundered on its obvious violation of energy conservation at the level of 
the individual quantum events, a feature that appeared not to be supported in 
Compton scattering experiments [12,13]. 

2.3 Coherence: Quantum Trajectories 

In retrospect we can see that Bohr had in mind a conception of light that, although 
supported by numerous wave phenomena in optics, was largely inappropriate for 
the light sources available at the time. Radiators in thermal equilibrium are not 
sources of coherent waves. They radiate electromagnetic noise, which, with filtering, 
can approximate low intensity light possessing hrst-order coherence, but is very far 
from the classical concept of a coherent wave of large and adjustable amplitude. 
Modern lasers, however, emit something close to the classical ideal. In their case, 
the high coherence, if it is to be preserved, disallows the tracking of energy at the 
level of the individual quanta, so that the energy conservation argument against 
the BKS proposal does not apply. 

Quantum trajectory theory is designed to deal with problems involving the 
interaction of matter with the high coherence light sources available in modern 
laboratories. It shows remarkable similarities to the BKS proposal. These are de- 
scribed elsewhere [14,15], and we do not plan to discuss them in any depth here. As 
an introduction to our main topic, however, itm is useful to contrast Einstein A and 
B theory with the quantum trajectory description of a coherent field, amplitude E, 
resonantly exciting the two-state atom of Fig. 1. The connections with BKS emerge 
automatically through this exercise. 

The atom is still located in a thermal environment and quantum jumps still 
appear as they do in Fig. 2 - but with one notable modification. Due to the induced 
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coherence, it is necessary that the system state be a superposition of the stationary 
states \Es) and \Eg), which we denote by |'i/)RBc(t))- As suggested by BKS, there is 
a coherent interaction with the electromagnetic field between the quantum jumps. 
This we account for by a continuous evolution under the Schrodinger equation [2-4] 
(for the unnormalized conditional state) 



with non-Hermitian Hamiltonian 

Hb = - iEdown)\Ee){Ee\ ~ \h{ujQ + iE^p)\Eg) {Eg\ 

+ih£{E‘^'^^\Eg){E,\-e~^‘^°^\E,){Eg\) , 



(10) 



( 11 ) 



in which the external coherent field is classical, and its interaction with the atom is 
treated in the dipole and rotating-wave approximations. The quantum jumps are 
governed by the probabilistic rules of Einstein A and B theory, generalized, in a 
natural way, to account for the fact that the system at any time is not definitely in 
a particular stationary state. There are jumps 



own ^ , I , , — 

It^REc) i\Eg){Ef,\)\^ljB.Ec) , 

— ^up _ 

[t/’REc) ^ (|-Ee)(Eg|)|l/'REc) , 

with jump rates 

.^down ~ l~down I (Eg |'0REc) I , 

Rup = T'up|(i5g|')/)RBc)|^ • 



(12a) 

(12b) 



(13a) 

(13b) 



Figure 3 illustrates how realizations of this stochastic process appear. In (a) 
the coherent excitation is relatively weak and the overall form of the evolution re- 
mains close to that produced by the Bohr- Einstein quantum jumps (Fig. 2). There 
is, however, in addition to the switching of the energy, a weak induced coherence 
carried along by the continuous evolution between jumps as a nonvanishing polar- 
ization amplitude, quite reminiscent of the BKS virtual oscillator. In Fig. 3(b) the 
coherent excitation is much stronger. Here, the dominant mechanism for evolution 
between the stationary states is a coherent Rabi oscillation; we move to a coher- 
ent evolution that is nonperturbative and a regime which only became accessible 
with the invention of the laser. This, specihcally, is a form of evolution following 
from the Schrodinger equation; nonperturbative coherence was not anticipated by 
the BKS proposal. We might note in passing that lasing without inversion and re- 
lated phenomena acquire their counterintuitive features from such nonperturbative 
coherence [14]. 
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(a) 



(b) 




Fig. 3. Sample quantum trajectories with both thermal jumps and induced coher- 
ence: h(cuo) = 0.25, EjA = 0.1 and 1.5 [(a) and (b)]. 



3 Self-Consistency of Thermal Quantum Jumps 

At a sufficiently low temperature, when h(a;o) ^ 1, the jump record that labels the 
state can reasonably be made by detectors monitoring the scattered light. Almost 
all jumps will be down-jumps governed by the spontaneous emission rate A which 
may be identified with emitted photons counted as isolated (in space and time) 
excitations of the vacuum. For many applications in quantum optics this is the 
situation in reality. Nonetheless, the thermal jumps, though they might be negligible 
in practice, cannot be set aside from a fundamental point of view. Considering then 
those jumps which cannot reasonably be identified with the “click” of a detector, 
is there any other justification for returning to the language of the old quantum 
theory, given that, in quantum mechanics, the Schrodinger equation invokes only 
a continuous evolution? We aim to show that there is, in so far as the jumps are 
self-consistent - consistent with the Schrodinger evolution - in the weak-coupling 
limit. 



3.1 Trajectories for a Single Field Mode 

The Hamiltonian for a two-state atom interacting with the radiation field of a 
thermal environment (we now take f = 0) is 

H = ifto.o|Fe)(Fe| - \hw^\E^){Eg\ 

+ I] 
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+ ^ , ( 14 ) 

where ^ „ and f\^n,ui are creation and annihilation operators for the field mode 
with polarization A, propagation direction n, and frequency w, and n\^n{u>) is the 
mode coupling coefficient whose magnitude is defined in (8) . The stochastic process 
(10)-(13b) (£ — 0) is developed, formally, around the master equation derived from 
(14) [2-4]. This master equation describes the quantum state of the atom alone, 
after tracing over every mode of the radiation field. Our idea is to raise one mode of 
the field to the same status as the atom by including it, along with its interaction 
with the atom, in the system Hamiltonian. All other modes are to be treated as a 
reservoir as before and their interaction with the atom described by quantum jumps. 
The stochastic process is the same as in (10)-(13b), but with the non-Hermitian 
Hamiltonian Hb replaced by 



Hb = \h{uJ0 - *T’down)|llle)(i?e| ~ |ft(W0 + ir^p)\E g) {E g\ 

+h[K\^n(uj)\Ee){Eg\f\^n,^ + ^-C.] . (15) 



Of course removing one mode from the reservoir has no effect on the overall jump 
rates for the atom. The change is that we can now follow the evolution of an explicit 
Hilbert space vector for the selected mode, one that entangles this mode with the 
atom. We ask how does the selected mode evolve in the Hilbert space; in particular, 
does it also experience quantum jumps? 

Figures 4 and 5 show sample trajectories for the selected-mode photon number 
expectation [16] - for a series of decreasing coupling strengths, (a)-(d), and assum- 
ing resonance with the atom. Fig. 4, and a detuning from the atom. Fig. 5. With the 
coupling strong compared to the Einstein A coefficient coherent Rabi oscillations 
are seen. There are also discontinuous changes, which in the case of strong coupling 
are merely a direct manifestation of the assumed quantum jumps for the atom. 
Note, however, that the atom does not jump monotonously, “up” then “down” 
then “up” • • •, as in Fig. 2; repeated up-jumps can transfer many energy quanta 
to the field mode. At an intermediate coupling strength, partial Rabi oscillations 
are still present. Once the coupling becomes weak, though, the Rabi oscillations 
apparently disappear altogether, and an entirely new kind of jump evolution sets 
in. These jumps proceed at a rate far less than the overall jump rate for the atom. 
Their rate decreases with the square of the coupling constant [(c) to (d)] and also 
when the detuning is increased (from Fig. 4 to Fig. 5). 

Having, then, assumed jumps for the atom in interaction with all but one of 
the field modes, a jump evolution for the one remaining mode emerges naturally 
in the weak-coupling limit. We close the self-consistent loop by showing that the 
one mode samples a Bose-Einstein distribution, and by calculating the rate of the 
single-mode jumps, to demonstrate that sum over modes returns the rates Tup and 
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Fig. 4. Sample trajectories for the 
photon number expectation of a 
single field mode included as part 
of the system. The mode is reso- 
nant: AujjA = 0, h(tJo) = 1, and 
\K\,n{uo)\/A = 10, 1.0, 0.1, and 
0.01 [(a), (b), (c), and (d)]. 



3.2 Self-Consistency 

Let us denote the number of energy quanta shared between the atom and the field 
mode at time t by n„ -|- 1. Let tk be the time of the very last jump of the atom and 
tk+i be the time of the jump that is to occur next. Then, for tk < t < tk+i, the 
entangled state of the atom and field mode may be expanded as 



|'0REc(f)} = C'e|i(t)|i?e)|n„} -|- C g\i{t)\Eg)\riui + 1) , 



(16) 
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At 



Fig. 5. Sample trajectories for the 
photon number expectation of a 
single field mode included as part 
of the system. The mode is non- 
resonant: Auj/A = 2.0, n(ujo) = 1, 
and \Kx,n{i^)\/A = 10, 1.0, 0.1, 
and 0.01 [(a), (b), (c), and (d)]. 



with Ce|i(0) = Se,i and Cg\i{0) = Sg^i, where i is e or g for an up- or down-jump at 
tk, respectively. Writing 






(17a) 

(17b) 
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with = arg[KA,fi(t<-’)], from (10) and (15), the equations of motion for the 

conditional state amplitudes are 



— 2 (-^down “I” 1 , (18a) 

= -|(rup-hiZia;)C3|i-i|KA.ft(w)|V^^:;TTC'e|i . (18b) 

Consider now the case of an up-jump at tk, such that the initial state amplitudes 
are C'eii(O) = 1 and C'gii(O) = 0. For weak coupling we will have Ce\iit) « 1 and 
Cg\i(t) ~ |KA,fi(w)|, with an overwhelming probability that the next jump of the 
atom will be a down-jump. By a similar argument, it is highly likely that the down- 
jump is followed by another up-jump; the most probable progression is then “up”, 
“down”, “up”, . . ., just as we illustrated it in Fig. 2 (notice that the number n„ is 
unchanged throughout such a progression). Due, however, to the small amplitude 
- either Cg\i{t) ~ |fvA,fi(w)| or Ce\i{t) ~ |KA,n(ti^)| - excited by the coupling of 
the atom to the selected mode, there is always a small probability that a jump 
will occur to break the alternating sequence. An up-jump might be followed by a 
second up-jump or two down-jumps might occur in a row. These events change riui 
and produce the jumps of the field mode seen in Figs. 4 and 5. In Figs. 4(c) and 
5(c), the presence of the small amplitude that underlies the jump mechanism is still 
seen as a “fuzz” on top of the developing smooth curve. The “fuzz” is even present 
in Figs. 4(d) and 5(d), though there is it too small there to be visible. 

The physical interpretation of the anomalous events in the jump record of the 
atom is that each represents the scattering of a photon between one of the many 
field modes of the reservoir and the field mode selected to be viewed. Two up- 
jumps occur in a row for example, because, in the interval between them, the 
energy absorbed on the first jump is transferred to the selected mode; the quantum 
trajectory resolves the transfer at the time of the second up-jump. 

Our task now is to calculate rates for the unlikely jumps. We do this using the 
method of Sect. IVD in [14]. The equations of motion (18a) and (18b) give 



dialer 


= -TdownlCelil" - 2jKA,-ft(w)|\/n„ -|- 1 Im(C'e|i C*|i ) , 


(19a) 


dt 


dlC.pl" 








— ~-^up|C*g|i| + 2|kx,^(uj)| 


1 Im(C'e|iC'j|i) , 


(19b) 


dt 


dRe(C'e|i(7*| J 




- Z\a)Im(C'e|iC'*|i) , 


(19c) 


dt 


dim(a|,c;|j 


— “§(-^down + ^up)^Tdl{Ce\iCg\i) 


-b 4lt<jRe(C'e|iC'g|i) 




dt 





-f|KA,ft(o;)| V^C;TT(|Ce|i|" - ICglil") . (19d) 
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We define 



We= 






dt |C'g|i(i)|" 



and 



(20) 



U = Re \ 






dt Cg I j (i ) Cg I j 



C = Im 



'tk 



dtCe\i{t)Cg\i 



(21) 



where FupWg and IdownVCe are the probabilities, given i is e and g, respectively, 
that the unlikely jump will occur. From the Laplace transforms of (19a) - (19d), 
we then have 



-Se,i = -rdownWe ~ 2 1 AvA,-^ | + 1 V , (22a) 

~^g,i — ~r'upWg + 2\KX,-h{^)\y/fT‘u; + 1 V , (22b) 

0 — ^(-^down + rup)V + /\ujU + \l^X,ri{^)\y/'^uj + 1 (Vl^e “ ^g) 5 (22c) 

0 — ^(/down + rup)U — ^ojV , (22d) 



and hence 






-^down^^e I — 



own + Cup)/7r 27r|KA,-ft(cu)P . , 

[§(Fdown + Fup)]^ + (Z\(jj)2 Fdown 

own + Fup)/7r 27 t|ka, ri 



[|(rdown+r,p)]" + (Z\oj)2 Tup 



(n„ + 1) 



(23a) 

(23b) 



where we have solved (22a)-(22d) to lowest order in the coupling strength. 

Equations (23a) and (23b) specify the probability for the unlikely jump to occur 
following any preparation of the initial state i. To obtain photon-number jump rates, 
we must multiply by the rate at which the state i is prepared, i.e., by the jump 
rates for the atom; (23a) is multiplied by Fuppl^ and (23b) by IdownJJg'*, where Pg'^ 
and pf^ are the state occupation probabilities in thermal equilibrium. We also set 
Hu, = Nui in (23a) and -|- 1 = in (23b), where is the photon number 
expectation plotted in Figs. 4 and 5 (recall that -I- 1 is the number of quanta 
shared with the atom at tk)- The photon-number jump rates are then 






down 



own + Fup)/tt 

[§(rdo„n+Tup)]" + (Zl^) = 

own -I- iApj/vr 

[|(Tdown+Tup)]" + (Z\t^) = 



27r|KA,ft(w)|^(Y'„ + 
27r|KA,ft(w)|^iV„Pp‘’ 



l)pt 



(24a) 

(24b) 
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The self-consistency of the thermal jump picture is now easy to demonstrate. On 
the one hand, we use (24a) and (24b) to set up rate equations for the selected mode 
photon number and, using detailed balance, solve these in steady state. Hence, we 
obtain the equilibrium probability to find Nu, photons in the selected mode: 






{^-pIVpT) 




[n(o;o) + 1] ^ 



n(g)o) 
h(wo) + 1 




(25) 



where we have used = Tup/Zdown and the Einstein formulas (6a) and (6b). 

We obtaine a Bose-Einstein distribution with average photon number = n(cjo); 
note that specihc mode coupling strength and frequency affects only the rate of 
approach to equilibrium. Of course, in reality, each held mode couples to a vast 
number of two-state systems, and most strongly to those with which it is nearly 
resonant. Eor the realistic situation we would therefore hnd the expected Nu, = 
n(u>), consistent with the Planck radiation formula. 

On the other side we must demonstrate the self-consistency of the jump rates. 
To this end, we sum (24a) and (24b) over all modes (all A, n, ui), with Nu, replaced 
by its average value, and neglecting the frequency dependence of the density of 
states and dipole coupling constant (in light of the Lorentzian resonance). The 
resulting jump rates for the gain and loss of photons by the thermal environment 
should equal the jump rates assumed initially for the atom. The sums do, indeed, 
return Tdown and Tup p'^, showing that the net jump rates are in accord with the 
Einstein rules (6a) and (6b) and Fermi’s golden rule, (7) and (8). This completes 
our demonstration that thermal jump trajectories are self-consistent. 
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Complementarity in Spontaneous Emission: 
Quantum Jumps, Staggers and Slides 



Howard Wiseman 



1 Introduction 

Dan Walls is rightly famous for his part in many of the outstanding developments 
in quantum optics in the last 30 years. Two of these are most relevant to this paper. 
The first is the prediction of nonclassical properties of the fluorescence of a two-level 
atom, such as antibunching [1] and squeezing [2] . Both of these predictions have now 
been verified experimentally [3,4]. The second is the investigation of fundamental 
issues such as complementarity and the uncertainty principle [5,6]. This latter area 
is one which has generated a lively theoretical discussion [7] , and, more importantly, 
suggested new experiments [8]. It was also an area in which I had the honour of 
working with Dan [9] , and of gaining the benefit of his instinct for picking a fruitful 
line of investigation. 

In this paper I will be considering an undriven atom, rather than the resonantly 
driven atom of [1,2]. Nevertheless, a general feature of these investigations still 
applies, namely that there is more to the fluorescence of a two-level atom than meets 
the eye (literally). For example, it is only when something else intervenes between 
atom and eye (such as a beam splitter with a local oscillator) that the squeezing of 
the emitted light is revealed [2] . This is an example of complementarity in quantum 
measurement [5]: there is always more than one way to observe a system. Different 
choices of “detector basis” [5] give different (complementary) descriptions for the 
system. 

The premier example of complementarity in quantum physics is the wave- 
particle duality [10] . This applies to the spontaneous emission of an atom as follows. 
The emitted photon is particle-like in that it appears to be emitted at a definite 
time (the time the atom jumps from excited to ground state). The detection of 
photons at definite times, with errors much less than the lifetime of an atom, is 
now commonplace in quantum optics laboratories. At the same time, however, it 
is obvious from interferometric measurements that the photon has a wave nature, 
and that the photon’s wave-packet has a duration of order the atomic lifetime. The 
resolution is the principle of complementarity: the aspect (wave-like or particle-like) 
which we observe depends on our choice of observation technique. 

In this paper I will examine three different ways of observing the light spon- 
taneously emitted by an initially excited atom, and the stochastic dynamics of 
the atomic state which results. The first, direct photodetection, requires only a 
photodetector, and hence yields information only about the intensity of the field 
(photon number). The second and third require the light from the atom to be inter- 
fered with a strong local oscillator prior to detection, and as such are members of 
a class I have dubbed “dyne” detection. The second, heterodyne detection, yields 



H.J. Carmichael, R.J. Glauber, M.O. Scully (Eds.): LNP 561, pp. 347—357, 2001. 
© Springer- Verlag Berlin Heidelberg 2001 




348 



Howard Wiseman 



information about both the intensity and phase of the field. The third, a particular 
adaptive dyne detection scheme, yields information only about the phase of the 
field. The implications of this curious fact for the evolution of the atomic state are 
investigated here for the first time. I will then show how the three sorts of stochastic 
dynamics are compatible with the behaviour of the atom when the emitted field 
is not detected at all. Finally, I conclude with a discussion of the insight which 
complementarity gives into the stochastic dynamics of the atom. 



2 Direct Detection: Quantum Jumps 

Consider a two-level atom with lowering operator a = |(?) (e| and radiative lifetime 
7 “^. If the initial state of the atom is pure, and all of the light emitted by the atom 
is focussed onto detectors, then no information is lost in the spontaneous emission 
process so the atomic state will remain pure. Specifically, it will evolve according 
to the following equation [11-14] 

\ip{t + dt)) = [(^1 - - 1)] . (1) 

Here the line over ^|) indicates that the state is being represented by an unnormalized 
vector. The infinitesimal dN{t) is the increment in the number of photons detected 
in the time interval [t, t -|- dt). It is equal to either zero or one, and the probability 
for it to equal the latter is 



E[dAi(t)] = 7 



_ {lp{t)\ crV|V>(t)) 



dt . 



(2) 



Here E denotes expectation value. As expected, the rate of photoemissions is simply 
equal to the spontaneous emission rate by the excited state fraction. 

When a photon is detected, the atom jumps into the ground state. This results 
from the above equation since jV’) oc \g) for any state j'i/)), and the other term 
is of order dt. If, as in this case, there are no processes to re-excite the atom, it will 
remain in the ground state thereafter. Furthermore, if the atom begins in the excited 
state, it will remain in the excited state until the photon is detected. These results 
are evident from the fact that (l — 7 dtcr^CT/ 2 ) je) oc je) and (l — 7 dtCT^cr/ 2 ) jgr) oc 

la)- 

Thus in the case of initially exited atom the evolution is trivial. The scaled 
excitation energy of the atom 

E/hf = e = (7^ (3) 



simply remains equal to one until the time t at which dN{t) = 1, when it jumps to 
zero: 



e = 1 - N(t) . 



(4) 




Complementarity in Spontaneous Emission 349 



This jump time is determined randomly from an exponential distribution w{t)dt = 
E[dA^(t)] = 7 e“^*dt. Figure 1 shows a typical quantum trajectory [13], in terms of 
the atomic excitation e and the dipole phase 



(j> = arg (a) . 



( 5 ) 



In this case (j) is always undefined, since (a) = 0 when the atom is in the ground 
state or excited state. 




to 0 



Fig. 1. A typical quantum trajectory for the atomic state under direct detection. 
The scaled energy e = E/hf simply jumps from 1 to 0, and the dipole phase (f> is 
always undefined 



3 Dyne Detection 

Direct detection leads, as exemplified above, to jumps in the dynamics of the ob- 
served system. Such dynamics are easily simulated for a wide variety of atomic 
systems, and the numerical advantages of such stochastic simulations [15] have 
lead to their wide-spread adoption. Other measurement schemes lead to more com- 
plicated dynamics and are less widely used as numerical tools. Nevertheless they 
are equally applicable to the laboratory; witness the homodyne detection used [4] 
to verify the squeezing of resonance fluorescence. 

Homodyne detection is a special case of a class of measurements which I have 
called, for want of a better name, “dyne” detection. The defining feature of this 
sort of measurement is that the light from the system is passed through a beam 
splitter with a very strong local oscillator (a coherent light source) entering at the 
other port. The exiting light, a superposition of the field from the system and the 
local oscillator (LO), is then detected using a photoreceiver (or two if a 50/50 beam 
splitter is used). 

The dynamics of the quantum system conditioned on the photocurrent produced 
by the receiver was first determined by Carmichael [13] for the case of homodyne 
detection. This is the case where the local oscillator has the same frequency as the 
system, so that its phase ^ relative to the system remains fixed. The generalization 
to an arbitrary local oscillator phase ${1) is trivial [16]. For a spontaneously emitting 
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atom and with unit efficiency detection, the instantaneous photocurrent I{t), scaled 
so that the spectrum of shot-noise is unity, is 



I{t)dt = (o-e ‘*’*'*^ -I- ) dt + dW{t) . 



(6) 



Here dW{t) is a Wiener increment [17] with E[dW(t)| = 0, [dW(t)[^ = dt. 

The equation generating the conditioned evolution of the system (that is, its 
quantum trajectory [13]) is 



d|'i/)(t))= —dt'^a^ a + I {t)dte . 



(7) 



This equation, which is to be interpreted in the Ito [17] sense, describes the diffusion 
of the system state in its Hilbert space. This is the effect of the very large LO 
amplitude: most of the light entering the photoreceiver is from the LO so the photon 
flux is very large but each photodetection (if it were resolvable) would give only a 
small amount of information about the system and so cause only a small jump in 
its state. In the ideal limit of an infinitely strong local oscillator, the jumps in the 
system state become infinitely frequent and infinitely small, giving rise to diffusion. 

The general solution of the dyne detection quantum trajectory for an initially 
excited atom is easy to find. It is 



I'lpit)) = R*{t) [g) -he ^‘7^ ]e) , 



(8) 



where 



77(t) = [ e''*’^®^e 

Jo 

Note that this solution is for a given photocurrent record 7(s) up to time t. To find 
the solution for a given noise process dlT (t) is complicated because the other term 
in I{s) depends upon 



(cr) (t) = 



m 

e-^‘ -h [i?(t)[2 ’ 



(10) 



so that the equations become nonlinear. 



4 Heterodyne Detection: Quantum Staggers 

In the absence of driving there is no preferred phase of the dipole of the two-level 
atom. Thus there is no reason to choose any particular local oscillator phase <1> for 
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homodyne detection. A more natural choice of detection is heterodyne detection, 
in which the local oscillator has a significantly different frequency from the system. 
This can be encompassed in the equations of the preceding section by choosing 



m = , ( 11 ) 

with the detuning Zl 7 . In this limit we can make the approximation 

^( 1 ) = f e‘'’"^e 1^7 ds + .^dlT(s)j (12) 

1^7 (ct) ds + -^dlT(s)e‘®'^j , (13) 

since the terms rotating at rate 2Zi will not contribute to the integral. The noise 
process does not average to zero because it is white. 

Using (10) we can rewrite this integral equation as 







(14) 



with the initial condition R{0) = 0. Here dU(t) is the coarse-graining (over a 
time intermediate between 7 “^ and A~^) of the noise process e‘'’‘^dlT(s) [14]. It is 
obviously complex and satisfies 

E[dU(t)] = 0, dV{t)dV{t) = 0 , dV*{t)dV{t) = dt . (15) 



Using the Ito calculus it is possible to obtain equations for the atomic excitation 



\Rf 



e-T-* + |i?|2 



(16) 



and dipole phase 






(17) 



These are 



de = —ye dt — \J 7 (e“^ — 1) 2Re[e ‘'^dU (t)] , 
dip = \/y/{e~^ — 1) Im[e~“^dU(t)] . 



(18) 

(19) 
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Evidently, on average, the excitation energy decays exponentially. But in any in- 
dividual trajectory it will have random fluctuations due to the noise term in (18). 
The phase dynamics consists entirely of random fluctuations, independent of the 
energy fluctuations. When the atom is close to the excited state (e « 1), these 
fluctuations are enormous, and are divergent when e = 1 (as at t = 0). Thus the 
phase the atomic dipole acquires during the measurement is completely random. 

As the measurement progresses, and e decays (on average), the system tends 
towards the ground state. Then both phase and amplitude fluctuations become 
relatively smaller, as the above equations become 

de = — yedt — e®^^.^2Re[e~“^dE] (20) 

d(j> = y^Im[e~“^dH] . (21) 



As t — >■ 00 the system behaves like a classical oscillator, with an exponentially 
decaying excitation e and a constant phase (p. This is as expected, since a two-level 
atom near the ground state is isomorphic to a harmonic oscillator near its ground 
state. This can be visualized using the Bloch sphere: near the ground state the 
sphere is identical to a paraboloid. 

A typical trajectory illustrating the features discussed above is shown in Fig. 2, 
again in terms of e and <j>. Note that whenever the system approaches the excited 
state (through fluctuations in the excitation), the phase becomes randomized. As 
energy is lost the system ‘staggers’ down the Bloch sphere, with comparable noise 
in both excitation energy and phase. As it approaches the ground state both sorts 
of fluctuation vanish. 




Fig. 2. A typical quantum trajectory for the atomic state under heterodyne de- 
tection. The scaled energy e = E/hf staggers downwards. The dipole phase (j> is 
always defined but evolves stochastically 



5 Adaptive Phase Detection: Quantum Slides 

It was stated above that homodyne detection is not a natural choice for observing 
a spontaneously emitting atom because there is no preferred phase of the atomic 
dipole if it begins in the excited state. Because of this, we were led to consider het- 
erodyne detection, in which both dipole quadratures are measured simultaneously. 
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However there is another sort of dyne detection with no predehned phase, adap- 
tive phase detection. This was hrst proposed in [18], and is like doing a homodyne 
measurement where the phase of the local oscillator is continually adjusted so as 
to measure the estimated phase quadrature of the system. That is, the LO phase is 
chosen to be 



<^{t) = (fi{t) -I- 7t/2 , 



(22) 



where ip{t) is an estimate of the system phase (j> based on the measurement record 
up to time t. 

For the atom spontaneously decaying from the excited state under dyne detec- 
tion, the actual dipole phase at time t is, from (17) and (9) 

cf>{t) — aig R(t) — a.vg f e‘'*’*''*^e ^®^^^/7 7(s)ds . (23) 

Jo 

Since this is written purely in terms of the measurement record, it follows that we 
actually know 4>{t) exactly so we can set ip{t) = 4>{t). From (22) this means that 







(24) 



Substituting this into the dehnition of I{t), and using (10), gives 



I{t)dt = dW{t) . 



(25) 



That is, the deterministic part of I{t) vanishes. Thus, again using (24), it can be 
seen that R obeys the nonlinear stochastic differential equation 

di? = iJie-^‘/"V7dlT(t). (26) 

Remarkably, this equation has an exact solution which can be found by solv- 
ing separately for |Rp and 4> = argi?. The result for |i?|^ is \R{t)\^ = 1 — e 
Converting this into the excitation e gives 



e{t) = e 



— ft 



(27) 



while the dipole phase is 

4 >= [ y7dlT(s)/^e^^^. 

Jo 



(28) 
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What these equations show is that the energy decays exactly exponentially, with all 
of the noise being in the phase. At least as far as the atomic excitation is concerned, 
the system slides smoothly to the ground state, rather than jumping or staggering 
down. 

For comparison with heterodyne detection, we can write the stochastic equation 
for the phase as 



d(j>{t) = \/7/(e-i - l)dVF(t) . 



(29) 



This shows that the phase noise is exactly twice as large as that in heterodyne 
detection, since {Im[e~“^d’F(t)]}^ = dt/2 compared to [dW{tyf‘ = dt. It seems that 
suppressing the stochasticity in e has doubled the amount of noise in the evolution 
of the complementary variable (j>- As with heterodyne detection, the initial phase 
chosen by the atom is completely random, due to the divergence of (29) at t = 0. As 
f — >■ 00 the increment in the phase vanishes exponentially, so that the phase becomes 
stable as the atom approaches the ground state, as in the preceding section. These 
results are illustrated in the typical trajectory shown in Fig. 3. 





t t 

Fig. 3. A typical quantum trajectory for the atomic state under adaptive phase 
detection. The scaled energy e = E/hf slides exponentially downwards. The dipole 
phase <l> is always defined and again evolves stochastically 



6 No Detection 

The three types of quantum trajectory analyzed above apply for three different 
detection schemes. What happens if there is no detection scheme, with the atom’s 
radiation irretrievably lost? What happens if there is a detection scheme but the 
experimenter fails to record the results? The answer, as far as the experimenter is 
concerned, should be the same in both cases. In the absence of any measurement 
information the system obeys the master equation 



e = 7 rf/ 2 ) 



(30) 
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Starting at the excited state, the solution to this equation follows a line down the 
vertical axis of the Bloch sphere, with 

e = e~^* (31) 



and the phase (j> undefined. 




Fig. 4. Average over 20 trajectories of the atomic evolution. The top line shows 
direct detection, the middle line heterodyne detection and the bottom line adaptive 
phase detection. For each of the three cases the ensemble average of the scaled 
energy e = E/hf is plotted, and this is seen to decay exponentially on average. 
(This is true for any single trajectory under adaptive phase detection.) For each 
of the three cases the dipole phases for all 20 trajectories is plotted, and this is 
seen to be undefined on average. (This is true for any single trajectory under direct 
detection) 



How is this compatible with the experimenter making a measurement but ig- 
noring the result? The answer is that these are the dynamics which are reproduced 
on average by all three detection schemes. This is shown in Fig. 4 by an average 
of e over 20 trajectories, and the phases ij) for those same trajectories. In the case 
of direct detection and heterodyne detection the ensemble average has smoothed 
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the mean energy e to a curve approximating exponential decay. For the adaptive 
phase detection, this exponential decay is exact for all members of the ensemble. 
For direct detection the phase is always undefined, as it is if there is no detection. 
For the two dyne schemes the phase is always well defined in individual trajectories, 
but is random across the ensemble of trajectories so there is no defined phase on 
average. 



7 Conclusion 

I have shown that three different ways of observing the field spontaneously radi- 
ated by an initially excited atom lead to three very different sorts of stochastic 
evolution for the atomic state. Specifically, under direct, heterodyne, and adaptive 
phase detection, the atomic energy e undergoes quantum jumps, staggers and slides 
respectively. To conclude, I wish to discuss how complementarity can help explain 
the distinctive features of the evolution of the excitation e and the complementary 
quantity, the dipole phase (j>. 

The general principle which emerges from the above analysis is that if and only 
if the measurement yields no information about a variable (such as e or (f>) then 
that variable will evolve in the same way as it does in the ensemble average. That 
is, there is no distinction between the different members of the ensemble. Under 
direct detection, which yields information only about the atomic excitation, the 
dipole phase is the same in all trajectories as it is on average (i.e. undefined). Under 
adaptive phase detection, which yields information only about the dipole phase, the 
atomic excitation is the same in all trajectories as it is on average (i.e. exponentially 
decaying). Under heterodyne detection, which yields information about both the 
atomic excitation and the dipole phase, both the phase and the energy evolve 
stochastically and only reproduce the master equation results under the ensemble 
average. 

This neat correlation, between the nature of the evolution of the complemen- 
tary variables and the information yielded by the measurement scheme, breaks 
down when one considers initial states other than the excited state of the atom. 
This could be explained on the basis of correlations between the variables (e and 
(j>) which do not exist if the system is in the excited state but which do exist in the 
(quasi)probability distributions for other states [19]. It remains to be seen whether 
a precise formulation of the above principle is possible taking into account such 
correlations. In any case, it seems that complementarity is still useful for under- 
standing the surprisingly diverse array of behaviours which that apparently simple 
quantum system, a spontaneously decaying excited atom, can exhibit. 
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Ergodicity of Quantum Trajectory 
Detection Records 



J.D. Cresser 



Summary. An examination is made of the conditions under which the detection 
record generated by the quantum trajectory simulation of the output of a detector 
continuously monitoring an open Markovian system is ergodic, i.e. where the time 
averages of a single realization of such a record will yield the same result as an 
ensemble average over many such realizations. It is shown, in the case of discrete 
counting, that ergodicity holds in the mean and to first order if the long time steady 
state of the system is independent of the initial state of the system. A two-photon 
dissipative process is used as an example of a situation in which ergodicity does not 
hold. 



1 Introduction 

The past decade or so has seen the development of a theoretical formalism, vari- 
ously known as the Monte-Carlo, stochastic wave function, or quantum trajectory 
method [1-5], in terms of which the continuous observation of a quantum system 
can be consistently described. Generally speaking, the theory is concerned with 
Markovian open systems in which a system of interest is coupled to a reservoir, this 
resulting in the irreversible, dissipative evolution of the system. Typically, this dis- 
sipation is manifested in decay products - particles - irreversibly propagating away 
from the system (acting as a source) such as photons radiated from an atom, atoms 
exiting from a micromaser cavity [6], or even atoms escaping from a Bose-Einstein 
condensate, as in an atom laser. Measurements - which can take many different 
forms - then involve the detection of these particles, each detection event resulting, 
via an amplification process, in the production of a macroscopic, classical signal 
such as a photodetector current pulse. The theory, in principle, is then able to de- 
scribe the time dependent classical output of the detector continuously monitoring 
the reservoir which, due to the entanglement between the reservoir and system, will 
also represent an indirect measurement of some property of the system. Simulations 
of possible detector outputs can be generated numerically by these methods. One 
simple example of a situation that can be described in this way is the simulation 
of the photocurrent produced by a detector absorbing the photons scattered by an 
atom driven by a strong laser field [5]. The simulated detection records obtained 
represent results that could in principle arise in a real experiment, and can be an- 
alyzed in the same fashion. In particular, the records will be stochastic in nature: 
each record, or equivalently the output of one run of an experiment, will be one 
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realization of a classical stochastic process whose statistical properties are deter- 
mined by the quantum properties of the system, as well as noise introduced by 
the detection process itself. Mean values and correlation functions are the sort of 
information on the statistical properties of the records that could be obtained from 
the numerically generated data. 

In many cases of interest, the processes are stationary, or at least asymptotically 
stationary, so the most direct approach to obtaining these quantities would be 
to calculate them by taking suitable time averages of a single, sufficiently long, 
detection record. Implicit in doing so is the assumption that the stochastic process is 
ergodic, i.e. that these time averages will yield the same results as would be obtained 
by taking ensemble averages over very many realizations of the process. It is the aim 
of this paper to explore the circumstances under which this assumption holds true 
for detection records generated by the quantum trajectory method. Essentially, it is 
found that if the steady state of the system is independent of its initial state, then 
time and ensemble averages are the same, i.e. the detection records are realizations 
of an ergodic stochastic process. If not, then depending on what is actually being 
measured, time and ensemble averages may differ. 



2 The Quantum Trajectory Method 

The method is based on the fact that under the Born and Markov approximations, 
the master equation for the density operator g of an open system will satisfy a 
master equation of Lindblad form [7] 

g ih [dis ; i?] 2 ^ -t- gL/j^iL^ ‘2Lmgd/jji^ dig (1) 



where Hs is the system Hamiltonian and the operators Lm are system operators. 
The full equation is summarized in terms of a linear superoperator C acting on the 
density operator. Introducing a “jump operator” J' defined by 

Jg = n'^gn ( 2 ) 



where could be any system operator such that 0 < Tx\J' g] < 1, the solution to 
the master equation can be expressed as 



g = e^‘£>(0) 



— Qc{l) + ^ 

n = l 






xgc{Ti,T 2 , . . . ,Tn; t)P„(ri, T 2 , . . . ,r„; [0,t]). 



(3) 

(4) 



where 



gdt) = e^“*£<(0) 



(5) 
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£.c(ri,T2,...,r„;i) = ^ ,in (6) 

-i{TlfT2, . . . ,Tm [0, ij) 



i(n, T 2 , . . . ,T„; [0, t]) = Tr e^“^* 



g-^OTl 



i?(0)' 



( 7 ) 



and where 



Co=C-J. 



(8) 



The interpretation of this result is well-known. The operator J' is responsible for 
inducing instantaneous changes ( “quantum jumps” ) in the state of the system: 



Qc(ti,T 2, . . . ,Ti-i; Ti — e) — >• £>c(n,r2, . . . , Ti-i,Ti-,n + e) 

_ J Qc(ti,T 2, . . . ,Ti-l',Ti - e) 
Tr [Jqc{ti,t 2 , Ti-i\Ti - e)] 



(9) 



these jumps occurring at the times ri , T 2 , . . . , r„, during the time interval [0,t), 
while exp \Co{Ti — Ti_i)] represents evolution of the system “between jumps”. The 
state Qc{ti,T 2 , ■ ■ ■ ,Tn',t) is then the conditioned state of the system at time t, 
given that jumps have occurred at the times ti,T 2 , ■ ■ .t„. The joint probability 
Pn{Ti,T 2 , ■ ■ ■ ,Tn, [0, t]) gives the probability density of jumps occurring at the times 
Ti,T 2 , ■ ■ ■ Tn within the interval [0, t) and none at any other time. The set of proba- 
bility densities Pn, for n = 0, 1, 2, . . . satisfy the normalization condition (obtained 
by taking the trace of (4)): 



To(f) + 






dr„_i . 



d.TiP„{Ti,T 2 , . . . ,r„; [0,t]) = 1 



(10) 



and therefore define a classical point process [8], the point events being, of course, 
the sequence of quantum jumps. These results can be readily generalized in the case 
of there being more than one jump operator acting i.e. if J g = f2lgf2i + f 2 lgf 22 + - ■ ■■ 
From the above, it is possible to show that the (non-exclusive) joint probability 
density for N detections occurring at times ti, T 2 , . . . , rjv, during the interval (0, t), 
with any number of detections occurring elsewhere within this interval is given by 
[ 10 ]: 



G'"^(ti, T 2 , . . . , Tiv) = Tr Je^”V(0)l . (11) 



This can be recognized as the usual time ordered multitime correlation function for 
the Heisenberg operator J7^(t)l7(t). Equation (11) will be important later in the 
evaluation of various mean values. 
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Given the set of joint probabilities, it is possible to generate sequences of con- 
dition states Qc{t\,T 2 , ■ ■ ■ ,Tn\t), Tn < t < T„+i as a function of time. Each such 
sequence defines a quantum trajectory, and the ensemble of all possible quantum 
trajectories is then equivalent to the original density operator in the sense that all 
the properties of the system that could be obtained from q can also be obtained by 
suitable averages over the members of the ensemble. 

The decomposition of a density operator into an ensemble of quantum trajec- 
tories is not unique: different choices of O used in defining J' lead to what is known 
as different unravellings of the dynamics. The form of the master equation above 
suggests any or all of the Li as possible choices for O (or Hi). For purposes of 
obtaining numerical solutions to the original master equation, the choice of un- 
ravelling would be guided by considerations of computational efficiency, without 
necessarily any concern for the physical meaning, if any, of the quantum trajecto- 
ries obtained. However, as pointed out earlier, these quantum trajectories can be 
provided with a very useful physical interpretation [5] as describing the dynamics 
of a system coupled to a reservoir subject to continuous observation. From a quan- 
tum measurement theory perspective, each detection of a reservoir quantum (for 
instance a photon scattered by an atom) represents the acquisition of information 
by the observer, and with each detection the system will be projected (undergo a 
“quantum jump” ) into a new state conditioned on the information gained by this 
detection having occurred. This projection can be described in terms of a jump 
operator of the form (2), with the specific nature of f? determined by the details of 
the measurement that is being performed, i.e. different kinds of measurements are 
described in terms of different kinds of jump operators. A sequence of such detec- 
tions is then accompanied by the conditioned evolution of the state of the system 
as it evolves i.e. a quantum trajectory of just the form discussed above. 

The joint probabilities of a sequence of quantum jumps derived in the quantum 
trajectory theory will then equally well describe the probabilities for a sequence of 
detection events. Each elementary detection event will be amplified to produce a 
macroscopic (classical) signal e.g. a current pulse, so the jump statistics embodied 
in the joint probabilities will characterize also the classical statistical properties 
of the macroscopic signal produced. Consequently, the statistical properties of the 
detection signal can be analyzed in terms of the mean values, correlation properties 
and so on calculated from the P„. 

The discussion above has been confined to the particular case in which the 
detection events are discrete in time. Detection schemes which produce a continuous 
output also arise, but will not be treated here. 



3 The Detection Current 

As discussed above, what would be observed is a detector current I{t) consisting 
of a random sequence of macroscopic current pulses. Thus if in one realization, the 
jumps occur at times r„,n = 1,2 , this will result in the production of identical 
macroscopic current pulses j{t — T„) (ignoring retardation effects) where j{t) is such 
that 



j{T)dT = J. 



j{t) = 0 t < 0 and 



0 



(12) 
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The total current at time t, if detections have occurred at times n < T 2 < . . . < rjv 
in the time interval (0, t), is 

N 

n = l 

As the times of detection, and the number of detections in the interval (0, t) are 
random quantities, the current i{t) will itself be a stochastic function of time. 

The detection record could be finite - consisting of a single current pulse if, 
say, it is the spontaneous decay of a single atom that is being monitored, or the 
detection records may be finite samples of an infinitely long realization of what 
would be, in general, a non-stationary stochastic process. However, if the system 
approaches a steady state for which, as t — >■ oo, Q ~ 0, e.g. an atom fluorescing in 
response to continuous irradiation by a steady laser field, the process generated will 
be stationary, or at least asymptotically stationary after going through an initial 
transient period. By generating a sufficient number of realizations of the stochastic 
process, the statistical properties of the detector current can be obtained by the 
usual procedure of taking ensemble averages. Thus for instance, the mean current 
will be 



= lim (14) 

iV— ^oo iV ^ 

n = l 

and the correlation function for the current 

1 ^ 

+ r)] = ^1^ — + t) (15) 

n=l 



where i„ (t) is the member of the ensemble. By use of the properties of the non- 
exclusive probability distributions (11), the mean value and correlation function 
can be shown to be 






(16) 



and 



M + t)] = / dT2 / dTlj{t - T2)j{t + T - Ti)G^^\ti,T2) 

Jo Jo 

Pt + T PT2 



-b 



dT2 I dTlj(t - Tl)j{t + T - T2 )G^^\ti,T2) 



+ / dTlj{t - Tl)j{t + T - Ti)G^^\ti). 



(17) 
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These quantities will be become independent of t as t — >■ oo (asymptotically 
stationary) if, as is often the case, the underlying quantum system evolves to a 
steady state Q{t) ^ 0 as t — >■ oo, after initially {t = 0) being prepared in some 
arbitrary state £<(0). 

In this last circumstance there is a further option open to calculate the mean 
values, one that would be more convenient in practice, and that is to run one 
simulation for a long period of time and to take time averages of this single record, 
thus yielding 



7(f) = 



lim — 

T->oo T 




(18) 



and 



1 fT 

I{t)I{t + T)= lim — / + T)dt. (19) 

T^oo T Jq 

In general, the expectation is that these two approaches will yield the same result, 
i.e. that the process is ergodic. It is the aim of the discussion to be presented below 
to determine the circumstances under which this ergodicity is indeed a property of 
the detector record. The general conclusion reached is that if the steady state of 
the system is independent of its initial state, then the detection record is ergodic. 



4 Mean Square Tests for Ergodicity 

Suppose the detector current I (t) is an asymptotically stationary stochastic process, 
and let i{t) be one realization of this process. The process will be ergodic to second 
order if the time and ensemble averaged mean values are equal: 



I{t) = lim M[I{t)] 

t—^OO 



(20) 



and if the time and ensemble averaged correlation functions are equal 



I{t)I{t + T)= lira M[I{t)I{t + t)]. (21) 

t—^OO 

In order to test whether or not the first condition, (20) is satisfied, it is recog- 
nized that the quantity 

1 r 

'im y / (22) 

T^oa 1 Jq 

is itself a randomly fluctuating function of the parameter T. Nevertheless, what 
is required is that in some sense the time average must converge to the ensemble 
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mean in the limit of T — >■ oo. There are, however, a number of ways of defining 
this limiting process. One definition that would be appropriate here, known as 
almost certain convergence [9], is to require that the time average of each individual 
realization (except for a set of probability zero) equals the ensemble average in the 
limit of T — >■ 00 . However use will be made here of a mathematically more tractable 
condition, which is to demand that the time averaged mean approach the ensemble 
mean in the sense of a mean square limit or limit in the mean [9], that is to say, 
the mean square deviation of the time average from the ensemble mean approaches 
zero as T — >■ oo: 



= lim M 



i I{t)dt - M[J(oo)l 



= 0 



(23) 



usually written 



i{t)dt = lim M[I{t)\. (24) 

t—¥CO 

Unlike almost certain convergence, this is not a statement about individual detec- 
tion records, but it still a physically reasonable way of defining what is meant by 
the limiting process. 

An equivalent statement of the condition (23) is 



ms — lim _ 

T—¥00 ^ 



lim M 

T —¥oo 




(M[7(oo)])^ = 0. 



(25) 



Similarly, for (21) to be satisfied the requirement will be that 



= lim M 

T —¥oo 

= 0 . 



- / I{t)I{t + T)dt 



— lim 






(26) 



in which case 



f + T)dt — lira M[I{t)I{t + t)]. 

Jo 

In the following Section, the consequences of the above requirement for the ergod- 
icity of the mean current will be presented. 
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5 Ergodic Property of Mean Current 

The task here is to determine the conditions under which defined in (23) 
vanishes. The first step is to calculate the mean value 



lim M 

T —¥oo 



dt2 l\t^M[I{t2)I{h)] (27) 



appearing in (25), with realizations of I{t) being given by (13). 
From (17), the correlation function M[I{t 2 )I{ti)] is given by 



M[I{t 2 )I{tl)] = f dri f dT 2 j{tl - Ti)j{t 2 - T 2 )G^^\ti,T 2 ) 

Jo Jti 

fti r'^2 

+ dT2 dTlj{tl - T2)j{t2 - Ti)G^'^\ti,T2) 

Jo Jo 



+ [ d,Tj{ti - T)j{t2 - t)G’^^^(t). 

Jo 



Substituting this expression into (27), making a number of simple changes of vari- 
able, including ti — Txi and Ti = Tyi, yields 

l^"dGMlI{t2)I{h)] 

/"I /"I r'^—V2 fX2+y2—yi 

= dyi dj/2 / dx2 / dxiG^^\Tyi,Ty2)lTj{Txi)][Tj{Tx2)] 

Jo Jyi Jo Jo 

/*! py 2 /*! — yi r^ 2 ~y 2 

+ dy2 dyi dx2 dxiG^^\Tyi,Ty2)[Tj{Txi)][Tj{Tx2)] 

Jo Jo J y2 — 2/1 J 0 

rl pl — y r^2~y 

+ dy dx 2 dxiG^^\Ty)j{Txi)[Tj{Tx 2 )]. (29) 

Jo Jo Jo 

In the limit of T — >■ oo, 

Tj{Tx) JS{x) (30) 

where J is the area under the pulse j{t) and where here 



5(x)dx = 1. 
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In this limit, only the first term in (29) survives, so that the right hand side of (27) 



becomes 

lim ^ [ dt 2 [ dtiM [I{t 2 )I{ti)] 

T-s-oo I Jq Jq 

= hm f\yi r dy 2 G^^\Ty,,Ty 2 ). (32) 

Jo Jyi 

From the defining expression (11), the limit of G^^\Ty\,Ty 2 ) as T — >■ oo becomes 

_^li^ Tr [Je^'^^lJe^^®'"^?(0)] = ^li^ Tr j£i(oo)] (33) 

= Tr [Jg{oo)] Tr [J q[oo)] (34) 

where 

lim = i?(oo) (35) 

T^oo 

lim e^^*'^77£<(oo) = g(oo)Tr [t7’£i(oo)] . (36) 

T —^oo 



and where the possibility has been explicitly recognized that the limit of exp {CTyi) 
J' q{oo) as T — >■ (X) may differ from gioo), i.e. that the steady state density operator 
may not be unique - it may depend on the initial state. 

In a similar way 

lim M[7(t)] = JTr [J g{oo)] (37) 

£—>■00 

from which it follows that overall 

Zl«=^li^M (^^£l{t)dt^ -(m[7(oo)])' 

= j"Tr [77^?(cxD)] (tt [Jg{oo)\ - Tr [77^?(oo)] j . (38) 

It then follows that only if Tr [J’g{oo)\ = Tr [J g{oo)\ will (38) vanish, which in 
general would occur if £<(oo) = ^(oo). In other words, a sufficient condition for the 
time and ensemble averages to produce the same result, in the sense of limit-in- 
the-mean, is that the steady state density operator of the system be independent 
of the initial state. 

This last condition is generally the case in most situations encountered in quan- 
tum optics, so that ergodicity is almost always guaranteed. However, if the situation 
should occur in which the steady state does depend on the initial state, the possi- 
bility exists that the detection record is non-ergodic. An example of this is given in 
the following Section. 
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6 Non-Ergodicity of a Two-Photon Dissipative Process 

An example of a situation in which the above non-ergodicity of quantum trajectory 
detector records can arise is provided by the case of a two photon absorber pumped 
by a two photon parametric process [11,12]. In this case, the master equation is of 
the form 



g = —^ [H, g] — K, (^a^^a^g + ga^^a"^ — 2a^ ga^^'^ 



(39) 



where 



H= (^Xa^ - . 



(40) 



Because of the two-photon nature of both the coherent and dissipative dynamics, the 
operator P = (—1)^ where N = a^a is the photon number operator, is a conserved 
quantity. Thus states with differing initial mean values of P will evolve into different 
final steady states. In particular, as shown in [12] any initial state containing an 
even or odd number of photons ((P) = -|-1 or —1 respectively), £<±(0) say, will 
evolve into the even or odd final (pure) states £i±(oo) given by £>±(oo) = \P)±±{I3\ 
where 



I/I) ± -I/I) 

y/2(l±exp(-2|/ip) 



(41) 



and where |/I) is a coherent state with (5 = \/— A/2k. More generally, the steady 
state solution for an arbitrary initial state is shown to be of the form 

£?(oo) = P+|/I)++(/I|+P_|/3)-_(/I|+a+-|/3)+_(/3|+a_+|/I)_ + (/I| (42) 

for which (P) = P+ — P_ . 

Thus the final steady state depends on the initial state of the system. Non- 
ergodic detection records will be produced if the detection process results in the 
steady state of the system undergoing a jump to a state with a different value for 
(P). For a “two photon detector” for which the jump operator J g = Ka^ga^^, it is 
clear that (with g{oo) given by (42)) 

^£<( 00 ) = £i(cx))Tr[y£i(oo)] (43) 

so that, from (36), ^( 00 ) = £?(oo), and in (38) will vanish. 

However, as pointed out in Sect. 2, the possibility exists of using other kinds of 
detection schemes. If a single photon detection is performed so that g = K\aga} 
then the post jump state J' g{oo) will have a different value for (P), so that g(oo) yf 
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p(oo). Consequently, it is possible for in (38) not to vanish, implying a non- 
ergodic detection output. To see this explicitly, consider the particular case of an 
initial state p+(0) of well-defined parity. The steady state post jump state ~q will 
then be Q-{oo) and (38) becomes 



= j^Tr \Jq{oo)] (^Tr \Jq{oo)] - Tr [J q{oo)] ^ 

= J^KiTr[a^ap+(oo)] ^Tr[o^a£<_(oo)] — Tr[a^ap+(oo)]^ 



(44) 



The steady state mean photon numbers for even and odd steady states are given 
in [12]. Substituted here yields for (44) 



Z\ 



( 1 ) 

+ 



t2 2 

= J Ki 



cosh^ j/ip 



(45) 



If the initial state has odd parity, then a similar calculation yields 






sinh^ |/3|2' 



(46) 



Interesting features of these results can be seen in the limits of |/I|^ = |A/2 k| large 
or small. In the limit of large \j3\ . ^ 0. In contrast, in the limit of \j3\ — >■ 0, 

— >■ 0, whereas — >■ — Thus if there is strong two-photon dissipation 

(or a weak parametric oscillator) the condition for ergodicity is satisfied for the 
even parity state, but not for the odd parity state. In the opposite limit of weak 
dissipation, ergodicity is satisfied for both odd and even states. 



7 Conclusion 

It appears that in almost all cases of interest, if an open Markovian system reaches 
a steady state, then this steady state is independent of the initial state. The above 
result then shows that time and ensemble averages used to calculate the statistical 
properties of quantum trajectory simulations will yield the same results. In those 
rare cases in which there is dependence on the initial state, then depending on 
what information is extracted by the measurement process, it is possible that the 
detection records are not ergodic. What remains to be investigated is the degree 
to which ergodicity is not satisfied in such cases, i.e. by how much the time and 
ensemble averages differ. 

The above analysis does not consider ergodicity to all orders. Similar arguments 
to those presented above can be followed when looking for the conditions under 
which defined in (26) vanishes. The same condition i.e. that the final steady 
state be independent of the initial state, is obtained. But full ergodicity requires 
equality of time and ensemble averages of correlation functions of arbitrary order. 
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so a more general analysis is required. It is also of interest to see if the results 
obtained here are in any way changed if the condition of almost certain convergence 
is imposed. Finally, the important case in which the detection records are continuous 
in time also needs to be considered. 
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